NMPEANCAOBKE

B nepsBoit mosmoBuHe TpeThero Toma «MaTeMaTHUECKOTO aHAJIU3a»
paccMaTpuBAETCs TeOPUA TPUTOHOMETPUUYECKUX pAnoB Pypwe:
cHavajla M3ydYaeTcsa UX IOTOUeUHAasdA CXOAUMOCTH M CXOJMMOCTDL B
cpenHeM, a 3aTeM KJaccuuecKas Teopusa npeobpasoBaHusa Pypbe
abCOJIOTHO MHTErPpUPyeMbIX (QYHKIUHI. V3JIo/KeHa TaKKe TeOpus
MHTErpajioB, 3aBUCAIINX OT ImapaMerpa (COOCTBEHHBIX U HECOOCT-
BE€HHBIX), ¥ PAacCMaTPUBAETCS BOIPOC O BLIUMCJIEHUU OIpeeieH-
HBIX MHTETPAJIOB C IOMOIIbIO A HEePEeHIINPOBAHNA U NHTETPUPO-
BaHUA UHTETPAJIOB IO TapaMeTpy.

Bo BTOpOIT ITOJIOBMHE BTOTO TOMA M3Y4YalOTCSI HEKOTOPHIE BOII-
POCBHI TEOPUU METPUUYECKUX, HOPMHPOBAHHBIX, TI'MJIbOEPTOBBIX
TIPOCTPAHCTB U IPOCTPAHCTB 0000ITIeHHBIX PYHKITNI, UAeHTHO CB-
3aHHBIE C 3a/JaUaMU KJACCUUECKOT0 aHan3a. ¥ CTAHOBJIEH, B YACT-
HOCTH, DPSAJN CBOUCTB OTOOPaKeHUIl METPUYECKUX IIPOCTPAHCTB,
0000II[AI0IIX CBOMCTBA UMCJIOBBIX (QDYHKIIMIL, MOJyUeHa (hopMyia
Teitopa AJida oToOpakeHnii HOPMUPOBAHHBIX IIPOCTPAHCTB, U3JI0-
JKEHBI OCHOBBI TEOPUM DPABJIOKEHUN JJIEMEHTOB TI'MJIbOEPTOBBIX
IIPOCTPAHCTB B PSAALI Pyphe M0 OPTOTOHAILHBIM CHUCTEMAM U JaHa
Teopusa mpeodbpazoBaHusa Pypbe 0000IeHHBIX QYHKITUTH.

B konme Troma nmeerca «lomosiHeHNE» , TIOCBAIIIEHHOE HEKOTO-
PBHIM BOIIpOCaM UMCJIEHHBIX METOAOB aHaau3a (IpUOIUKeHHOoe BbI-
yucjeHne 3HaYeHUN (QyHKIUU, ee IPOU3BOJHON U MHTETpaJia OT
Hee, IPUOJIMIKEHHOE PellleHre YPaBHEHUH) U TeOPUA Ipeeia OTo-
opakeHuA 1o GUIBTPY, KOTOpas BKJIIOYAET B ce6s KaK YaCTHBIH
cayJai mpenesibl, U3yUaBIINecsa paHee.

Hywmepanus raaB u nmaparpadoB IpooJsKaeT HyMepaIuio mep-
BBIX IBYX TOMOB Kypca.
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§ 55

TpUroHoMeTpUn4eCKne
psabl Pypbe

55.1. OnpepeneHue paaa Pypee.
MocTaHOBKO OCHOBHbIX 30AQY

OnpeaeneHnue 1. Ps0 suda

a, © .
5 21 a,cos nx+b, sin nx (55.1)
n&
HA3bL6ACMCA MPUZOHOMEMPULECKUM PATOM.
Ero vactuunsnie CYMMBI ABJIAIOTCA JTUHENHBIMU KOMGI/IHaI_II/IH-
MU QYHKIIUN, BXOAAIINX B CUCTEMY

cos x, sinx, cos2x, sin2x,..., cosnx, sinnx....
(55.2)

IIpocThie IpUMEpPHI CXOAAIIUXCSA TPUTOHOMETPUUECKUX PATOB
JlaI0T paHee PaCCMOTPEHHEBIE PABI

® 1-rcos ¢
rrecosnp=——";
HZO ¢ 1-2rcos ¢ + r2’

rsin ¢
1-2rcosn¢ +r2’

f r* sin n¢ =
n=1
0<r<i1, —oco<¢p<+o0

(cMm. mpumep 6 B 1. 36.3).
OnpeaeneHne 2. Mroxcecmeo pyrnkuuil (55.2) Haszvieaemes mpu-
20HOMempuuecKkoll cucmemotl.

AEMMA 1. Tpuzonomempuueckas cucmema (55.2) obsradaem
caedyuuMy c8oiicmeamu:



19, Hnmezpan no ompesky [-T, T{] om npoussedenus 08yx
pasaudnbix QYHKYULL, 8x00aujux 6 Hee, paseH HYyaw (amo ceoil-
CmMB0 HaA3bL8AemMCa OPMOzZoOHaALbHOCMbI" cucmembt (55.2)), m. e.

T

I cosnxcosmxdx=0, n=m,
=Tt

I sin nx sin mxdx =0, n#*m. (565.3)

T
J’ cos nx sin mxdx=0, m,n=0,1, ...;
=Tt

20, [ cos? nxdx = [ sin2nxdx=m, n=1,2,.... (55.4)

AoKa3aTeAbCTBO. Ilpu n00BIX IIEJBIX HEOTPUILATEIbLHBIX
m, n TaKux, 4TO M # n, UMeeM

T s

i sin nx sin mxdx = % ) [cos (n — m)x — cos (n + m)x]dx =
T Tt

T sin(n+ n)x|" -0

_sin(n —n)x
2(n+m) |_,

2(n —m)
AmajoruuyHo JOKas3bIBAIOTCSA 1 ABa OAPYruX paBeHcTBa (55.3).
HoxasxeM Temepb CBOHCTBO (55.4):

=T

i cos? nxdx = % i (1 + cos 2nx)dx =TI,
1 . 1 11
I sin2 nxdx = 5 [ (1—cos2nx)dx=T.0

TEOPEMA 1. Ilycmo
(55.5)

ag o) .
fx)=~5 + nzl a, cos nx +b, sin nx

u pad, cmoawuil 8 npasoil Yacmu 3mozo paseHcmaea, cxo0umcs
pasHomepHo Ha ompeske [T, T]. Tozda

ay= ,11 f; f(x)dx,

_17 . _
T J’n f(x)sin nxdx,n=1, 2, ... .

_17
a, =, _In f(x) cos nxdx, b, =
(55.6)

n

* IIpoucxosKJeHne TepMHMHA «OPTOTOHAJBHOCTL» OyJeT pasbACHEHO B

m. 58.1.



AOKQA3aTeAbCTBO. IIoCKONBKY pAM, CTOAINUHA B IPAaBOl yac-
T paBeHcTBa (55.5), cxoguTca paBHOMEPHO Ha OTpesKe [T, 11, a
BCe er0 UJIeHbl ABJIAIOTCA HEIPEPHIBHBIMU HA 9TOM OTpes3Ke PyHK-
IUSMH, TO ¥ ero cymMMa f(x) HempepbIBHA Ha oTpeske [—Ti, T, a cam
PAL MOKHO MOUYJEHHO NHTeTrpupoBaTh (cM. 1. 32.4) oT —Tt 10 TC

Tt Tt

a oo
[ flx)dx = | E?O + 21 a, cos nx +b, sin nx%dx =
1 =Tt n=

ag s o) n T
= [dx+ nxdx +b xdx = Ta,,.
5 J’n nZI a, J’n cos n Jn sin n 0

Orcioga caenyer mepBas us popmya (55.6).

Ecau psazg (55.5) mouseHHO MOMHOMKHUTH Ha COS nX ¥ sin nx
(n=1, 2, ...), ToO HOJIlydeHHbIEe DALl OYAYT TaKk:Ke PaAaBHOMEPHO
CXOAUThCA Ha oTpeske [—TI, T (cM. cBoiicTBo 2° B 1. 32.3). UHTer-
pUPYs IOUYJEHHO 9TH PALLI M MCIOJb3YS CBOMCTBO OPTOrOHAJb-
HOCcTH (55.3) TPpUrOHOMETPUUECKOM cucTeMbl 1 paBeHcTBa (55.4),
OymeM MMEThb

n’

i f(x) cos nxdx = [ @, cos? nxdx = Ta

T T
| f(x)sin nxdx = [ b, sin® nxdx = Tb,,.

W3 mosyuyeHHBIX COOTHOIIEHWH HEMOCPEeACTBEHHO BHITEKAIOT
ocTtasibHBIe hopmMyasI (55.6). O

Temepb 3aMeTHUM, UTO UHTETPAJHI (55.6) *MEIOT CMBICJT HE TOJIb-
Ko 1y GYHKIUI, HeIIPePBIBHBIX Ha OoTpe3Ke [—TI, T, a TakKe, Ha-
npumep, u Aasa QYHKINH, HHTerpajbl OT KOTOPBIX abCOJIIOTHO CXO-
IATCS HA 9TOM OTPE3Ke.

HamomaMUM, 4TO TOHATHE a6COJIOTHO CXOAAIIETOCA NHTErpaia
(Kak u IpOCTO CXOAAIIETOCS MHTerpaJia) 66170 BBEJeHO I QYHK-
Ui, onpeaeieHHLIX Ha HEKOTOPOM IIPOMEKYTKe ¢ KOHIlaMu a 1 b,
—00 < @ < b < +0°, 15T KOTOPHIX CYIIECTBYET TaKoe KOHEUHOe
MHOK€ECTBO TOUeK x;, i = 0,1, ... , B, a=x,<x; <..<x,=b,
pacIIMpeHHOi YnucaoBoi mpamoii R (cM. m. 3.1), uTo QyHKIMA
uHTerpupyemMa mo Pumany Ha Jobom oTpeske [, n], jaexkariem
B 3aJJaHHOM IIPOMEKYTKe W He CoIep:KalleM HU OLHOM M3 TOYeK
Xgs X1y een 5 X

Bcakoe KoHeuHOe MHOKeCTBO TOoueK x;, i = 0, 1, ..., k, obxa-
mallee YKa3aHHBIMH BBIIIIe CBOWCTBAMHU, OyneM Ha3bIBATh npa-
BUJIbHLIM Pa30ueHUeM TTPOMEKYTKA UHTeTPUPOBAHUA QYHKITUY f.
OueBUIHO, UTO €CJIU K IPAaBUJIBHOMY Pa30MeHnI0 paccMaTPUBAEMO-
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I'O IPOMEXKYTKa ,ZIO63.BI/ITI> J1000€e KOHEUHOEe MHOYKECTBO TOUEK JTO-
'O IIPOMEXYTKa N PACIIOJOKHUTHh TOUYKMU IIOJIYUYMBIIIETrOoCA MHOMKECT-
Ba B IIOPAOKE BO3paCTaHUA, TO IIOJIYUHUTCA CHOBaA IIPABUJIBHOE Pa3-

oueHue.
X,

Eciz Bce mHTerpasbl I f(x)dx,i=1, 2, ..., k, cxogsarcs, TO
X1

b
MOJKHO OTPeJe/UTh HHTerpas [ f(x)dx. OH ompenensieTcsa paBeH-
a

CTBOM
b dﬁf k X
I f(x)dx = > i f(x)dx
a =1 x5

" Ha3bIBaeTCdA cxoaﬂmumcn uHmezpaJom.

b
OrMeTHM, YTO 3HaUEHMe MHTerpaja | f(x)dx me 3aBHCHUT OT
a

BBIOOpA MPAaBUJIBHOI'O Pas0OMeHNA IIPOMEKYTKA NHTeIPUPOBAHMIA.

b b
Ecu cXopuTcs MHTerpan [ |f(x)|dx, To unTerpan [ f(x)dx

TaKKe CXOAUTCA U HasbIBaeTcA abCconlomHo cxodaujumcs (cM.
n. 33.5), a pyHKIUA f — abconromHo uUHMezpupyemoili Ha pac-
cMaTpUBaeMOM IIPOMEIKYTKeE.

OrmeTuM, 4uTO ecau QYHKIIMA MHTerpupyeMa mo PumaHy Ha
HEKOTOPOM OTpe3Ke, TO ee abCOJIOTHAA BeJINUMHA TaKKe UHTerpu-
pyema nmo Pumany Ha HeM (cM. 1. 28.1) u, ciegoBaresbHO, QYyHK-
usi, HTEerpupyemMasa 1mo PuMaHy Ha oTpeske, aOCOJTIOTHO MHTET-
pupyeMa Ha HeM.

Ecau unTerpai ot pyHKIUY f aOCOTIOTHO CXOAUTCA HA OTPE3Ke
[-Tt, 1], To nnAa Hee Bce mHTerpaJbl (55.6) TakiKe CXOAATCA, TakK
KaK OHHU IIPEACTABJIAIOT COO0M MHTErpaJibl OT IIPOU3BEIeHIsI abCco-
JIOTHO WHTerpupyemoii GpyHKIuu f(x) Ha HeOpepbIBHYIO (CHHYC
WJIX KOCUHYC), a TaK1e NMHTEerpajbl aOCOJIOTHO CXOAATC (CM. JeM-
my 2 B 1m. 29.5).

Onpeaenenne 3. I1ycmov Qpyrkyus f abConOMHO UHMezpUpYema
Ha ompeske [T, T. TpuzonHomempuueckuil pad (55.1), koagpdu-
yuenmost Komopozo 3adarwmces gopmyranmu (55.6), Hasvieaemcs
padom Pypve” unu, 6osee noOPoOOHO, MPUZOHOMEMPULECKUM DA~
dom Pypve, a uucra a, u b, — koappuyuenmamnu Pypve PyYHkK-

uuu f.
* K. @ypoe (1768—1830) — dpaHnyscKuil PU3UK U MaTeMaTUK.
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B sToM caydyae mUIIyT

a o) .
fx)05 + nzl a, cos nx + b, sin nx.

YacTuuHble CYMMBI IIOPSAAKA N 9TOTO pAna 6yaeM o603HAYATH Ue-
pes S, (x; f) nnu, kopoue, S,(x) u HaswpIBaTh cymmanu Pypve no-
padka n pynkyuu f.

IloguepkHeM, uTO 3mech 3HAK [ 0003HAUAET HEe aCUMITOTUUE-
CKO€ PaBEHCTBO, a IPOCTO COOTBETCTBUE: (PYHKIIUU COMIOCTABJIAET-
cs ee pAnx @yphbe.

Teopemy 1 B aTHUX TepMHHAX MOYKHO mepedpasmpoBaTh CJie-
IYIOIM 00pa3om:

B8CAKUIL PABHOMEPHO cx00Aauuiica mpuzonomempuieckuii pao
aeasemcsa padom Pypve ceoeil cymmot.

VIIPA’cKHEHHA. 1. Ilycth pyHKIUsA f aGCOMIOTHO MHTErpUpyeMa Ha OTPe3-
Ke [T, T u mycTs

a, 2 .
f(x) O 5 + nzl a, cos nx + b, sin nx.

Torga ecnu dyuxnusa f — vetnad, ro b, =0, n =1, 2, ..., ecnu xe f —
HeyeTHasa QpyHKNuUA, Toa,=0,n=0,1,2,....

sin nx
n2

2. fIBnsieTcss U TPUTOHOMETPUUECKUN DAL z panom @ypne?
n=1
B sTom maparpade 0yayT usydarbed mepuogndeckue GyHKIIA f,
OIS KasKIOM M3 KOTOPBIX cyIecTByeT umciao T > 0 Takoe, UTO IIpu
BCeX X, IPUHAIJIeKAINX 00acTu onpeneneHns GyHKuun f, 3Haye-
HuA X + T u x — T Tak:Ke IpUHAIJIEKAT 9TOH 00JIACTH 1 BHITIOTHAET-

Cs1 PABEHCTBO
flx + T) = f(x).

Takwue pyHKIIUYM HazbIBaOTCA T-IIEPUOIUUECKUIMHU.

IIycTh f abcosioTHO MHTeTpUpyeMa Ha oTpeske [T, T{] u, cie-
IOBaTeJILHO, e MOKHO corocTaBuTh pax @ypre. Eciu oH cxoxut-
cs Ha HEKOTOPOM MHOJKECTBE, TO CXOAUTCA K 2T-IIePUOIUUECKOM
(GYyHKIIUY, TaK KakK BCe ero WieHbl 2T-nepuoguunbl. IlosTomy GbI-
BaeT ymo0HO 1 caMy QYHKIIUIO [ «IePUOANUECKU IIPOMOJI:KUTEL» C
nepuogom 2T KaBbIUKY OCTaBJIE€HBI IOTOMY, UTO B IE€HCTBUTEIb-
HOCTH (QYHKIIMIO [ MOKHO IIPOMOJI:KUTH IMEPUOAUYECKU TOJBKO B
cayuae, Korga f(—T0) = f(10).

Ecum 5T0 yciioBUE He BBITIOJHEHO, TO npodosceHuem QyHrkyuu f

Ha3oBeM 2T-IIEPHUOAUUYECKYI0 PYHKIUIO [, KOTOPYIO HOJYYHM, IIO0-
naras s Joboi Toukm x [ [-T, T), B KOoTOpoil ompeaeiaeHa
dyuKINA f (HAIOMHUM, UTO, B CUJIY a0COJIOTHON MHTErPUPYyEeMOcC-
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T GYHKIIUY Ha oTpe3Ke [T, T], oHa ompezesieHa BO BCeX ero TOU-
Kax, Kpome, ObITh MOKeT, KOHEeUHOTO X MHOK€eCTBa);

flx + 2Tk) = f(x), k=0, +1, +2, ... .

Takoe mpomoKeHue B cayuae, korga f(—T1) Z f(T0), IpUBOIUT K

HEeCOBIIaIeHUIO 3HaUeHU QyHKIuM f u f npu x = T. OgHaKo, Io-
CKOJIBKY K03(dumuenTsl ®@ypbe GYHKIUN ONPEmeJATCS C IIOo-
MOIIbI0 MHTErpajoB (55.6), 9To He IpUBeJeT K UX U3MEHEHUIO U,
cJaemoBaTeNbHO, PALbl Pyphe maHHON GQYHKIMK [ U IPOLOJIIKEH-

HOM [ coBIAmaroT.
OTMeTHM, 4TO IPU YKA3aHHOM IIEePUOLUUYECKOM IIPOLOIKEHNAN

dyaKIIUA f MOXKeT He OBITh HENPEPHIBHOM B TOUKax 2Tk, k = 0,
*1, X2, ..., gaske ecau GyHKIUA [ HeIpPePLIBHA IPU X = —TTu X = TL
IIpomomxennas QpyHKius f OygeT HeIpepbIBHOM B TOUKax 2Tk,
ecau f HelpepbIBHA B X = —Tlu X = T, mpuueM f(—T) = f(17). Hempe-
PBIBHOCTH B APYIMX TOYKAX I[IPU HEPUOLUYECKOM IMIPOMOJIIKEHNU
COXPaHseTcA: ecau PyHKIuA f HenpepblBHA B TouKe x[I(—TT, TT), TO
OHA HeIIpepbIBHA B JII000M Touke x + 2kT, k=0, =1, =2, ... .

YacTo npomoKeHHyI0 QYHKIUIO [ OygeM 0003HAUATD TeM JKe
CUMBOJIOM f, UTO U IPOAOIIKAEMYIO.

Ecau ¢pyuknusa f 2T-nepuoguyHa, TO IPU BLIUKCICHUN €€ KO-
addurmerToB Pyphe (cM. (55.6)) nHTErpUPOBAHTE MOKHO BBITIOJI-
HSATH I10 JIIOOOMY OTPe3KY AJUHBI 2T, HarrpumMep 1o otpe3ky [0, 211:

a1 [ F)d

1 2n 1 2n .
a, =, ‘(|)' f(x) cos nxdx, b, = o ‘([ f(x) sin nxdx.

IeiicTBUTENBHO, €CJIN KaKas-1n00 GyHKIusa ¢ nmeer mepuon,
paBHbI T, 1 OJs1 HEKOTOPOro uuciaa a [J R nHTerpupyeMa Ha OT-
peske [a, a + T], To npu a060M BeiOOpe b [1 R oHAa MHTerpupyeMa
u Ha oTpesKe [b, b + T'], npuuem

b+ T

[ 0Gdx="] dx)dx,
b a

a+T
T. e. HHTErpans | ¢(x)dx me 3aBucut ot BeIOOpa uncaa a [ R.

a
B § 60 MBI 0000ITUM IOHATHE TPUTOHOMETPUUECKOTO DPAAa
dypre, a UMEHHO: OIpPEAEJUM U USYYUM pPAABI Dyphe IO IIPOU3-
BOJIBHOI OPTOrOHAJIBLHOI cucTeMe (pyHKIUII. B HacToAmeMm ke ma-
parpade 6yzeM n3ydaTh JUIIL TPUTOHOMETPUUECKUE PAALI Pypbe
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abCOJIIOTHO MHTerpupyeMbIxX GyHKIINH (cM. Tak:ke 1. 60.6). IIpex-
e Bcero OymeT paccMaTpUBATHBCA BOIPOC 00 yCJIOBUAX, FapaHTH-
PYIOIUX CXOAMMOCTD pana @ypee. B cayuae 'xKe cxoguMocTH psaga
dypre manHO# (PyHKIUU f(X) IPU OUpeneSeHHBIX YCIOBUAX MbI
BBISICHUM, YeMy PaBHa ero cymma S(x), B 4aCTHOCTH, KOT/J[a OHA
coBmajgaer ¢ ¢pyukriuei f(x). Byger nusyuarbcsa «CKOPOCTb» CXOMIM-
MOCTH PANOB Pyphe U YCIOBUS, OT KOTOPLIX OHA 3aBUCUT. Byaer
IIOKa3aHO, UTO U B TOM CJydae, Korjga psan Pypbe HeIIpepbIBHOM
(GOYHKIIUY PacXOAUTCA B HEKOTOPBHIX TOUKAX (IPUMEDPHI TAKUX PdA-
OB CYIIIECTBYIOT), II0 HEMY MOYKHO BOCCTAHOBUTH caMy (DYHKIIUIO
BO BceX TOYKax. MBI yBUAUM, HAKOHEI], YTO C OIIPEeJIEHHOU TOY-
KU 3peHUA CXOAUMOCTh PAL0B Pyphe eCTeCTBeHHO PacCMaTPUBaTh
He TOJBKO B OOBIYHOM CMBICJE (KAaK CXONUMOCThH IIOCJIENOBATENb-
HOCTHY YACTUUYHBLIX CYMM B TOUKE WU PABHOMEPHYIO CXOAMMOCTD),
HO ¥ COBEpPIIEeHHO IIO-IPyroMy, a MMEHHO, B CMBICJE CPEIHEero
KBagpatuuHoro (cm. omo. 55.8 u 55.9).

55.2. CtpemaeHne koadppuumeHtToB Oypbe K HYAID

BoabInyio posb B TEOPUU TPUTOHOMETPUUECKUX PSAOOB UTPAET TOT
darT, uro Kos(ppuireHTsl Pypbe aOCOJIOTHO HMHTErPUPYEMOM
GyHKIIUY cTpEeMATCA K HYJIO Ipu n — ©0, OH BBITEKAEeT 13 JAOKAa-
3bIBAEMOT0 HUKe HECKOJbLKO 0oJjiee 00IIero yTBep:KIAeHUA, YacTo
IPUMEHSIEeMOT0 B UCCJIEIOBAHUAX, OTHOCAIUXCA K paAxaM Pypbe
M CMEXXHBIM BOIIPOCaM.

TEOPEMA 2 (teopema PumaHa). Ecau ¢yrrkyus f abcorromuo
unmezpupyema Ha npomedxcymre (a, b), KOHeUHOM ULU OeCKOHeY-
HOM, MmO

b b
vlamoo 1[ f(x) cos vxdx = Vlamoo J; f(x) sin vxdx = 0.

CAEACTBWE. RKoagppuyuenmor Pypve (55.6) abcorromno unmee-
pupyemoil QYRKUUU cmpemamca K HYa npu n — oo,

IIpesxne ueM JOKas3bIBATH 9TU YTBEPIKIEHUA, BBEIEM PAM IIO-
HATUN, KOTOpPBbIe OYAYT HEOAHOKPATHO HCIIOJb30BATHCSA B HaJb-
He#meM.

Onpeaenenne 4. /[na ecakoii pynkyuu f, onpedenenHoil Ha 8ceil

YUCLO0B0LL OCU, 3AMbILKAHUE MHOMNCeCmea moueK X, 8 KOmopvlLx

f(x) # 0, nHa3viBaemca ee Hocumenem u o0003Hayaemcs uepes
*

supp .

* Or JjaT. supportus — omopa.
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Onpeaenenne 5. Pynrkyusa f, onpedesennas Ha 6ceil YUCNLOB01L
ocu, Ha3vieaemcsa QUHUMHOU, ecaU ee HOCUMEAb CO0epHUmcs

HeKOMmopoM KOHEeYHOM Ompe3Ke.
OnpeaeneHue 6. [[na ecakozo muoxcecmea E, nexaujezo nHa vuc-
20601 npamoi, QYHKUUA
1, ecau xUE,
x) = Xn(x) =
X(x) = Xg(x) {0, ecau xOE,

Hasvleaemcs xapaxmepucmuieckoii pynryueil mroxecmeaa E.
Ha pucynxe 1 msoOpaskeHa XapaKTepUCTHUYeCKadA (GYHKIIUA
WHTepBaja Buaa [a, b).

Onpepenenne 7. Pynrkuyus f, onpedeseHHas Ha 6ceil YUCNO80il
ocu, Hasvieaemcsa QUHUMHOU cmynenuyamol @QYHKyueil, ecau
OHQ sA8asemcs JUHEUHOU KOMOUHAayUell KOHEeUH020 YUCLA XAPAK-
mepucmuiecKux (QYHKUUIL NONApHO He nepecexarnuuxcs nory-

unmepsanos [a;, b,), i=1, 2, ..., m, m. e. ecau ona npedcmag.e-
Ha 8 sude

f(x)= zl A X (%) (565.7)
(puc. 2), z0e X, (x) — xapaxmepucmuueckas QYHKUUL UHMepPea-
aa [a;, b), a A, i=1, .., m, — Hekomopbie OelicmeumebHble
yucaa.

Herpyauo y0eauThbCsa, YTO €CJIM He TPeOOBaTh, UTOOBI IIOIYHH-
TepBasl [a;, b;), i = 1, 2, ..., m, IONapHO He IepeceKaJnCh, TO
TMOJYUYUTCS PABHOCUJIBLHOE ONpenesienre. OTO CaeayeT U3 TOro, UTO
mepeceuenre KOHEUHOT'O UMCJIA PACCMATPUBAEMbBIX OTPaHUYCHHBIX
MMOJIYUHTEPBAJIOB SIBJISETCA TaK:Ke MOJYUHTEePBAJIOM TOTO Ke BuIa.

OueBumHO, Bcakaa QyHKIuA Buaa (55.7) punuTHA.

duHuTHAA CcTyHeHYarasd (PYHKIUNA HHTerpupyeMa Ha Bceil
YKCJIOBOM OCH, IIPHU 9TOM €CJIM OHa 3agaHa popmyoii (55.7), To

+00 m +0o0 m bi m
dx = A, (x)dx = A [dx= A, —a).
[7Gdx= 5 A [ X@dx= 5 N[ dx= 5 Nb-a)

Yy
—
1 —_— 1 o
[ [ — o
[ I b I
[ [ [ [ I
ol a b ol —— x
Puc. 1 Puc. 2
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VIIPA’CKRHEHHE 3. [lokasaTb, 4TO BCAKasA HeIPePhIBHAA Ha 0Tpe3Ke PyHK-
Iusl SIBJSIETCS IIPeJesIoOM PABHOMEPHO CXOJAINeics Iocaef0BaTeIbHOCTH hu-
HUTHBIX CTYIEHYATHIX (PYHKI[UI, HOCUTEJN KOTOPHIX IPUHAAJIEIKAT TOMY JKe
OTDPEBKY.

AEMMA 2. J[lasa awooit pyurkyuu f, abconriomuo unmezpupyemoil
HA KOHEeYHOM UJLU OeCKOHEeYHOM NpoMelcymke ¢ KoHuamu a u b,

—00 < @ < b < +90, cyuecmayem nocnedo8amenbHOCMb MAKUX
PUHUMHBLX CMYNeRYamvlx QYHKUUIL ¢n, n=1,2,...,umo:

1°. supp ¢, O (a, b);
20, nl{mw} |f(x) — §,,(x)|dx = 0.

AoKkaszaTeAbcTBO. Ilyers pyHKnusa f abCOJMIOTHO HHTErPHU-
pyeMa Ha IPOMeXXKYTKe ¢ KoHmamu a u b. JlomycTum aJist ompeze-
JIEHHOCTH, UTO OHA MHTEerpupyeMa Ha JII000M OTPe3Ke

[E,n], —~©<a<&<n<b<+oo

(obmiumit cayuait abCONMIOTHO MHTErpUpyeMoii PyHKIINH, CM. I. 55.1,
JIETKO CBOAUTCA K dTOMY). Torma, coryiacHO OIIpeAeeHUI0 Heco0-
CTBEHHOTO MHTeTrpaJa, AJd Jio6oro puKcupoBaHHOTo uncia € > 0
CYIIECTBYIOT TaKHe Umea & u I, 4To

13 b
[ lfG)ldx+ [ [fe)ldx < 5. (55.8)
n

dyurnua f uarerpupyema mo Pumamy Ha orpeske [, n] u,
cesoBaTeIbHO, ecIi 0003HAUUTD Uuepes S; HUKHIOI cyMmy Jlap6y
byHKIMY f, COOTBETCTBYIOIIYIO pasbuenuio T orpeska [, N], To

n

\11|1£n0 s = { f(x)dx,

rae |T| — MenkocTs pasbuenus T. IloaToMy cyiecTByeT pasbueHue
=k
To ={x;},_ 7 orpeska [§, n] Takoe, uTO eciu Sy, — HIMKHSAS CyMMa
HapOy A GyHKOuH f, COOTBETCTBYIOIIAA Pa3OMeHHIo T, T. e.
k

S, = i; mAx;,, m;= x,._11<r§cf< y fx), D, =x,—x;,_4, i=1,2,..., k,

0<

3
f(x)dx — 81, <3

Pl S

rae € — (1)I/IKCI/IpOBaHH00 BBIIIIE€ YMCJIO.
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ITonmoxxum

_fmy, ecmm x;, (Sx<x;, i=1,2,...,k,
0(x) = { 0, ecmum x<& mimm x2>1. (55.9)
OueBupmo, ¢(x) — puHUTHAS cTyIeHUYaTad PYyHKIUA,
n k
supp ¢ O[E, n]U(a, b) u i O(x)dx = '21 mAx, = 81, -
g =
CiemoBaTesbHO,
n n n
[ [7(x) - 0(0)ldx = [ f(x)dx - [ d(x)dx =
g ¢ ¢
n
= [ f(x)dx — s < g (55.10)
g

Ipu 8TOM, Tak Kak §(x) < f(x), E<x <n, To

f(x) = (x) = |f(x) — d(x)| > 0.
W3 mepasencts (565.8) u (55.10) umeem

b

[ 17(x) = ()| dac =

a

& n b
= [ [feo)ldx + [ [f(x) = d(x)ldx + [ [f(x)|dx <e.
a t n

ITonarasa, Hanpumep, € = 1/n 1 0003HaAYasA COOTBETCTBYIOIINE (DU-
HUTHBIE CTyIleHUaTsle GyHKIuU ¢ uepes ¢,, n =1, 2, ..., momy-
YUM IOCJIef0BATEIbHOCTh (DMHUTHBIX CTYIEeHYATHIX (QyHKIUH §,,
IS KOTOPOI BBEIIOJIHAETCS YTBEP K AeHNe JIeMMbI. [

Bameuanue 1. OTMeTuM, 4TO U3 OIpPEEJEHNA CTyIIEHYA-
ToM GyHKIUKU (, IIOCTPOEHHON IIPU AOKA3aTeNbCTBE TEOPeMBI 2
(cMm. (55.9)), crexyer, uro ecau misa Bcex x [ [§, N] Beimonasercsa
HEPaBEHCTBO

[fx)| <e,

To Aua Beex x [ [€, nN] BeImosHAeTca U HepaBeHCTBO |$(x)| < c.

HeiicTBuTenbHO, ecau —¢ < f(x) < ¢, TO Aaa Ji000# TOUKHU
xU[x,_4,x],i=1, 2, ..., i, uMeeM

—-c<m,= inf ]f(x) <c.

L
[x; 15 x;
ITosTomy (cm. (55.9)) nna Bcex x U [x; _ 4, X;) BEIIOJHAETCA He-

paserctBo —¢ < ¢(x) < ¢, T.e. |¢p(x)| < ¢ Ha Bcex mosyuHTEPBa-
nax [x;_4, X;), a cefoBaTeabHO, U Ha oTpeske [, N] (3ameTum, 4To

o(n) =0).
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Bameuanue 2. Ormerum, uro us ycaosusa supp f U (a, b)
caenyer, 4To GyHKIUA f paBHA HYJII0 B HEKOTOPBIX OKPECTHOCTSAX
Touek a u b. [leficTBUTEIBLHO, HOCUTENb sUpp [ GYyHKIIUY f ABIAET-
cs, COTJIACHO OIIpeeIeHNI0, 3aMKHYTHIM MHOYKECTBOM, U TaK KaK
TOUKH @ U b eMy He IPUHAAIEKAT, TO OHU He ABJISAIOTCA ero TOUKa-
MU TPUKOCHOBeHUs. [loaTOMy y HUX CYIIECTBYIOT OKPECTHOCTH,
He coZepJKalue ToueK MHOKeCTBa supp f, ¥ BO BCeX TOUKAX ITUX
OKpecTHOCTell GYHKIUA [ paBHA, OUeBUIHO, HYJIO.

AoKa3atTeAbCTBO TeopeMmbl Ilyers X(x) — xapaxTepuc-
TUuecKkaa QyHKIuA noayunTepBaia [, n). Toraa ansa goboro mH-
repBaJa (a, b) 0 [, n] 6yaem umeThb

cos V§ —cosvn 0
v

b

b n
lim I X(x) sin vxdx = lim | sin vxdx = lim
V - 0 2 V —» o0 £ V o 00

TaK KakxK

cos V& — cos vn < |cos VE| + |cos vn| < 2
X X3
v \Y V|

JIo0ass puHUTHAA cTymeHUYaTasds (QYHKIIUA SBISETCS JIMHEHHOI
KOMOMHAITMeN KOHeUHOI'0 YMCJIa XapaKTePUCTUUECKNX (PYHKITHH I10-
JIYMHTEPBAJIOB PACCMOTPEHHOTO BU/A, TIO3TOMY YTBEPIKIECHUE TEOpe-
MBI CIIPABEIJIMBO U AJIA J000H (DMHUTHOM CTYyIIeHYaTON (DYHKITNN.

Eciu tenepb QyHKIIUA f ABIAETCSA a0COMIOTHO MHTEIPUPYEMOii
Ha IIPOMEXKYTKe ¢ KOHIIaMu a 1 b, —0°0 < g < b < +00, 10 114 J11000-
ro umcJyaa € > 0, corjacHo JeMMe, CYIIecTByeT GUHUTHASA CTYIIeH-
varas QyHKIuA ¢ Takasd, 4To

b
£
[ 1FG0) - d(x)ldx < 5.
a
Hna sToii cTyneHYaTod (PDYHKIUU (IIOCKOJBKY A CTYIIEHUATHIX
(byHKIUI TeopeMa yKe JOKa3aHa) CYyHIeCTBYeT TAKOe V., UYTO IPU
V] > v,

—>O’ V — 00,

€
<2.

ITosTomy, mcmoabays ToxaecTBo f(x) = [f(x) — d(x)] + d(x), mpu
V| > v, moyuum

j’ ¢(x) sin vxdx

< +

} f(x) sin vxdx

} [f(x) — ¢(x)] sin vxdx

£

b
+ i ¢(x) sin vxdx 5 =&

a

<[ 1)~ o(x)ldz +

a

j’ ¢(x) sin vxdx

£
< —_—
5 +
b
ITo 03HAYAET, UTO Vlimoo i f(x) sin vxdx = 0.
- a

b
AHAJOrMYHO JOKA3BIBAETCA, 4TO lim J’ f(x) cos vxdx = 0.0
Vv o 0o
a
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OTMeTnM, YTO paccMaTpUBAaeMble B TeOpeMe 2 IIpPeAesibl AaioT
IpUMEPHI TEX CJIIyYaeB, KOT/Ia IPeeJbl OT MHTETPAJIOB HE PABHSIOT-
cA MHTEerpajiaM OT IIPeesIOB MOABIHTErPATbHBIX (DyHKIMH. Tak, Ha-
mpuMep, B caydae GpyHriuu f(x), paBHOM ITOCTOSTHHOI, He PaBHOI
HYJIIO, 1 KOHEYHOT'O npOMemyTRa (a, b) NOABIHTETPAJILHEIE BBHIPA-

JKeHUus B MHTerpajaax J’ f(x) sin vxdx u J’ f(x) cos vxdx BooOIIIEe He

NMEIOT IIPENEJIOB IIPpU V — 00, a Hpe,[[eJIBI HNHTEerpajoB, KakK 3TO I0-
Ka3aHO BbIIIIe, CYIIIECTBYIOT.

55.3. UHTerpan Avpuxae. NMpuHUUN AOKAAU3ALMU

ITycrs @pyuknusa f(x) abcooTHO MHTETpUpPyeMa Ha oTpeske [—Ti, Ti.
Haiinem yno6HOe a1 mMccIeTOBAHNI BEIPAYKEHNE YaCTUUHOI CyM-
™Mbl S, (x; f) pana @ypbe GyHKIUU f, Ha3bIBa€MOIl TaK:Ke IPOCTO
cymmoit Pypve n-zo nopsadka, n =0, 1, 2, ..., amoil QyHKUUU.
Iloncrasus B S, (x; f) BBIpaskeHuA AaA KoahdumuerToB Pypoe
(55.6), moayuum

S, (x; f)=%9 + i a,; cos kx + b, sin kx =

b n m
— o= [ f(dt + 5 L [ () (cos kt cos kx + sin kt sin kx)dt =

_[ f(t)[

D, (t)=5 + Z coskt,n=0,1,2,...; (55.12)

k
1
Tt

DN | =

+ 3 cos k(t—x)}dt. (55.11)
Ilonmoxxum i

Torga hopMyJIy (55.11) MOJKHO IIEPeIcaTh B BUE
T
S, (x; )= % i D, (t — x)f(t)dt. (565.13)
=n

®yuknua D, (t) HasbiBaeTcsa adpom Jupuxse, a UHTeTpal, CTOSA-
Uit B IpaBoii uactu paBeHcTBa (55.13), — unmezpanom Jupuxue.
AEMMA 3. A0po Jupuxane:

19, Yemnaa uenpepvisnas 2T-nepuoduueckas QyHKUuUL, npu-
uem

1
Dn(O) =n-+ 5 -
20, Ydosremeopsem ycrosuio

1T 4.
r | Du(ydt =15 (55.14)
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30, ITpu t =21k, k=0, =1, £2, ...,

sin (n + 1/2)t

D)= w2

,n=0,1,2,.... (55.15)

AOKQA3ATeAbCTBO. HempepblBHOCT, YETHOCTH UM CYIIECTBO-
BaHNe Iepuoja, paBHOro 2T, ana axapa Jupuxiuae D, (t) HemocpeacT-

BEHHO CJIeIyeT U3 ero oIpeneeHusd, T. e. u3 GopMmyasl (55.12). Uz
9TOl Ke opMYyJIBI cieqyeT U paBeHCTBO (55.14): 4TOOLI ero moy-
YUTh, JOCTATOYHO IPOUHTETPUPOBATH IO OTPE3KY [—TI, TT] 06e yacTu
paseucTBa (55.12):

n 1" n n
D (H)dt= = [rdt+ cos ktdt =T,
[ Daydt=5 jdt+ 5 |
Tt
Tak Kak ipu k = 1, 2, ... uMeeM J’ cos ktdt = 0.
HoxkaxxeMm Tenepsb popmyay (55.15). Umeem

D(t)=l+ < kt=; Eﬁin£+ < 2 inzcoskt =
n 2 kZl cos 2sin (t/2) 2 k; St g O

_ 1 ot ,or oL 2k+1 ., . 2k—1
= 2ein (£/2) [smz—l-kzl %;m 5 t—sin—5 tD}

_sin(n+1/2)¢ _
_—Zsin(t/Z) , t=2mk, k=0, *1,1%2,....

ITIo cymecTBy, aTa hopmyia Oblaa yake JoKasaHa (cM. GPOPMYIy
(30.89) Bo BTOPOM TOME). [

MpbI BocIpousBeau 37eCh JOKas3aTeJbCTBO JUIIh AJA YI00CTBA
yurarend. OTMeTHM, YTO, B CUJIY YeTHOCTH Anpa [lupuxie,

0 T
[ Du(t)dt = [ D,(¥)dt,

IIO3TOMY - 0
D,(t)dt =2 [ D,(t)dt.

f J

Orciona u n3 csoiictsa 20 agpa [lupuxie ciepyer, 94To
2 T _
o J(; D, (t)dt = 1. (565.16)

3amMeTuM eIle, YTO OpaBas dacTh paBeHcTBa (55.15) mmeer
CMBICJI JIUIIb Opu t # 2Tk, Bk — 1esoe. Ho Tak Kak

lim sin (n + 1/2)t

sin (n + 1/2)t _ 4. w12,
t - 2kn  2sin (t/2) tallzl%ann(t) n+1/2
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sin (n + 1/2)t
2sin (t/2)
=0, 1, £2, ..., cuuTad ee 3HaUeHUE B KAKJ0OI U3 3TUX TOUEK II0
ompeneseHni0 paBHBIM n + 1/2. JloompenejeHHasdA yKasaHHBIM

crrocoboM (PYHKI[MS HelIpepbIiBHA IIpu ¢ = 2Tk AJId BCeX IeJbIX k.
Bepuemcsa K paccMoTpeHU0 GYHKIUY f, aOCOTIOTHO UHTETPHU-

pyemoii Ha orpeske [T, T{]. Hac Oyzer mHTepecoBaTh, B YaCTHOC-

TH, IIpeJies II0CIeJ0BaTebHOCTY YaCTUYHBIX cyMM S, (x; f) ee pa-

na ®ypbe. 3aMeTHUM, UYTO HEIIOCPEeJACTBEHHO MepeiiTu K Ipeneny
mpu n — OO0 B mpaBoil yacTu paBeHcTBa (55.13), T. e. mepeiiTu K
mmpejesy oA 3HAKOM HMHTerpasa, HeJb3s, TaK Kak Ipejesa Aapa
Hupuxje mpu n — o© He cymiectByeT. [Ipomomxkum QyHKIMIO f C
moJiyuHTEepBaJja [—Ti, T) B 2T-IIepUOAUUECKYI0 (PYHKIINIO 1 0003HA-
YuM ee TakK:ke uepes f (mogpobHee O IMEPUOSUUECKOM IIPOIOJIMKE-
HUU CM. B 1I. 55.1).

IlepuoanuecKyo ¢ mepuogoM 27T PyHKIIUI0, aOCOJTIOTHO UHTET-
pupyemMyio Ha oTpeske [T, Tl], 6ygeM HasbIBaTh AJA KPATKOCTHU
2T-nepuoduueckoil abconomHo uHmezpupyemoii (Ha Iepuoje)
byHKIITIEH.

HokakeM cJIeIyIONIIyIO JIEMMY.

TO (PYHKIIUIO MOJKHO JOOIIPeNeJUTh npu t = 2Tk, k =

AEMMA 4. Taa wacmuunoit cymmovr Pypve S, (x; f) 2T-nepuodu-
yeckoil abconriomuo unmezpupyemoii Gynrkuyuu [ cnpased.susvt
dopmy.ol
1 1
S, (x5 f)= = D, (®)f(x + t)dt (55.17)

1 Tt
S,(x; )= = D, (D[f(x +t) + f(x — t)]dt. (565.18)
0
CAEACTBME. [lasa awovix & O (0, ) u x O [T, T vacmuynas
cymma S,(x; ) pada Pypve 2T-nepuoduyeckoii abCONIOMHO UH-
mezpupyemoit pyuryuu f obaadaem credyiowum acumnmomuye-
CKUM UHMezZPALbHbIM npedcmasieHueM:

S, -1 f D,(O)[fx + t) + f(x — B)ldt +o(1), n—co. (55.19)

AOKA3ATEABCTBO AE€MMbl. BoimoanuMm B umHTerpage lu-
puxJe (55.13) 3amMeny TepeMeHHON MHTETPUPOBAHUA U = ¢ — X

S, n=1 f D (¢ — 2)f(t)di =
= 1_11 _T;]:_xx D, (w)f(x + u)du = % j';Dn(u)f(x + u)du. (55.20)
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MpbI cHOBa BOCIIOJIB30BAJIUCH 3I€Ch TEM 0OCTOATETBCTBOM, UTO
WHTErpaJl OT IePpUuoANYecKol (YHKIIMU IO OTPE3KY, AJUHA KOTO-
poro paBHa ee MEPUONY, He 3aBUCUT OT IIOJIOKEHUS 3TOTO OTPEe3Ka
Ha JeHCTBUTEJbHON ocu (cM. m. 55.1), 1 TPUMEHUJIN 9TO CBOHICTBO
K 2Tt-nepuoaudeckoii no u pyaxnuu D, (u)f(x + u). Urak, popmy-
na (55.17) nokasana.

Ina moxasarenbcTBa QopMyabl (55.18) mpeacraBuM IIPaBYIO
yacTh paBeHcTBa (55.20) B BUsie CYMMBI IBYX MHTETDAJIOB C ITPOMeE-
KyTKamMu nHTerpupoBaHudd [T, 0] u [0, TT|; B mepBoM MHTerpaJie
BBITIOJIHM 3aMeHy TepeMeHHON u = —f W BOCIOJIb3YeMCSI UeTHO-
creio axpa Jupuxne: D, (—u) = D,(u) (cMm. 1emmy 3). B pesyabrare
OyzIeM uMeThb

S, n=1 f D, (w)f(x + u)du =

-1 f D, (W)f(x + wydu + > [ D (w)f(x + wydu =

D, (O)f(x — t)dt + = [ D )f(x + u)du =

1
T

[
[

O%:l

=L [ DOIfx + 1) + fx - D)]dt.
0

dopmy.ia (55.18) Takke noxasana. O

AOKQ3ATEABCTBO CAEACTBUY. 3apuxcupyem Umucjiao O,
0 < 0 < T, m mpencTaBuM mpaByio yacTh (55.18) B Bume cymMMbI
IBYX MHTErPajoB CJAeAVIOMIM 00pasoM:

Sqwn=17+17. (55.21)
0 [

ITockonbry GyHKIUA HeIpephIBHA, CJeI0BaTeJbHO,

1
2sin (t/2)
¥ OorpaHMYeHa Ha orpeske [O, T EI/IMeHHO, mia Beex t O [0, T:

1 1
0<semn@d S Zsm (579
6om purcupoBamrom x [ [T, T1] 2T-nepuoguuHa 1m0 ¢ 1 aGCOTIOTHO
MHTEerpupyeMa Ha oTpeske [—Ti, 11, To Ha [, TT] abCOII0THO NHTErpu-
flx+¢)+ flx—1t)

2sin (t/2)
Teopeme Pumana (cM. Teopemy 2 B 11. 55.2), BTOpOIi HHTErpaJI B IIpa-
BOI1 yacTu paBeHcTBa (55.21) cTpeMuTeA K HYJIIO TIPU 1 — OO, T. €.

17 (et )+ flx 1)
LSS 2sin (t/2)

B, a pyuknusa f(x + t) + f(x — t) mpu to-

pyeMo M uX IIPOM3BeIeHIe . IToaTomy, corsacHo

sin %n + % Btdt =o0(1), n— oo,
IToacraBassa aTo Beipaskenme B (55.21), momxyuum popmyury (55.19). O
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OrmeTuM, uTo B opmyie (55.19) 6eckoneuno majasa o(1l) 3a-
BHCHUT OT YKcCJia O M OT TOUKH X.

W3 dopmyast (55.19) ciegyer ogHO BasKHOE CBOMCTBO PANOB
dypbe, HA3LIBAEMOE MPUHIUIIOM JoKaausanuu. Chopmynaupyem
ero B BUJle TeOPEMHI.

TEOPEMA 3 (npuvHuMn AoKkaausauum). Ecau f — 2Tt-nepuoduue-
ckas abCoNIOMHO UHmMezpupyemas PYHKUUL, MO CYULecmeosa-
Hue u 3HauveHue npedena Nocre0o8aMenbHOCMU ee YACMULHBLY
cymm Pypve S, (x; f) 6 11060t moure x, Ll R s3asucum moaviko om

CYW,eCMB808AHUS U 3HAUCHUA npedesa npu n — 0 uHmezpaia
1 6
o J’ D,(®)[f(xy + t) + (x,— t)dt,
0

20e O — CKOJIb Y200HO MAL0E NOJONCUMESbHOE YUCTO.
IloguepkHeM, UTO B IIOABIHTErPAJILHOE BhIpAKEHUE MHTErpaja
BXOJAT JWIIb 3HAUeHNA QyHKNuu f Ha orpeske [x, — O, x, + O] u

TeM CaMbIM CYIIIeCTBOBAHNE 1 3HAUCHNE IIPeIesia YaCTUUHBIX CYyMM
pAna ®ypbe GyHKIHN [ 3aBUCUT TOJLKO OT €e CBOIICTB B OKPECTHOC-
TH TOYKU X, MJIU, KAK TOBOPAT, OT ee JIOKATbHBIX CBOMCTB BOIU3H

TOYKH X).

W3 mpuHOUIa JIOKAIU3aIluu CJIEAYyeT, UTO ecJau B JIIO0OI,
CKOJIb YTOJHO MaJIoOll OKPEeCTHOCTH TOUKM X, GYHKIUU f 1 g COB-
najgamT, TO IPeIeJIbl nl{mw S, (xg; f) 1 nl{mw S, (xy; &) oxmHOBDE-
MEHHO CYHIECTBYIOT UJIU HET, IPUUEM €CJIU IIPedesibl CYIIleCTBYIOT,
TO OHU PaBHBI. ITO TeM OoJiee MHTEPECHO, uTO paAxbl Pypre Ta-
KUX QYHKIUI, BOOOIE TOBOPA, PA3JIUYHBI, 10O B (DOPMYJIBI AJA
Koa(puiinernToB Pyphe BXOAAT SHAUEHUA PYHKIIUY II0 BCEMY OT-
pe3ry [T, 1.

55.4. CxoaumocTb psaoB Pypbe B TOuke

I[aJIee HOHa,I[OGI/ITCH ciaeayrigad rmpocrad JjeMmmMa.

AEMMA 5. /lasa 2T-nepuoduyeckoii a6CONOMHO UHMezZPUPYeMoil
Ha ompe3ke OaunbL 2TLPYHKUUU [ UuHmMezpaabl
5

[f@)l T i@l
I dt,0<3<T, u Io2sm(t/2)dt (55.22)

cx00amcs uniu pacxodsamcs 00H08PeMEeHHO.
AOKA3ATEAbCTBO. [leficTBUTENBHO, A JT060r0 0, 0 < O < TI,

1
byHKIUA Ssin (1/2) HeIIpephIBHA, a I0O3TOMY U UHTerpupyema Io
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Pumany Ha orpeske [0, 1. @yuKnusa ke f(t) aGCOMIOTHO UHTETPHU-
pyeMa Ha 3TOM OTpe3Ke, CJeJ0BaTeJbHO, W WX ITPOU3BEJEHUE
f(t)
2sin (t/2)
ao6om O, 0 < & < TI, mHTErpaJ

a0COJIIOTHO MHTErpUpyeMo Ha oTpeske [0, Ti, T. e. mpu

n t
I 2S1|II;((3‘/2) dt (55.23)
cxonured (cM. JeMmy 2 B 1I. 33.5).

Bribepem Temeps O > 0 Tak, 4TOOBI CYIIIECTBOBAJIO IIPABUJILHOE
pasbuenwue (cm. . 55.1) orpeska [0, TT, 1A KoToporo oTpesok [0, J]
He cofep:kaJl Obl HU OJHOM TOUKM 3TOr0 pasdueHusd, KpomMe, OLITH
MosKeT, Touku ¢t = 0. Bo3MOKHOCTE 9TOr0 CJIelyeT U3 CaMOro OIpe-
JIeJeHnA aOCONIOTHOM MHTETPUPYEMOCTH (DYHKIIUM Ha OTpe3Ke (CM.
. 55.1). B arom ciryuae s a060ro € Takoro, uro 0 < € < d, pyHK-
nusa f 6ymer naTerpupyema 1o Pumany Ha orpeske [€, 0], a ciemosa-
TeJIbHO, MHTErpupyeMbl 10 PuMaHy Ha 5TOM OTpe3Ke U (pyHKIIUU
0] ()

t ’ 2sin (¢/2)°
.. 2sin (t/2)
Tak Kak lim -
TerpaJjioB, Ha3bIBAEMOMY IIPU3HAKOM CpaBHEHHUA (CM. CJIEICTBUE 13
Teopembl 1 B 1. 29.3), IpuMeHEeHHOMY K a6COJIIOTHBIM BeJINUMHAM
ol g,
I 2sin (t/2)
OTHOBPEMEHHO CXOMAATCSA UJIN PACXOAATCS. B cuITy CXOI.[I/IMOCTI/I UH-
terpayia (55.23), orcioma cpasy ciaenyeTr, UTO mMHTerpajibl (55.22)
Tak:Ke OyAyT OSJHOBPEMEHHO CXOAUTHCA MU PACXOAUTHCA. [

B manbHelineM B 5TOM IIYHKTe OYAYT paccMaTPUBaThCA 2TE-IIe-
puoauvYecKue abCOJIOTHO MHTErpHUpyeMble Ha OTpesKe IJIUHBI 2Tl
(GYHKIIUM, KOTOPhIE MMEIOT TOJBKO TOUKM pPasphbiBa MEePBOTO POAA,
BCJIE/ICTBHE YeTr0 B KAXKJOH TOUKe X, YHUCJIOBOMA OCH CYIIECTBYIOT

OJHOCTOPOHHIME TIPEIeJIkI:
li + k)= f(xy, +0), li ~ k) = f(x, — 0).
lim f(xo+h) = fxg +0), lim fxy—h) = f(xo~ 0)

Kpome Toro, atu GyHKIIUY SKBUBAJIEHTHBI Ipu ¢ — 0,

= 1; m0aTOMY IO IPU3HAKY CXOANMOCTH WH-

paccMaTpuBaeMbIX (BYHKIIUI, MHTErpajbl J’ i ( ) dt,

OnpeaeaeHnue 8 (Aeber). Toura x, Hasbli8aemca pezyrapHol moy-
Kol pynrxyuu f, ecau
f(xg + 0) + f(xq — 0)
flxg) = =——F5—"—.

OueBuIHO, KaxKIasd TOUKA HEPEPHIBHOCTH PYHKIIUU ABJIAET-
cs ee PeryasapHoOil TOUKOI.
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Ecnu x, — Touka paspblBa IIepBOro poja GyHKIUH f, TO IIOf ee

OJHOCTOPOHHUMU ITpon3BogHBIMY [ (x) 1 fL(x) 6ymeM 3xech IOHU-
MAaTh IIpeJeIkbl
flx+h)—f(x+0)

N v v fx = k)~ f(x - 0)
Fi(x) hlinio h > F20%) hlin-lro —h '

B Tom ciyuae, Korma GyHKIIMA HeIpephbIBHA B TOUKE X U, CJIe-
IoBaTeJbHO, f(x + 0) = f(x — 0) = f(x), chopmyIpOBaHHOE OIIpPee-
JIeHVe OJHOCTOPOHHUX ITPOM3BOAHBLIX COBHALAET C JAHHBIM PaHbIITe
(cm. m. 9.1).

Hnsa ymobcTBa POPMYJIUPOBKU TEOPEMBI O CXOAUMOCTU DPsna
dypne BBeieM 0003HaAUEHHE

fs (t) f(x +t)+f(x—t)—f(x+0)—f(x—0). (55.24)

OueBH/HO, YTO B PEryJspHON Touke x (QyHKIus f,(f) umeer

BU/J
Fx(t) = f(x + t) + f(x — t) — 2f(x).

fAcuo Takike, uTo ecau GyHKIUS [ 2T-MepuoguyuHa U aGCOJIOTHO
HHTErpupyeMa Ha Iepuoge, To u GpyHruus f,(¢) (x GpuxcupoBaHo)
TaKkKe ABJIsdeTcA 2T-IePUOAUUYECKON M abCOJIIOTHO MHTErpupye-
MOIi Ha mmepuoze (PyHKITUeH.

3amMeTuM, YTO ecau (PYHKIUA 2T-IepuoguYHaA U a6como'rHo

UHTerpupyeMa Ha Iepuoje, TO CXOANMOCTb MHTerpasa J’ |f( ) dt
mpu HeKoTopoM O > 0 paBHOCUJIbHA €r0 CXOJNMOCTH npn .TII060M
KoHeuHoM O > 0, TaK KaK, B CIJIY IEPUOJUYHOCTUA 1 a0COJTIOTHOM
I/IHTeI‘pI/IpyeMOCTI/I dbyuKIUY f Ha epuoge, npu gob6om O, > 0 nH-

TePpaJIJ' lf(t)l dt, 0 <9, <9, cxoxurcs.
TEOPEMA 4 (npusHak Aunn). ITycmv f — 2Ttnepuoduueckas
PyHKUUS, AOCONIOMHO UHMezpupyemas Hu ompeske OAUHbL 2T

Tozda ecnu x ABAACMC MOYKOI HENPepPbl8HOCMU UL MOYKOilL
paspuviea nepsozo poda gynrxuyuu f u npu Hexomopom O, 0 <d<TI,
unmezpa

dt (55.25)

cxodumcs, mo pad @ypve Qynrkyuu f cxodumcs 6 mouke X K
3HAYUEHUIO

f(x+0)+ f(x-0)

. (55.26)
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CAEACTBWE 1. Ecau ycrosus meopemvl 6blNOJLHEHbL, MO 6 JI0-
00il pezynsapunoli mouke Qyurkyuu [ (6 wacmHocmu, 60 6cex ee
moukxax HenpepvieHocmu) pad Pypve amoil QyHKyuu cxodumces
K ee 3HAYeHUI0 8 paccmampueaemoll. moike.

CAEACTBWE 2. Ecau f— 2Ttnepuoduueckas QyHKyus, abco-
JIOMHO UHmMezpupyemas Ha ompeske OJAuHbL 2T, U 8 MOYKe X CY-
wecmayrnm 00HOCMOPOHHUE NPOU3Bo0Hble, Mo pad Pypve GyYHK-
yuu cxodumces 8 amoii mouke k snaveruio (55.26).

CAEACTBMUE 3. Pad @Pypve Kycouno-Ougdepernyupyemoii Ha om-
peske [-T, T[] pyuryuu f cxodumcs 8 Kaxc0oii mouke uHmMepPeaLa
(-1, ) k¥ 3Hauernuw (55.26), a 8 moukax x = —Tlu x = TT— K 3HA-
YeHU

f(=1t+ 0) + f(1t—0)

5 (55.27)

CAEACTBWE 4. Pa0 ®Pypve Henpepvl8HOiL KYcOuHO-OuppeperHyu-
pyemoii Ha ompeske [—T, Tl pyrKkyuu cxodumcs 8 A000IL Mmouke
unmepeasaa (—T, ) K 3HAYUEHUI QYHKUUU 6 Imoil mouke, a 8
moukax x =—Tu x = TT— K 3HaveHuw (55.27).

AOKA3ATEAbCTBO TeopeMbl. Hcemoassya (HOpMYJIbI
(55.18) u (55.16), mmeem

Sy ) ~LEEOIIE=0 L 4y [ + 1) + e - 1)]dt -
0
flx+0)+ f(x — 0)2 1"
_ - J’D(t)dt—ﬁ{) Sm(t/z)sm%ln+ o dt.
(565.28)

Ecau unarerpas (55.25) cxogurea npu HexkoTopom O > 0, TO OH,
OYEBHIHO, CXOAUTCSA U IIPU HEKOTOPOM O TakoM, uTo 0 < & < TT, Tor-
[la, COTJIaCHO JeMMe 5, npnmeHeHHOﬁ K Qyuxnuu [ (cm. (55.24)),

T

CXOAUTCA U HMHTerpas _[ 231n—(t/2)
fi(2)

2sin (t/2)
corsacHo TeopeMe Pumana (cm. 1. 55.2),

dt, uHaue roBOPs, (PYHKIIHSA

abcourroTHO MHTerpupyema Ha otpeske [0, TT. IlosTomy,

17 fe(®) . 10 .
Hm, 5 [ g /gy Sin g of 4 =0,

cJemnoBaTeNIbHO, B cuy (55.28),
[(x +0) + f(x — 0)
2

nlimoo S, (x5 )= .a
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CiuencrBrue 1 HemOCpPeACTBEHHO BBITEKAET M3 TEOPEMBI B CHIY
onpeieeHUA PETYIAPHON TOUKY PYHKITUN.

Hoxasxem caencreue 2. CorsacuHo Teopeme 4, TOCTATOUYHO TIO-
KasaTb, UTO eCJu cyIecTByIioT upemaesl f(x + 0), f(x — 0) u ogHo-
cTOpoHHUe ITpousdBojgHBIE [ (x), f.(x), To mHTerpan (55.25) cxo-
aurcA npu Hexoropom O > 0. IlpesxIe Bcero B CHIY CYII[eCTBOBA-
HHUA KOHEUHOIO IIpejeia

N (O [f(x+t)—f(x+0) _f(x—t)_—f(x—O)]

t-+0 t t - +0 t t
= fi(x) - (%),

orpaHnyeHa B HEKOTOPOI OKPECTHOCTH TOUKHU { =

*

QYyHKIIUA n

= 0. ITosTomy cyiiecTByeT Takoe 0, 0 < & < T, uro Ha orpeske [0, O]

%*
X

t
mo Pumany Ha sTom orpeske (cMm. m. 29.1, a Takike 3ameuanue 2 B
. 23.7%). ®yuKNuA, HHTerpupyeMad no Pumany, a6coI0THO UH-
Terpupyema, moaTomMy uHTerpas (55.25) xoneueH. O

Jnsa mokasaTelbCcTBa CJaeACTBUS 3 QYHKIIMIO f, 3afaHHYIO Ha
oTpeskKe [—TI, T{], IPOJOIKUM IIEPUOANYECKHU C IIePUOAOM 2T C IIO-
JyUHTepBaja [T, T[] Ha BCIO YUCJIOBYIO OCh 1 0003HAUYUM TTOJIYUEH-

byHKRIIUA orpaHWYeHa U, CJIeJ0BaTEJIbHO, OHA MHTETPUpyeMa

HYI0 QYHKIUIO uepes f. B cuiy ompenesneHus KycouHoil mudde-

peHImpyemocTtu (cM. onpenesneraue 1 B 1. 26.2) pyHKIINA f yzmos-

JIETBOPSAET yCAOBUAM ciefgcTBud 2. CorjiacHO 3TOMY CJIeACTBHIO

pag dypbe GYHKINUY f, OUEBALHO COBIARAMONIAIA ¢ psigoM Dypse
f(x + 0) + f(x — 0)
) .

Ecau x O (-1, 1), TO f (x £ 0) = f(x = 0) u, ciegoBaTeJbHO,

[(x+0)+f(x=0) _ f(x+0)+f(x~

s f, CXOAUTCS B KAsKIOM TOUYKE X K

9) . IIpu x = —TlykasaHHLIH pAxg

2 2
f(-1+0)+f(-1t—0)
CXOOUTCA K b , & Ipu X = TI— K 3HAYEHUIO
f(m+0)+f(m-0 =
[(n ) D) f(n-0) . B cuny mepuoguunocT QyHKINA [,

F (1= 0) = 7 (1= 0) = f(11~ 0), T (7t + 0) = F(~T+ 0) = f(~Tt+ 0).
IToaTomy

f(m+0) +f(-m=0) _ F(m+0)+7(m-0) _ f(-Tt+0) + f(1— 0)
2 o 2 o 2 :

CrnencrBue 4 HeIOCPEeACTBEHHO BLITEKaeT U3 ciaeacTeuii 1 u 3.

O
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3ameTum, uTo B (Qopmyaax (55.26) u (55.27) cymma pama
dypre hyHKIUU f BRIpakeHa uepes camMy (GpyHKIUIO f, 3aJaHHYIO
Ha OTpesKe [—Ti, TT], a He Yepes ee MEPHOJUUECKOE IPOIOLKEHHE [
Ha BCIO YHCJIOBYIO OCh.

Ecau pyurinusa f yaioBaeTBOPSET YCJIOBUAM CIeACTBUA 4, T. €.
HeIIpephIBHA U KycOouHO-auddepeHupyemMa Ha oTpedke [T, T u,
Kpome Toro, f(—T) = f(1) (T. e. ee mepuoguUEeCcKoe IPOLOIKEHIE Ha
BCIO UMCJIOBYIO OCh COBHAJaeT C Hel BCIOAY Ha [—TI, T, BKJIIOYas
KOHIIBI), TO Ha BCeM OTpe3Ke [—Ti, T GyHKIuA [ paBHA CyMMe CBOe-
ro pAana Pypse:

a 0o
flxy= 5 + Y @,cos nx +b, sin nx.

ITosTomy Takaa (pyHKIHA B KayKIOM TOUKe oTpeska [—Ti, T Mmo-
JKeT OBITh IIpeACcTaBJieHa C JiI00Oil CTEelleHbI0 TOUYHOCTH YACTUU-
HOHM cyMMoOi#l ee psama Pypbe, T. e. JUHEHHON KoMOMWHaIMeHl Ccu-
HYCOB 1 KOCUHYCOB KPATHBIX IyT (TOBOPAT TaKiKe, UTO YKasaHHAA
(DYHKIUS anIpOKCUMMUPYETCA CyMMOM IIPOCTBIX rapmoHukK”). To,
YTO B paccMaTPMBAEeMOM cJiyuae IIepHOJ PaBeH HMeHHO 2T He
CYIIIECTBEHHO: CJIydail mpous3BoJibHOTO mepuona T > 0 jierko cBo-
IUTCS K PacCMOTPEHHOMY HPOCTOH 3aMeHON mHepeMeHHOTO (CM.
o. 55.12).

IIpu mpaxkTuyecKoM pasiokeHUU GYHKIUHA B pAxg Pypbe mo-
JIe3HO MMEeTh B BUAY, UTO eCJi a0COJIOTHO MHTerpupyemMas QyHK-
uus f — derHasi, To QYHKIUA f(X) COS nXx TakKe YeTHAdA, a PyHK-
mus f(x) sin nx — HeueTHas, IIO9TOMY B 3TOM CJIyUae

ay= g5, [ @dx =1 [ [z,

f(x) cos nxdx,

i

a, =

I

0

Tt . 2 T

Jn f(x) cos nxdx = - J(;

b,= %[ I f(x)sinnxdx=0, n=1, 2, ...,
=Tt

", cJIeJOBaTeJbHO, AJA YeTHON (PyHKuuU f ee psam Pypbe mMeeT
BU]L
[ee)
ag + zl a, cos nx.
nE

* IIpocToli TapPMOHUKON Ha3bIBAIOT (IIPEMMYINecTBeHHO B (pU3UKe) BhIpa-
'Keuue Buga A cos nx + B sin nx, rge A u B — IOCTOSIHHEIE.
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Ecnu dpyurnusa f — HeueTHasd, To f(x) cos nx Tak:ke HeueTHas
dbyuKIUd, a f(x) sin nx — yeTHasd, MOITOMY

1 T
a4y = 57 _Jn f(x)dx =0,

f f(x) cos nxdx =0,

-t

[y

an=1—_[

b, = % Jn f(x) sin nxdx = % L f(x) sin nxdx, n=1,2,....

CrnenmoBaTenbHO, N HeueTHOU (GyHKIuU [ ee pan Pypbe mmeer
BU
> b, sin nx.
n=1

Mpumepbsbl. 1. Haiinem pag Pypbe GyHKIMY ch x, —TIS x < TL
Beraucianm ee kosdppunuertsl Pypre. Koshdpunuent a, Haxoaur-
¢ JIETKO:
sh x|™ _ 2sh 1t

s
J’ ch xdx = ===
I T T

_1
ag= =

T

KoahdpunueHnTs! a, HaX04ATCA HHTETPHPOBAHNEM II0 YacCTAM (CM.
o. 22.4):

2sh 1t

m, n=1,2,....

ol

Tt
a,= J’ ch x cos nxdx = (—1)"

W3 uernoctu pyHknmuu ch x cinexyer, uro gusa mee b, = 0,
n=1, 2, ... ®yuxkunua ch x HenpepsiBHO guddepeHIIupyemMa i,
cJIeMoBaTebHO, YIOBIETBOPSAET YCIOBUAM CJIEACTBUA 4 U3 Teope-
MBI 4; KpoMe TOro, OHA IPUHMMAaeT OAWHAKOBBIE 3HAUEHUSA Ha
KOHIIaX OTpe3Ka [T, T, mosToMy ee paAx Pypbe BO BCeX TOUKAX
oTpesKa [TI, T[] cxoauTcAa K caMoil (DyHKITUU

_shm g N | 0

ch x =y D14—2n21( 1) 15 2 COS X[
ITOT PsAJ CXOAUTCA PABHOMEPHO,
YTO CJEIyeT M3 ero CpaBHEHUS
CO CXOIAIUMCHA UYHCJIOBBIM Pi-

x 1 A
ﬂOMnZOI+n2. _:_\__.F__*__
I'padpuxu ¢yHKIUM ch x u s s s é
cymmbel S(x) ero pana Pypbe —81 —21

n300pakeHbl Ha PUCYHKeE 3. Puc. 3
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y 2. Haiinem panx Pypbe pyHK-

| 'y =shx
/A R S i B cuny ee meueTHOCTH, TMeeM
’ | ’
) | ;o a,=0,n=0,1, 2, ..; namee, ux-
7 ! : s ! TEerpupys 1o 4acTaM, HaXOAM
-3 s-2n /10 m 2w 3mx L
L \ 1 b,= 3 [ shxsin nxdx =
ooy Loy T
‘ ! 2n sh
| | —(—1yn—-1_4nsh LL! =
-1) T+ n2)’ n=1,2,...
Puc. 4

dyurnua sh x HempepuIBHO
on(ddepennupyeMa u yIOBJIET-
BOPSAET YCIOBUAM CJeACTBUA 4 13 TeopeMbl 4, HO sh(—TT) # shTt; mo-
9TOMY BO BCeX TOUKax mHTepBajyia (—T, T) pan Pypbe GyHKIIUU
sh x cxoguTcs K camMoit QyHKITHN:

2shm X .
S > (-1)»-1 lfn2 sin nx, —-TM<x<TI,

n=1

sh x =

sh (=m) +shm
— 5 = 0.

Pang ®dypre pyHrmuu sh x yske He CXOOUTCS PABHOMEPHO K
Hell Ha BceM oTpe3Ke [T, T (meficTBUTEIHLHO, B IPOTUBHOM CJIy-
Yyae ero cymMMa JoJI:KHa Oblja ObI OBITHL HEeIIPepbhIBHOII Ha OTPesKe
[-TT, T, a oHA MMeeT paspPhIBEI Ha eTo KoHIax). ['paduku pyHKIMI
sh x u cymmbl S(x) ee paga @Pypbe 41 cpaBHeHUA N300paKeHbl HA
pucyHke 4.

a B TOUKaxX X = —THU X = TT— K 3HaUYEHUIO

3. Pasnoxxkum B pajg Pypbe QYHKIIUIO

fx)="5%, 0<x<2m

Xorsa (pyHKOUA [ BBIIVIAAUT HECKOJLBKO HMCKYCCTBEHHO, €€ P
®dypbe uMeeT OUeHb IIPOCTOU BUJ U IIO3BOJIAET HOJYUYUTH PAJ UH-
TepPecHBIX POPMYJI.

IIpomomxum pyHKIM0O [ 2T-IePUOAUYECKH C HOJyHHTEpBaja
[0, 2T) Ha BCIO YMCJIOBYIO OCh W Iepeolpene MM ee 3HAUEHUS B
TOUKaxX X = 2kTl, MOJOXKUB UX PAaBHLIMU HyJi0, k=0, = 1,1+ 2, ....
B pesysabraTe mosyuntcsa HeueTHasA (PYHKIMA, B CUIY Yero Bce ee KO-
a(punuerTs Pypoe a, OyayT pasEb HyI0: @, =0,n=0,1, 2, ....

Berunciaum xoadhdunuenTs! b,. UHTErpupys 10 4acTaAM, IOJIY-
YUM

21

m— 1
J’ cos nxdx=’—l.
0

2n
X . __i _ 2m
{ 5 sin nxdx = 2T[(T[ X)

1
bn - 2nTt

COS nx
n

=
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HUrax,

(55.29)

B cuny cnencrBus 4 Teopemsr 4, niaa 0 < x < 2TT uMeeT MeCTO

paBeHCTBO
m—Xx ® sin nx

=y T (55.30)

IIpu x = 0 aTO paBeHCTBO, OUEBUAHO, HECIPABEAJINBO, TaK KaK
cyMMa moJayuuBIiierocs psaga nupu x = 0 paBHa HyJII0, a f(0) #= 0.

I'paduk cymmsbl pazga (55.29) nusobpaskeH Ha pucyHke 5. 3ame-
THUM, YTO dTOT PSAJ 3aBeJIOMO He CXOIUTCS PABHOMEPHO Ha OTPe3Ke
[0, 217, Tak Kak ero cymMma He ABJSAETCA HAa HEM HeIPepPbIBHON
dyukuei (paBHOMepHAaA CXOAUMOCTDL pana (55.29) 6pL1a uccie-
mosaua B 1. 32.3).

3amenus B (55.30) x uepes 2x u pasgenuB o6e YACTHU TOJTYUUB-
II1erocs paBeHCTBa Ha 2, IMOJYUYUM

T x & sin2kx
175=3 T5. 0<x<m (55.31)

Brrurem sT0 paBercTBo us (55.30)

m_ 2 sin(2k—-1)x

4—k; on — 1 ° 0<x<TL (565.32)

IToxcTaBuB mosyuwmBIitieecs BhIpaskeHue ajs T/4 B (55.31), momyuum

—_o < (_q1yw-18innx
x=2 nzl (-1 E— (55.33)
9To paBeHCTBO BepHO y:Ke u npu x = 0, a B cuiy HeueTHOCTH obe-
uX yacTell paBeHcTBa u nmpu —T < x < 0, T. e. Ha BceM MHTepBaJje
(=T, ), HO, KOHEYHO, He Ha ero KOHI[aX, B KOTOPBHIX CyMMa pAja
paBHA HYJIO.

Pan (55.33) mpu x 0 [-T1, T1] ObL1 HepBLIM IIPpHUMEPOM (€ro Io-
ctpous AGenb B 1826 r.) cxoadAIierocs psga HEIIPePbIBHBIX (DYHK-
Ui, cyMMa KOTOPOTO He HelpephIBHA.

OrmeTuM elre, 4YTO, IIOJIO-

*KuB B (55.32) x = T/2, monyuyum

TaK HasbIBaeMbIl psaz Jleiibuuiia y
T 1 1 1
Z—l—§+g—?+..., ~._

KOTOPBLIM HAM yiKe BCTpPevaJics
paubire (cm. nm. 30.9 u 33.7,
npumep 2). Puc. 5

A b
&anﬁ\‘o TONG2T 3TNATT ©
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4. Pasjgoxkum B psan Pypbe mepuogmuecKyio mepuoma 2Tl
dyakmuio f, ecau f(x) = x mpu |x| < T

3ananHaA (GYHKIUA HEYEeTHAd, MO0ITOMY ee KOo3(h(HUIMeHTHI
dypbe Ipu KOCUHYCAX PaBHBI HYJIO, a AJI K03(GOUITMEHTOB IIPU CH-
Hycax MMeeM

b =

. 2 T
" x sin nxdx = Tm_!;xdcosnx—

=R\
o 5

_cosTin _ (=1)n*1
n n

,n=1,2,....
IToaTomy
f@)=2 5 (L1 FEE x| < (55.34)
n'=1 n

(Bblme, cMm. (55.33), 5TO pasiaoKkeHHe OBLIO MOJYUYEHO KOCBEHHBIM
yTeM).

5. Paznoxxkum B pajg Pypbe HEOTPAHUUEHHYIO IePUOAUUECKYIO
(PYHKIIWIO

f(x)=1n‘2cos;—c, x#=@2m+1)m m=0,+1,+2,

Ora pyHKIUA dYeTHasdA, mosaTomy b, =0, n=1, 2,

/2
Iln E'LZCOS dx—l J’ln E,LZcos dx+ Iln %Zcos dx

(Tax kxax cos |x/2| > 0 mpu 0 < x < T, To 3HAK a6COJIIOTHOI/I BeJIN-
YUHBI Y €O0S (X/2) MOMKHO He TIHCAaTh).

CroenaB BO BTOPOM MHTerpaJjie 3aMeHy HepeMeHHOro X = Tl — f,
ybenumcsa, aTo a, = 0.

Jlna BeluncieHns KoapdunuesTos a,, n = 1, 2, ..., npousse-
IeM MHTEerpupoBaHMUe II0 YacTAM U CAeJIaeM 3aMeHy IepeMeHHOTO
x=T—-1:

s
a,= ﬁ_([ In ElrQCOS Dcosnxdx— ~ In Ezcoszgsmnx i
1 T sinnxsin (x/2) , _ 2—1 1 sin nxcos (x/2)
" an 0 cos (x/2) dx=(-1) I sin (x/2) dx.

IIpenacraBuB mOABIHTETPATbHYO QYHKIINIO B BUIE CYMMbI
sin nxcos (x/2) _ sin (n+ 1/2)x sin (n — 1/2)
sin (x/2) 2sin (x/2) 2sin (x/2)
U UCIOJIb30BaB JJIA BBIUNCJIEHUA MHTerpajga oT KasKZoro ciiarae-
MOT'O TOKIeCTBa (CM. ToKAecTBO (55.15) B 1. 55.3)

sin (n + 1/2)x sin(n-1/2)x _ 1 =1
2sin (x/2) 2sin (x/2) 2 + k; cos kx,

== —l— 2 cos kx,
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OymeM UMeThb
_ (_l)n +1

a, n

,n=1,2, ...,
u, TaKIM 00pasom,

_1 COS nx

In 22 cos 5 0= z (1)1 EEEE < (55.85)

Metozn HaxoxaeHUA pAna Pypbe 3afaHHON (DYHKIIUY HEIIOCPE/I-
CTBEHHBIM BBLIUMCJIEHNEM €ro Ko3(p(pUIeHTOB IPUBOIAUT NHOTAA K
He0oO0XOAMMOCTH IIPOBENEeHUA 00JILIIIOr0 00'beMa CJA0MKHBIX BEIUKCIIE-
Huii. MHorma ymaeTrcss oOOMTH 9TH 3aTPyAHEHHUSA, CBedsd 3amady o
pasio:xkennu QPYHKINYN B pag Pypbe PyHKIINI K 3amaue pasyioiKe-
HUA QYHKIINY B CTEIEHHON P, U BOCIOJb30BATHCSA IJISA DTOTO Pas-
paboTaHHOM B TEOPUU CTEIIEHHBIX PAJOB TEXHUKOI.

B ocHOBe 39TOro JIEXKUT TO OOCTOATENBCTBO, UTO CTEHEHHOM P

[e)

Y a,2" Ha okpyskHOCTH |2| = 1 cBOAMTCA K pAgam Pypbe cBoelt aeii-

CTBUTENLHOM 1 MEUMOH uacTu. JleficTBuTeIbHO, IpH |2| = 1 uMeem
z=eib, 2" = ei"® = cos nd +isin np, necam a, = b, +ic,,
TO

(b, + ic,) (cos n¢ + i sin nd) =

= § (b, cos nx —c, sin nd) +i f (c, cos nd + b, sin nd).
n'=0 n'=0

Me
Q
b~
L\"]
S
I
Mz

6. Paznoxkum B pang Pypbe mepuogndecKyo GyHKIIIIO

f(x) =
Ira QyHKIUA HempepbiBHA pu Jobom rl (-1, 1), Tak Kak ee
3HAMeHAaTeJ b He 00paIlaeTcsa B HyJb:
1+2rcosx+r2>1-2]|r||cosx|+r2>1-2|r|+1r2=
=(1-|r)2>0. (565.37)
Cnenas B (55.36) moacTaHOBKY

r+ cos x
1+ 2rcos x +r2’°

| <1. (55.36)

e +etix  $2+1
2 2t °

COS X =

rae ‘
t=e*, (55.38)
OyIeM uMeThb
r+ cos x _ t24+2rt+1 _
1+ 2rcosx+r2 2[rt2+ A +rd)t+r]

_tt+nN+Q@Q+rt) _1p_ ¢t 1 [
2(t+r)(1 +rt) 2014+rt  t+r

(55.39)
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Tak xax |t| lei*| =1, a |r| < 1, To mo dopmye AIA CyMMBI

(55.38)
0eCKOHEeUHO yOBbIBaIOIIell TeOMEeTPUUECKOIl IIPOrPeCcCU IMOJIYyUNM

t —1 rt =1 < —_1y—-1 n
1+rt rl+rt rnzl(l) ()",
1 _l r/t _l < _1\yn—-1 ne
t+r_r1+r/t_rnzl(1) /0"

r +cos x T S -1 O_
1-%2rcosx-+r2(5539)2r [12 S tn +>nZI( Lmirtetg

_1 - — n—lwn —
Tr > (1) 2 " (5538

n=1

1 o]
= 5 (1" 1rtcos nx. (55.40)
r n=1
Ilosy4eHHBIN psJ PABHOMEPHO CXOAUTCS, HAIIPAMED, IO IIPA3HA-
Ky Befiepmrpacca, rak xax |(—1)* ~ 17" cos nx| < |[r|", a pan S |r",
n=1

|r| < 1, cxogurca. Cnenosarennro, pag (55.40) apaserca pagoM
dypne 3amannHol GyHKIU f (cM. Teopemy 1 B 1. 55.1).

7 . PasjoxxumMm B pan Pypbe nepruoguvecKyio QyHKIIUIO

f(x) =

rsin x

——————— (| < ],
1+2rcosx+r2’||
CHOBa HCII0Ib30BaB (DOPpMYJILL Ditnepa, cAejlaeM HOACTAHOBKY:

ei* +eix 241 . el — e ix 2 -1
cos x = = , sinx=—Fp—— = 75—,

2 2t
rae t = e*. Paccysk/aasi aHaJOTUYHO IpuMepy 6, moayudum

rsin x _ r(t2-1) _Q+r)t-(+r) _
1+2rcosx+r2  2i(t+r)(1+rt) 2i(t +r)(1 + rt)

10t 1

n

o1 o_1og qpdd_ 3 0_
2i0r+r 1T+m0- 202 Do~ 3 D)

t*n

- ® (qym-1lr-tr
A

1

rm=S (1" lrrsinnx. (55.41)

n=1
8. Pazioxxkum B pag Pypbe IepruognIecKyo QpyHKIIUIO

rsin x
il — <
f(x) = arctg T r— 1<r<1,

npuyeM npu r = 1 BBINOJHAETCA HepaBeHCTBO x = (2m + 1)m,
m=0, 1, 2,

dyuknua [ HeueTHasdA, CJIeAOBATEJbHO, ee K03h(HUIIMeHTHI
dypre Ipu KOCUHYCAX PABHLI HYJI0. Beiuucaum ee KoadduiimneH-
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el Dyphe IpHU CUHYyCaX B ciydae, Koraa |r| < 1. UHTerpupysa mo
YaCTAM, IOJYUUM

_2 rsinx ] _
J’ E}arctg T+ rcos % O sin nxdx
2cos nx rsin x 2r T r+ cos x
=—-————arctg ————— — [ —————— cosnxdx , =
nm g1+rcosx0 nm } 1+ 2rcos x + r2 (55.40)

s (e}
— k-1 .k -
(554 nnfo kZ -1) r* cos kx cos nxdx

. 2 oo b1k _(_1)n—1
=— 3 (1) 'r I cos kx cos nxdx = ~———r",
nt rE1 0 n
Takum obpasom, ecau |r| < 1, To
rsin x _ n-1 nSlIl nx
arctg ;o =~ = z -1) . (55.42)
Ecimxker=1,ms0x = (2m + 1), m =0, =1, 2, ..., T0

rsin x sin x

arctg = arctg TFreoss

1+rcosx|,_q
18in nx

n b

X X 2 _
—arctgtg 5 =3 (55.34) nzl 1"

T. e. pasiaoxkenue (55.42) ocraercsa BepHbIM u Ipu r = 1.

55.5%. CxoanMocCTb psiaoB Pypbe AA PYHKLUNA,
YAOBAETBOPSIOWMX YCAOBUIO [éAbAEpa

B sToM myHKTe MBI YKa)keM 0oJjiee cjiaboe MOCTATOUHOE YCJIOBUE
(uem ycyioBUe ogHOCTOPOHHEI nuddepeHIupyeMocTH (CM. CIEICT-
BUe 2 TeopeMtl 4 B 1I. 55.4)), TaKkKe 00ecIeunBaIoIiee CXOAUMOCTb
uHTerpasa (55.25), ciemoBaTelbHO, CXOAWUMOCTH psaxa Pypbe
2Tt-TIeproauYecKoi abCOMIOTHO MHTETPUPYEMOIT Ha OTpe3Ke JJINHEI,
paBHOII mepuony, GyHriuu f K suauenuio (55.26).

OnpeaeAenue 9. Pynryua f, onpedenennas na unmepsane (x,, b),
Hasvieaemcsa QYHKYueil, ydosaemeopaioweii cnpasa Ycao8u
I'énvOepa cmenenu O 6 mouke x, eciu CYu,eCmeyionm KOHe4HbLil
npasocmoponruii npeden f(x,+ 0) u marxue nocmoarnuvie M >0 u
0> 0, umo 0aa 106020 h, ydosaremesopswuezo ycaosuiw 0 < h <9,
8bLNONHACMCA HePABEHCME0

|F(xxy + B) = f(xy + 0)] < MA. (55.43)

*0. JI. Ténnnep (1859—1937) — Hemenkuii MaTeMaTHK.
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Qynryusa f, onpederennas Ha unmepsane (a, x,), Ha3vléaem-

ca Qpynkyueil, yoosaemaopsawueil caesa ycrosurw I'énvdepa cme-
nexHu 0 8 moyke x, eCu CYyu,ecmaeyiom KOHeUHbLil 1e60CMOPOHHUIL
npeden f(x, — 0) u maxue nocmoannvie M >0 u &> 0, ymo Ona
1106020 h, ydosnremeopswuezo ycaosuw 0 < h < O, gbinonHsemcs

HepaseHcneo
|7(xg — h) — F(xy — 0)| < M. (55.44)

Qyuryua f, yoosaremeopawuw,as 6 moukre x, ycaroguio I'éavoe-
pa HeKOmOpoOil cmeneHu KAk cnpaéa, makKk u cieéa, Ha3bleaemcs
dynryueii, yoosremsopawueii ycaosurw I'éanvdepa danHOiL cme-
neHu 6 paccmampueaemoi. moyke.

DyuKIUA, OIpeaeieHHAS Ha HEKOTOPOM OTPe3Ke, Ha3bIBaeTCs
dyuKIME, Yya0oBIETBOPAINEH yeaoBuio 'énbiepa faHHOM cTeme-
HU HaA 9TOM OTPe3Ke, eCJId B KayKJ0U ero TOUKe OHa YA0BJIETBOPSIET
ycaoBuio I'énbaepa yKasaHHOU CTeIeHU, IPUUYEM B KasKJIOU BHYT-
peHHell TOUuKe OTpe3Ka KaK cIpaBa, TaK U CJIEBa: B JIEBOM KOHIIE
oTpesKa — CIIpaBa, a B IIPaBOM — CJIeBa.

OTrMeTHuM, YTO TaK HasbIBaeMoe KJacCuuecKoe ycaoBue I'éabme-
pa DaHHOI CTEmeHUW COCTOUT B ciaenyioineM. OyurusA [ Ha3bIBaeT-
ca ydosnremeopaiouweil 8 mouke x Kaaccuieckomy ycaosuio I'énv-
depa cmenenu A > 0, ecau cywecmsyiom marxue 0> 0 u M > 0,
ymo 0as ecex h, |h| <8, evbinoansemes nepasencmaeo

|[f(x + h) = f(x)| < M|R|o.

OueBUHO, UTO B 3TOM ciydae Giarogaps ycjoBuio O > 0 QyHKIuA
f Bcerma HempephIBHA B TOUKE X:

lim f(x + h) = f(x).

AHaJIOTUYHO OTIPEAENAIOTCA OJHOCTOPOHHME KJIACCUUYECKIe yC-
aoBud I'énbaepa.

Taxum o6pasomM, OTJINUME PAaCCMATPHUBAEeMOro ycaoBusd ['énnbae-
pa OT KJIACCUYECKOTO COCTOUT, B UACTHOCTH, B TOM, UTO, COTJIACHO
HAIleMy OIpeAesieHu0, (MYHKIIUS, YAOBJIETBOPAIOIIAA YCIOBUIO
T'énbmepa B HEKOTOPOI TOUKE, MOKET OBITh PA3PHIBHOM B HEM.

YcnoBue I'énpaepa creneHu efmHUNA 0OBIYHO HA3LIBAETCS YC-
aosuem Junwuya®.

VIIPA’JKRHEHHA. 4. [lokasaTb, 4TO ecJau PYHKIIUA YIOBJIETBOPSIET B HEKO-
TOpoii TouKe ycaoBuio I'énbaepa crenenu O, To npu 0 < 3 < 0 oHA YAOBJIETBO-
pseT B 8TOM TOUYKe u ycsoBuio ['éiabaepa cremenu [3.

* P. JIunmurn, (1832—1903) — HeMenKuii MaTeMaTHUK.
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5. [lokasaThb, UTO ecau QYHKIIUA UMEET Ha OTPe3Ke OTPaHUYEHHYIO IIPOU3BO/I-
HYIO, TO OHA YIOBJIETBOPAET Ha HEM YCJIOBHUIO JIUIIIIINIA C OLHOM U TOH 2Ke II0-
cTosaHHON M.

6. [Joxkasars, 4To ecau QYHKIUA YIOBIETBOPSIET HA HEKOTOPOM OTPe3Ke KJIacCu-
yecKoMy yciioButo ['énpaepa cremneru o > 1, To OHa IOCTOSHHA HAa 9TOM OTDPE3Ke.
7. lokasaTs, uTo dyHKIu f(x) = x%, x > 0, 0 < o < 1, yAOBIETBOPAET B TOU-
Ke x = 0 ycaoBuio ['é€nbaepa creneHu O 1 He YIOBJIETBOPAET B Heil HUKAKOMY
yeanosuio 'énbpnepa crenenu 3> O.

TEOPEMA 5. Ilycmv ¢pynkyus f abcontomno unmezpupyema Ha
ompeske [-T, Tl|. Ecau ona ydosremeopsem 6 moukxe x U (—Ti, T0) ye-
aosuw I'énvlepa cmenenu O, d > 0, mo ee pad Pypve cxodumcs 6

x+0)+f(x—-0

K ) B ( ); 68 wacmuocmu,
ecau QYHKUUS, Kpome mozo, HenpepvieHa 6 moyke x [ (=T, ), mo
ee pad Pypve cxodumcesa K 3HAYEHUIO QYHKUUU 6 IMOll mouke:

lim_ 8, (63 1) = 7).

Ecau gyuruyus f ydosaemeopsem ycrosuio I'éavlepa cnpasa
6 mouke x = —TLU cae6a 6 moike x =T, mo ee pad Pypve cxo-

amoll mouke u e2o cymma pasHa

fm + 7(m
dumes 8 IMUX MOYKAX U €20 CYMMA 8 HUX PABHA 3 .

AoKka3aTeAbCTBO. Buibepem 0, 0 < & < T, Tak, 4TOOBI, BO-
IepBhIX, Ha J06oM orpeske [, 8], 0 < § < O, pyuruus f.(¢), a mo-
f:(2)

tCX
yTO6LI IPU Beex h, |h| < 8, byHKnuUA f yA0BIETBODPANIA YCIOBUAM
T'énbpgepa (55.43) u (55.44) B Touke x. Torma, B cuiry ) OPMYJIbI
(55.24), nna pyuxnuu f,(t) umeem

f:(t)‘<‘f(x-i—t)—f(x-l—O)‘+‘f(x—t)—f(x—0) < 2M
t t t (55.43) t1 @
(565.44)

3TOMY U , OBLIM WHTErpupyeMbl mo PuMaHy, a BO-BTOPBIX,

3
dt
Tax Kak mHTerpas I P a > 0, cxoxuTcA, TO, B CUJIY IPHU-
0

3HaKa CpaBHEHUA, CXOAUTCSA B HAIIIEM cjaydae u uaterpali (55.25).
IToaTomy Teopema 5 caemyer us TeopeMsbl 4. O

B zaxaoueHme 3aMeTUM, YTO ecJiu PYHKIIUA f B TOUKE X TMeeT
IIPaBOCTOPOHHIOIO IIPOM3BOAHYIO f., TO f yZOBJeTBOPAET B 9TOH
TOUKe cIpaBa ycyaoBuio ['énbaepa crenenu 1. B camowm zete, us cy-
IIeCTBOBAHUSA KOHEUHOI'O IIpesesia

f(x +h) }—l flx+0) _ F(x)

lim
)
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cienyer, uTo Halimercs Taxkoe O > 0, uTo aaa Bcex h, \h[ <9, oymer
CcIIpaBeIJINBBIM HEPABEHCTBO

Mt ) =[G+ 0) ) o,

det
OTKYy/Za, IOJI0XuB M = |71(x)| + 1, momyaum

f(x + h) = f(x + 0)
h

-M < <M;

cJIeL0BaTeIbLHO,
| + k) = f(x + 0)] < M |, |n| <.

AmnajioruuHoe yTBepIKAeHNe CIIPaBeAJINBO, KOHEUHO, U1 JJIs Je-
BOCTOPOHHUX IIPOUBBOTHEIX.

3amaua 1. dysxnua, onpejeneHHas Ha oTpeske [a, b], HaswIBaeTcA
pyuryueil knacca I'énvdepa H® (M) Ha 3TOM OTpPE3Ke, €CIAU IJIA Ka'KAOU ma-
PHI TOUEK x u x + h aToro orpeska, x Ll [a, b], x + A U [a, b], BeImonHAEeTCA
HEPaABEHCTBO
|f(x + h) = f(x)| < M |n|%,

WHAUYe TOBOPs, ecau (PYHKIUA YAOBJIETBOPSAET KJIACCUUYECKOMY YCJIOBUIO
T'énbpepa omgHOM 1 TO¥ JKe cTelleHU O U ¢ OJHOI M TOH Ke MoCcTOoAHHON M BO
BCeX TOYKax oTpeskKa [a, b].

Hokasarb, uTO ecau 2T-ieproAnUecKas abCOJIOTHO MHTerpupyeMas Ha
OTpe3Ke JIWHBI 2T1 QYHKIUA IPUHALIEIKUT Ha HEKOTOPOM oTpeske [a, b]
knaccy I'énpmepa H® (M), 0 <a < 1, M > 0, To Ha Bcsakom oTpeske [a', b'], co-
Iepaxaiemcsa B uHTepBae (a, b): 0 < a <a' <b' < b < 21— pag Pypoe GyHK-
muu f CXOAUTCA K Hell paBHOMEPHO.

55.6. CymmupoaHue psianoB dypbe
METOAOM CpeAHUX apudMeTU4YecKmnx

IIycts pyukmua f abcoaoTHO MHTErpupyeMa Ha oTpeske [—Ti, T u
YIOBJIETBOPSET yeaoBuio f(—T) = f(1), ciemoBaTesbHO, 2T-IEPUOIU-
YeCKHM NPOJoJKaeMa Ha BCIO BellleCTBeHHYIO ock. IlycTs S, (x) —
ee cymmbl dypre, a D, (x) — agpa [Nupuxne, n = 0, 1, 2, ...
(cm. (65.11) u (55.12)).

Paccmorpum cpenume apudmernuecKkme cymMm DPypbe U sgaep
HupuxJe:
So(x) +S1(x) +... + S,(x)

n+1 ’

0,(x)=

Dy(x) + Dy(x) + ...+ D,(x)

(D”(x) - n+1

n=0,1,2,.... (55.45)

34



Cymma O,(x) HaswsiBaercss cymmoii Peilepa” n-ro mopspxa
bysrnuu f, a @, (x) — adpom PDeiiepa n-ro nopaAgKa.
W3 popmyibl
1 T
S, (x) = o J’n D, (u) f(x + u)du
(cM. (55.17)) moryuaem
1 L1
o,(x)= om0 :[n D, (u) f(x + u)du. (565.46)

Byzmem ucciemosars noseseHne cymMMm O,(x) Ipu n — O, T. e.
paccMOTPUM CyMMUpPOBaHUe pana Pypre MeTOZOM CDeJa-
HUuX apupmeruueckux (cm. . 30.15).

Wayuum mpesx e Bcero cBoiicTBa sapa Peiiepa.

AEMMA 6. A0pa Peiiepa umerom caedyruiue ceoiicmaa:

19. Onu sasnawomesa nenpepviéHbIMU, HemHbLMU, 2TE-nepuodu-

YeCKUMU PYHKUUAMU U

®,(0)="21. (55.47)
20,
17 2
= @, (t)dt =~ i @ (t)dt =1. (55.48)
LN b
30, ITpu t = 2mm, m =0, +1, +2, ..., cnpased.usa Gopmyra
sin2 & hs lt
D, (t)= (55.49)

2(n + 1)sin? %

CAEACTBMWE 1. A0po Peiiepa nHeompuuamenvro npu awoom t [ R:

@, (t)=0. (55.50)
CAEACTBME 2. IIpu awbom d, 0 < d < TI, umeem mecmo paseHcmao
lim max @ (¢)=0. (565.51)

L R 1§
AOKA3ATEeAbCTBO AeMMbl. CeoticTBa 10 BEITEKAIOT 13 COOT-
BETCTBYIOIINX CBOMCTB Axep Hupuxie, HarpuMep:
_ 1 < __1 & O, lOo_
Pu0) (5575 T 1 kZO Dy(0) = (n+1) k;) a0~

__1 n(n+1)+n+1 _n+1
n+1 2 2 2 -

* JI. Mdeitep (1880—1959) — BeHTepcKUil MaTeMaTHK.
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CsoiicTBo 20 Tak:Ke BBITEKAET U3 COOTBETCTBYIOIEr0 CBOMCTBA
anpa dupuxie:

L Y@ (t)d L sl pwdt=—1- § 1=1
I Jﬂ A(®) b ssas) nr 1 kZO I Jn DAt = 7o kZO o

Bropoe paBencTBO (55.48) cpasy caenyer us ueTHOCTHU Anep Petiepa.
IToxasxxem csoiictso 3°. Ilycrs ¢t # 21Tm, m = 0, £1, +2, ... ;
TOTZA

D, (1) =

1 n . 1 » sin(k+1/2)t
n+1 kZO Dy(1) (55.15) n + 1 kZO 2sin (¢/2)

= 1 <
n+1 kZO 4sin2 (t/2)

2sin ésin (B +1/2)t

1
"~ 4(n + 1)sin2 (¢/2) ,

i [cos kt — cos (k + 1)t] =

n+1

in2
l-cos(n+1)t st t

T 4(n + D)sin? (¢/2)  2(n + 1)sinZ (¢/2)°

CraenctBue 1 BeiTeKaeT us popmya (55.47) u (55.49).
Hoxasxem ciencreue 2. Ilpu gro6om 0, 0 < O < TI, uMeeM

< max @D (¢) =
(55750) s< |t <m ”( ) (55.49)

n+1

sin2 t

1
T sttt 2(n + Dsin? (1/2) S S+ s 3/2)°
Orcroma mpu n — ©° cpasy caexnyer (55.51). O
IIpumepHsbIii Bug rpaduka aapa Peiiepa nsodbpakeH Ha PUCYH-
Ke 6. O0pasHo rosops, Aapa Peitepa IIpPeAcTABIAIOT cO00H TaKkue
HeoTpullaTeJbHble (PYHKIIUM, «CYIIECTBEHHBLIE 3HAUEHUA» KOTO-
PBIX IIPU BO3pAcTaHUU N Bce 6OJIb-
y IIe COCPeLOTOYUBAIOTCA B OKPECT-
HOCTH HYJISI B TOM CMBICJIE, UTO IIPHU
ao6oM O, 0 < O < T, UX 3HAUEHUd
BHE O-OKDECTHOCTH PaBHOMEDHO
cTpemMATceA K HyaH0 (cM. (55.51)), a
WHTETPAJTbI OT 9TUX (GYHKIUII Bce
BpeMA COXPaHAIOT IIOCTOAHHOE 3HA-
_2n_m -8l 2 X geppe (em. (55.48)), K KOTOPOMY
n+l n+l n+l n+1
CTPEeMUTCA HWHTerpaj OT HHUX IIO
Puc. 6 O-0KpecTHOCTH HyJIs mpu O — 0.
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IlomoGHBIE TTOCIEAOBATEIbHOCTH (MYHKIIUI HA3BIBAIOTCS O-II0-
CJIeTOBATEeJILHOCTAMU, ¥ MBI BCTPETHMCA eIlle ¢ HUMU B maparpade
«O60061IeHEBIe GYHKIUKU» IPHU udyueHuu O-pyHrnun Jupaka.

B sTomM myHKTe OyJeM paccMaTPUBATL TOJbKO HEIPEPLIBHBIE
Ha orpes3ke [-T, T] ¢pyuHKIuu f, IPpUHUMAIOIIXE HA ero KOHIAaX
paBubIie 3HaueHusd: f(—T) = (7). OueBUAHO, KAKIYIO TAKYIO PYHK-
IIAI0 MOYKHO IIPOJOJIKUTH 2TH-IEPUOAUUYECKU C OTpesKa [T, T(| Ha
Bcio yucyoByio ock R. Ilonyuernasa GyHKOUA, KOTOPYIO 0003HA-
uyyM uepes f, OymeT HelpepbiBHA Ha Bceil ocu R.

Wcxonnaa GpyHKIUA f, KaK BCAKAA HeIpepbIBHAS Ha OTPe3Ke
(byHKIUA, OrpaHUYeHa, T. €. CYIIecTByeT mocToanHas M > 0 ra-
kad, uro |f(x)| < M, x O [-m, 1]. fIcHo, uTo TOTAA

If(x)| <M, xOR,

T. e. pyuKnua f orpaHuyeHa Ha Bceii ocu R.

Kpome Toro, ¢pyuriua [ paBHOMEpHO HeIpephbiBHA Ha Bceil
uncaoBoi ocu R. B camowm fgese, Oyayuu HelpepbIBHOII HA JHOO0OM
KOHEUYHOM OTpe3Ke, Hanpumep Ha [0, 4TT], oHA paBHOMEPHO HeImpe-
pbIBHA Ha HeM (cM. Teopemy 5 B 1. 19.6). 3To o3HaUaeT, UTO AJIA
aoboro € > 0 cymecTByer Takoe 8, 0 < d < 2T, uTO AuA Bcex X, [J

[0, 411, x, I [0, 411, |x2 - x1| < 0, BBINOJIHAETCS HEPABEHCTBO

|?(x2) - ?(x1)| <E&.

Ho 7151 IPOUBBOJIBHBIX X] U X§ TAKUX, UTO |x) — x| < O, Haiizercs
def | def |

IeJIoe YHCJIO 1, JLJIA KoToporo x; — x1— 2Tn 0[O0, 41], x, = x5 —

—21n U [0, 411 1 mosToMy |x, — X;| = |x6 — x| < O, a IIOCKOJIBKY B
Y 1% 1 2 1 y

cury 2T-nepuoaudsocTu f(x,) = f(x;), f(x,) = f(x3), TO

|f(x2) - f(x1)| = |f(x2) - f(x1)| <E&.
9To um o3HaUaeT PaBHOMEPHYIO HeIPepbIBHOCTh (GyHKIMu [ Ha
Bceilt umciioBoii ocu R.
B ganbueiimeMm OymeM HepHOIHMYECKU IIPOJOJIKEHHYIO (PYHK-
o 0003HAYATh TEM K€ CUMBOJIOM f, UTO U IPOJOJI:KaeMYyIO.

TEOPEMA 6 (teopema QPeiepa). Eciu pyHKuus Henpepvi8Ha
Ha ompeske [T, Tl] U NPUHUMAEM HA €20 KOHUAX PABHbLE 3HAYe-
Hus, mo nocaedosamenbHocms ee cymm Peilepa cxodumes pas-
HOMEPHO HA 2MOM Ompeskre K camoll QYHKUUU.

CAEACTBMWE 1. Ecau pad @ypve Henpepvl8HOIL HA ompeske [T, T
PYHKUUU, NPUHUMAIOWET HA €20 KOHUAX PAB8Hble 3HAYEHUS, CXO0-
dumcsa 8 HeKomopoiL mouke, Mo OH cx00umcs K 3HAYEHUI
QYyHKEYUU 8 IMOLL MOouKe.
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CAEACTBWE 2. Ecau ece koappuyuenmv. Pypve pyrnrkyuu, He-
npepvLéHoil Ha ompe3ke [—TI, T[] u npuHuMmalueil Ha e2o0 KOHUAX
00UHAKO08blEe 3HAUCHUS, PABHbL HYAI0, MO CAMA QYHKYUSL mocde-
CMEEHHO PABHA HYJLI0 HA 3MOM Ompe3Ke.

AokaszaTeAbcTBO. IlyeTh pyHKIIUSA f HeIIpepbIBHA HA OTPE3-
ke [-T, 1] u f(—1) = f(17). [Ipogomxum ee 2T-IepUOAUUECKHU HA BCIO
uncJoByIo ock R. OneHuM pasHocTs f(x) — 0,(x) Mexay DyHKIMeH
f u ee cymmoit Deitepa O,, UCIOJB3YsA IpeACTaBJIeHNE CYMMBI
®deiiepa B Buge (55.46) u cBoiicTBa sanpa Peiiepa, JoKa3aHHbIE B
JemMMe 6 1 ee CIEICTBUU.

3adurcupyem Touky x LI [—TT, T u 3agagum npousBosibHOE € > 0.
Nwmeem

)~ 0,0 = [ [ @, 0at 1 | @Ot + tydt] =

-1 fﬂ @ (H[f(x) — flx + t)]dt‘ <i I" ® (1)|f(x) - fix + D) dt =

76

:|Ir—a A

3 b

I J’ , (565.52)
rage O > 0 BeIOpaHO Tak, UTO 3HAUEHUE MOIYJIA HEIPEePLIBHOCTU
w(®; f) byurnuu f ynmosiaerBopseT HepaseucTBy W(0; f) < €/3. To
BO3MOXKHO, TaK KaK QYHKIINA f paBHOMEPHO HellpephIBHA Ha Bceil
upcaoBoi ocu R. Ilosromy aasa smroboro x O R:

:llp—t
L=
:|Ir—l

m(6 f)

3 3
L [ RuDIC0) = fx + D] < [ (1)t <

s [ @bt = - (55.53)

OcraBiiuecsa IBa MHTErpaJia OMeHWBAIOTCA ONUHAKOBBIM CIIO-
cobom: PyHKIMA [ orpaHNYeHa Ha BCell YMCJIOBOII MPAMOM, T. €.
cyIecTByeT Takas moctrosuHas M > 0, uto ans Bcex x [l R ume-
eT MecTo HepaBeHCTBO |f(x)| < M. CremoBaTennHO, AJIA JTIOGOTO
x OR:

% I: @, (t)|f(x) - f(x + t)|dt < i I: D, (O[F(x)| + |f(x + t)|dt <

2M T 2M o

< = - J' D (t)dt < il in‘flix q:’n(t)L dt =

= w max (I) (t) < 2M max @ (t)
n d<ltl<m d<ltl<m
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CoryiacHo cieacTBHUIO 2 U3 JeMMbI 6, IpaBas 4acTh MOJIYUEHHOTO
HepPaBeHCTBA CTPEMUTCA K HYJIO MPU 1 — OO, II03TOMY CYIIEeCTBY-
eT TaKoe 1, UTO IIPU BCEX N > N, BLIIOJHAETCA HePABEHCTBO

1 1L
- Ia @ (t)|f(x) - f(x + t)|dt < § (55.54)
Amnanornuso ausa aoboro x U R u Bcex n > ny:

= _j: D, (D)|f(x) = f(x + t)|dt < § ) (55.55)

N3 (565.52) — (55.55) ana npoussoabHOro x I R u Bcex n > n,
nuMeeM

€ £ €
If(x) — 0,(x)| < 3t3+t3-¢

U TaK KaK BBIOODP HOMepa 7, He 3aBHCUT OT BbIOopa Touku x L1 [T, 11,
TO IIOCJIEZIOBATEILHOCTH {0,} CXOAMTCA PaBHOMEPHO Ha Bceil uwmc-
noBoit ocu R x pyurmuu f. O

AOKO3ATEABCTBO CAEACTBUG 1. Beakuit cxomaiuiica
pAL CYMMUDYeTCA METONOM CPeJHUX apudMeTHUYeCKUX K CBOeH
cymme (cMm. 1. 34.15). IloaTomy ecau psax Pypbe HeIIPePHIBHON Ha
orpeske [T, T pyHKIIMM, IPUHUMAIOIE HA ero KOHIlaX OJWHA-
KOBBIe 3HAUYEHU S, CXOAUTCA B HEKOTOPOI TOUKe K KaKOMY-TO UIC-
Jay A, TO IIpefes MOCIeLOBATEJILHOCTY CPEJHUX apu(pMeTUUECKUX
YaCTUYHBIX CYyMM, T.e. cymm Deiiepa, TakKe paBeH A: ecyu
nl{mw S, (x9; /) = A, TO nl{mw 0,(x,) = A. Ho, cornmacHo 1o0Ka3aHHOU

Teopeme, nlimoo 0,(x,) = f(x,); cnemoBaresbHO, U nlimoo S, (x05 ) =

= f(xp). O

IToguepkHeM, uTo paAn Pypbe PYHKIINMN, HEIIPEPLIBHOI HA OT-
peske [T, T[] u IpuHUMAaOIei Ha ero KOHITaX OAMHAKOBLIE 3HaUe-
HUS, MOKeT PACXOAUTHCS B psge Touek. OnHaKo, COTJIacHO MOKa-
3aHHOMY, €CJI OH CXOIUTCS B HEKOTOPOM TOUKEe, TO 00sS3aTeIbHO
K 3HAYEHWIO caMOil PYyHKIIUYM B 9TOH TOUKeE.

AOKA3ATEABCTBO cAepacCcTBUA 2. Ecau dpyuxnusa f He-
IpephIBHA Ha OTPe3Ke [T, T[], IPpUHUMAET ONHAKOBbIE 3HAUEHUA
Ha ero KOHIaX U Bce ee KoapduiuenTsl Pypbe paBHBI HYJIIO, TO U
ee cyMMbI Dyphbe BceX MOPAAKOB TOMKIECTBEHHO PaBHEI HYJIIO, a TOT-
Ja TOXKIECTBEHHO PaBHBLI HYJIO U Bce cyMMbl Peiiepa dyHKINU f.
9Tu cyMMBI BO BCeX TOUKax x € R cxomATrcA K f, IOITOMY U caMa
GYHKIINA TOKAECTBEHHO paBHA HYJIIO. [
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B sakJioueHue 3aMeTHM, UTO [Jis HEIPEPHLIBHON Ha OTpes-
Ke (DYHKIIUU, IPUHUMAIOIIE Ha ero KOHIaX OJMHaKOBbIe 3HAYE-
HUdA, pan Pypre, HE3aBUCUMO OT €r0 CXOJUMOCTU WUJIN PACXOIU-
MOCTH B OTJeJbHBIX TOUKAaX, II03BOJIAET OJHO3HAUHO BOCCTAHO-
BUTH YKa3aHHYIO (DYHKIIMIO: JOCTATOUYHO 0OpasoBaTh M3 €ro yac-
TUYHBIX CyMM cyMMbI Peiliepa — WX IOCJEIOBATEIHHOCTH YiKe
CXOIUTCS, U IPUTOM PAaBHOMEPHO, K caMoii PyHKIuu. Takum 00-
pasoM, aKe M3yUeHHEe DACXOLANIETOCH DALa MOYKET O0KasaTbhbCs
MOJIE3HBIM.

55.7. NpnbAnKeHne HenpepbIBHbIX QYHKLMA MHOTOYAEHOMU

Onpeaenenne 10. Dynryuu suda
Ay n .
5t A, cos kx + B,sinkx, A2+ B2>0,n=0,1,2, ...
k=1
HA3bL8AIOMCS MPUZOHOMEMPUYECKUMU MHOZ0YLeHAMU (NOJLUHO-
mamu) cmenenu n”.

TEOPEMA 7 (teopema Benepuwrtpacca). Ecau ¢ynkuyus [ He-
npepvieHa Ha ompedke [-T, T u f(—-T) = f(1), mo 0asa Kaxdozo
yucaa € > 0 cywecmeyem maroii mpuzoHOMemMpPU1LecKuUil MHO20-
ynen T(x), umo
|f(x) - T(x)| <eg, —M<x<TL

AoKa3aTeAbCTBO. OueBUIHO, UTO BCE YaCTHBIE CyMMBI Pyphe,
a ciemoBaTeNbHO, 1 cyMMbI @eiiepa abCOMIOTHO MHTETPUPYEMBIX Ha
oTpeske [T, Tl QYHKIIUN ABIAIOTCA TPUTOHOMETPUUECKNMU MHOT'O-
ynenaMu. [loaToMy B KauecTBe MCKOMOTO TPUTOHOMETPUUECKOr0 II0-
auaoMa T'(x) corsiacHo TeopeMe 6 MOYKHO B3AThb, HAIIPUMED, COOTBET-
CTBYIOITYI0 cymMmMmy Peiiepa O, (x), ABIAIIIYIOCA, 0O4EBUJHO, TPUIO-
HOMETPUYECKUM OJTMHOMOM HOPAJKA He BbIIe 1. O

TEOPEMA 8 (teopema Benepwrpacca). Ecau ¢pyurkuyus f Henpe-
pviena Ha ompe3ke [a, b], mo 0aa kaxdozo € > 0 cyuecmsyem
anzebpauveckuilt mrozounen P(x) maxoil, umo

|f(x) — P(x)| <g, a<x<b.
AoOKa3aTeAbCTBO. Orobpasum oTpesok [0, T 1uHeiTHO Ha OT-

pe3ox [a, b]:
b—a

x=a-+ t, OSt<T, a<x<b,

* 3mechb cunraercd, 4To B, = 0.
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b—a

uoycts f'(t)=f Eg + t B. dyurnusa [ onpenenena aToil popmy-

Joii Ha [0, 1. IIpomoKkuM ee ueTHBIM 00pa3oM Ha oTpesok [T, 0],

T. €. TOJIOKUM
@) =7*(-t), ecnu t O[T, 0].

IlosyueHHasa TakuM oOpasoM (PYHKIHS [ HellpepbIBHA Ha [—TI, TT|
(mouemy?) u f*(—1) = f*(1m). IlosToMy, coriacHo Teopeme 7, IJIA
awboro yucaa € > 0 cyI[ecTByeT TPUTOHOMETPUUYECKUIN MOJINHOM
T(t) Takoii, 4YTO

() - T(¥)| <e/2.

Kax mbI 3Haem, cos kt usin kt, k=1, 2, ... , I03TOMY U TPUTO-
HOMEeTPUYEeCKHH moJuHOM 7T'(f) SABIAITCA aHAJIUTHUYECKUMU
GYHKIUAMY ¥ IO9TOMY pasJjiaraioTcsA B CTeleHHbIe PAIbI, CXOLA-
miecs Ha BCel JeMCTBUTEJbHON NPSAMOM U, CJIeJAOBATEJIbHO, PaB-
HOMEPHO CXOIAINMecs Ha KaKJIOM KOHeUHOM oTpeske (cMm. § 33):

T(t)= 5 cyth.

Ecnu P,(t) cyTh 4acTHUYHBIE CyMMBI 9TOTO PAJa, TO, B CHJIY €ro

PaBHOMEDHOM CXOAMMOCTH Ha OTpe3Ke [T, T, CyIIecTBYeT TaKOu
HOMED N, YTO IIPHU N > N,

|T(¢) - P,(t)] <€/2, M<t<TL
Bepa pna ompemenermnoctu n = n, + 1 u monaraa P(t) =

= P”e +1(t), nmMeem

(&) - P@) |<

@) —T() |[+| T(t) — P(t) <e/2+¢€/2 <Ee.
x—a

Bosspaiasich K mepeMeHHOH X, T. e. moJaras t = Tl 4

JAYUYUM

, IIO-

fx) - PRG—2H <e, a<x<b,

X —a o
rae P Hr[m E — OUYeBHUIHO, ajaredpanuecKuii MHOTOUICH. [

BamMmeuanue. Ilycth QyHKIUA [ HempepbiBHA HA OTPE3-

ke [a, b]. BoseMeM Kakyro-1100 II0C/Ie[0BaTeILHOCTE yucen €, > 0,

n=1, 2, ..., crpemaniyoca K HyJo (HanpuMmep, £, = 1/n); roraa,

coTJiIacHO TeopeMe 8, s Kaxkaoron = 1, 2, ... cyIiecTByeT MHOTO-

wieHd P, (x) (3meck n IOPAAKOBEIA HOMED, a He CTelleHb MHOTOuJIe-
Ha) Takoii, 4To

|7(x) — Pn(x)| <g, a<x<b. (55.56)

OueBuzHo, npu n — © umeeM P,(x) = f(x) Ha oTpeske [a, b].
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Urak, BcAKAs HeIpepbIBHASA HA OTPesKe (PYHKIUA SABJIAET-
cs IIpeaesioM PaBHOMEPHO CXOAAINecsa Ha 5TOM OTpes3Ke IIocJe-
JIOBATEeJIbHOCTU MHOTOouYIeHOoB. O6paTHOe, T. €. UTO BCAKAA (PYyHK-
usi, ABJIAMOIIAACA IIPEIeioM PAaBHOMEPHO CXOonsAllelicsa Ha He-
KOTOPOM OTpe3Ke IMOCJIeJOBATeJIbHOCTH MHOI'OUYJIEeHOB (1, OoJiee
TOTO, TOCJIEJJOBATEJIbHOCTH JIIOOBIX HEMPePBIBHBIX (GYHKIIUI),
HeIIpephbIBHA Ha 3TOM OTpe3Ke, yKe MokasaHo (cM. Teopemy &'
B 1. 32.4).

Taxum obpasoMm, TeopeMa BeliepiiTpacca ycTaHaBJIMBaeT Xa-
PaKTepUCTUYECKOEe CBOMCTBO HEIIPEPHIBHBIX W TOJBKO HEIPEephIB-
HBIX QYHKIIUH.

Becbma JII000TIBITHO OTMETUTDH, UYTO NMEPBOHAYANLHO IMOHSATHE
HeIpepbIBHOCTH PYHKITMY OBLIO BBEIEHO HAaMU B aOCTPaKTHOM 00-
et (popme, OHO HUKAK He OBLJIO CBA3aHO C KOHKPETHBIMU KJIACCA-
MU 5JeMeHTAPHBIX (DYHKI[UI, B YACTHOCTA — C MHOTOUYJIEHAMU, U
TeM CaMbIM HUM C KaKMMU AHAJUTHUUYECKUMHU IIPEeJCTABICHUAMU
GyHKIIUI Yepe3 MHOTOYJIEHEI.

Teopema BeiiepimTpacca ImoKasbIBaeT, UTO BBEIEHHBIN TAKUM
00pasoM KJacc HeImpPepbIBHBIX (GPYHKIIUIT B M3BECTHOM CMBLICJIE He
OUeHb JaJieK OT KJyiacca MHOrouseHoB! IMeHHO, KaKoBa ObI HU ObI-
Jla HelIpepbIBHAS HA OTpe3Ke QYHKIUA f ¥ KaK Majo ObI HU OBIIO
3apaHee s3amaHHoe umcJyo € > 0, Bcerga CyIecTByeT MHOTOUJIEH,
OTJINYAIOINUICA HA BCEM OTpe3Ke oT PyHKIuU f He 6oJiee ueM HA €,
T. €. aIOPOKCUMUPYOIMUHN (IpUOIMIKAIOIINil) ee ¢ JI000, Hale-
pen 3amaHHOI cTeneHbio TouHocTr! HeTpyAHO MOJMYyUYNTL M aHAJIN-
TUYeCKOe MpeACTaBJeHNe B BHUJe PAJa MHOTOUJEHOB AJs Helpe-
pBIBHOI Ha oTpesdke GyHKIuU. 13 (55.56) nmeem

f(x)= lim_P,(x),a<x<b, (55.57)
nin

f)=Py@) + 3 [Py, 4(x) = P,(0)] (55.58)

(P,(x) — MHOrouJIeHHI), IPpUUYeM CTpeMJIeHIEe K Ipejeny B (55.57)
U CXOOMMOCTD pszga (55.58) mpoucxomAaT paBHOMEPHO HA OTpPe3Ke
[a, b]. IIpu aTOM Kak cymiecTBoBanue mpezenaa (55.57), Tak u cy-
IecTBOBaHue pasjaoxkeHuda (55.58) ABasgi0oTCA HEOOXOAUMBIM U JI0-
CTATOUYHBIM YCJIOBMEM HeIPepbIBHOCTH (DYHKIIMH f Ha paccMaTpu-
BaeMOM OTpe3Ke. OTO OIPaBIbIBAET MHTYUTUBHOE TIPECTaBIeHIE
0 QYHKIIMHM KaK 00 aHAJIUTUYECKOM BBIPAKEHUM, COCTABJIEHHOM
13 He3aBUCUMOIi TIepeMeHHOM U MOCTOSHHBIX ITIOCPEACTBOM ajreo-
panvecKMxX M aHAJUTUUYECKUX OIIepaItuii.

Anajsoruunble 3aMeUYaHUA MOXKHO COeJaTh W II0 IIOBOAY IIep-
BO# TeopeMbl BeiiepmiTpacca (Teopema 7).
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55.8. MOAHOTO TPUTOHOMETPUYECKOU CUCTEMBI
M CUCTEMbl HEOTPULATEABHbBIX LIeAbIX CTEMNeHen X
B NPOCTPAHCTBE HenpepbiBHbIX GYHKLUA

B sToM myHKTe MBI TepedpasupyeM AJOKa3aHHEIE BBIIIE TeOPEeMbI 1
BBIBEJIEM U3 HUX HEKOTOPLIE IPOCThIE CJAEeICTBIS.

Onpeaenenne 11. Ilycmv X — Hexomopoe MHONMCECMB0 QYHK-
yuii, onpedenennbvlx Ha ompe3ske [a, b]. Cucmema Qynryuil
0,99 oees b,y e, 9, 0X,n=1,2,..., (55.59)

Ha3vieaemces NOAHOU 0 mHOoHcecmea X 6 CMbLCle PAGHOMEPHOZO0
npubauiceHus, ecaiu, kKaxkosa Ovt HU Obiia Qynruyus f 0O X, 0aa
Kadxcdozo € > 0 cywecmseyem makoe KOHeYHOe YUCAO QYHKUUL @ ny

q>n2, s s @, U3 CUCTIEMBL (55.59) u makxue wucaa Ay, Ay, ... , A, umo

IF(x) — [\, ¢n1(x) + A, ¢n2(x) + . A, ¢nk(x)]| <€
oasa scex x UJa, b].

Wuaue rosops, cucrema Gyuxinui (55.46) odpasyeT IOJHYIO
cucTeMy AJd MHOXKecTBa X, eciiu Jio0yio GyHKIINO u3 X MOYKHO
CKOJIb YTOJHO TOYHO MPUOJIM3UTH KOHEUHBIMU JMHEHHBIMU KOM-
omHanuaMu GyHKIuI cucreMsl (55.59).

Wcnoab3yst MOHATHE IIOJHOTHEI CHCTEMBI, TEOPEMbI 7 U 8 mpe-

IBITYIero naparpada MosKHO mepedpasupoBaTh COOTBETCTBEHHO
CJIeIYIOMIIM 00pa3oM.
TEOPEMA 7'. Cucmema mpuzonomempuieckux @yuryuii (55.2)
NoJaHA, 8 CMbLCIE PDABHOMEPHO20 NPUOAUICCHUS 0N MHONCECEa
HenpepwvLeHbLX Ha ompe3ke [—Ti, T QYHKUUL npuHUMAOWUX HA
€20 KOHUAX PaBHble 3HAYCHUS.

TEOPEMA 8'. Cucmema uyenblx HeompuuameavbHvlX cmeneueil

X, m. e. cucmema
’ 1, x,x2,...,x", ..., (55.60)

NOAHA 8 CMbLCIEe PABHOMEPHO20 NPUOIUNCEHUS 0N MHOMECmEa

6cex HenpepuLeHbLX HA AI000M 3a0AHHOM ompe3Ke PYHKYUIL.

OnpeaeneHne 12. [Tycmov gyuryuu f u g onpedesenvt Ha ompesxe
[a, b]. Hucno

b
[T - e()az
Hasvleaemcs cpe(?HuM xea@pamuw—tbtm OMKJNAOHEeHUeMmM Ha ompes-

re [a, b] pynrkyuu f om pyuruyuu g*.

* MOXKHO CKa3aTh 1 «OTKJIOHEeHNe (PYHKINHA & OT (PYHKIIUH [», IOCKOILKY
paccMaTpuBaeMoe BhIpaXKeHHe He MEeHseT CBOero 3HAUeHUsA, eciu [ 1 g ImoMe-
HATH MeCTaMU.
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Onpeaenenue 13. Cucmema ¢pyuryuil (55.59) rasvieaemes noa-
HOllL 8 cmbLcse cpedHezo KeadpamuiHozo NPUbAUNCeHUs 0N He-
Komopozo mHoxucecmea X QYHKUULL, onpedesleHHbLX HA ompe3ke
[a, b], ecau, Kakosa 6bt HU Ovira Qyrrkyusa f U X, 0as kaxdozo
€ > 0 cywecmeyem makxkas KOHeYHASA JAUHeEUHAS KOMOUHAUUS
dynruyuii cucmemst (55.59), umo ee cpednee Keadpamuurnoe om-
KJIOHeHUue Ha ompeske [a, b]l om @ynrxyuu f menvwie €.

TEOPEMA 9. Cucmema mpuzonomempuueckux @yrryuii (55.2)
noaHa 6 cmvlcae cpedHezo KB8AOPAMUYH020 NPUOAUNCEHUS 60
MHONCeCmBEe Henpepbl8HbLX HA ompeske [—T, T pyHKyuil, NnPUHU-
Manuux 8 moykax Tu —TLOOHO U MO JHce 3HAYeHUe.

AokasaTeAbcTBO. Ilyerh f— HempepblBHas Ha OTpe3Ke
[-T, 1] dyurmus, npudem f(1) = f(—1). Cormacuo Teopeme 7', nis
ato6oro € > 0 cyIiecTByeT Takoil TPUTOHOMETPUUYECKUI MOJTMHOM
T(x), aTo
£

f(x)—T(x) |< —, —TISX<TL

|f(x) — T(x) | T
OTcroza aJisi CpeHero KBaipaTUuIHOro OTKJIOHEHWS TOTO IIOJIUHO-
Ma oT QYHKIUY  uMeeM

/\/__E[[f(x) - T(x)]zdx < %_[ Uidx =ec.0

B manbHeifimmeM MbI yBumzuM (cM. 1. 58.6), UTO orpaHmueHuUe
() = f(—T), ucmoib30BaHHOE HAMU IPHU JOKAa3aTeJIbCTBE TeOPEeMEbI 9
(TOJILKO B 9TOM cJIydae MOKHO OBIJIO cOCJaThCsA Ha TeopeMy 7'), He
ABJIAETCS CYIIeCTBEHHBIM. VIMEHHO, TPUTOHOMETPUYECKAasa CHUCTe-
Ma (55.2) mosiHa B CMBICJIE CPETHETO KBAAPATUYHOTO BO BCEM MHO-
JKecTBe HeIIPePBIBHBIX Ha oTpesKe [T, T GyHKIuii u, 60yee ToTO,
MOJKHO IIOKa3aTh, UTO OHA IIOJIHA B CMBICJIE€ CPeAHEero KBagpaTuu-
HOTO ¥ BO MHOKECTBE BCeX MHTErpUpPyeMbIX (B COOCTBEHHOM WJIU
HecoOCTBEHHOM CMbIciie) QYHKIIUI ¢ MHTerPUPYEMBIM Ha OTpe3Ke
[T, 1] kBagpaTom.

3amMeTuM, UTO TPUTOHOMETpUYecKasa cucreMa (55.2) 3aBefoMo He
TIOJIHA BO MHOYKECTBE BCeX HENPEPBIBHBLIX Ha OTpesKe [—TI, T pyHK-
Ui B CMBICJI€ PABHOMEPHOTO IIPUOJIMKEHIA, T. €. B CMBICJIE OIIpe/ie-
neuus 11. JleficTBuTeNbHO, ecau (GYyHKIUA f TaKOBa, UTO IJIA JIF00O-
ro € > 0 cymiecTByeT TaKoii TpuroHoMeTpudeckuii noauaom T, 9TO

If(x) = Ty(x)| <g, —M<x<T
To u3 ycaosusa Ty (1) = T(—1) npu € — 0 caexayer, uto f(10) = f(—T10).
IIpu npubamxenny GyHKIIUHA B CMBICJIE CPETHETO KBaApaTAd-
HOTO TPUTOHOMETPUYECKMMU IIOJUHOMAMHU OCOOYIO POJIb UIPAIOT

YacTUUYHBIE CYMMBI pAga Pypre npubamxaemoit pyuxiuu. B cie-
IVIOIleM IMyHKTe OyIeT IOKa3aHo, UTO YaCTHUUYHAA CyMMa 1-TO II0-
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pAAKa MMeeT HauMeHbIllee cpefHee KBaJpaTUUHOE OTKJIOHEHE OT
ITaHHOW (PYHKIIUM IO CPABHEHUIO C JIOOBIM TPUTOHOMETPUYECKUM
TMOJIMHOMOM CTEeIIeHU 7.

Haxoner, MOYKHO IOKa3aTh, 4TO ecau (PyHKIUA [ paccMmar-
puBaeMoro kKJjacca obJiafaeT MHTETPUPYEMBIM KBaApaToM Ha OT-
peske [T, TT], TO OTKJIOHEHNE OT Hee B CMBICJIe CPeIHETO KBaJpa-
TUYHOIO ee YacTUUHBIX cymMM Pypre S, (x) cTpeMuTca K HYyJIIO,
Korma n — OO, uiau, KaK TOBOPAT, GYHKIUA [ ¢ HHTEIPUPYEMBIM
KBaJpaToOM ABJIAETCA IIPEHesiOM B CMbICJIE CPeAHero KBaJpaTuuHO-
'O CBOMX YAaCTUYHBIX cyMM Dypre (cM. 06 3Tom B 11. 58.6). Bee atu
00CTOATENBCTBA T'OBOPAT B MOJb3y HU3YUEHUA MTPUOIMIKEHUA
(yHKIUI B cMBICJIE CpeAHero KBaJpPaTUUYHOI'0 OTKJIOHEeHU.

Amnaysoruuso Teopeme 9 foKasbpIBaeTCA CAEAYIOIIASA TeopeMa.

TEOPEMA 10. Cucmema HeompuyamesbHblX Yesblx cmenereil
x, m. e. cucmema (55.47), norna 6 cmvicae cpedHezo kKeadpa-
MUYH020 NPUOLUNCEHUSA 60 MHONCECMEE HENPepbleHbLX HA AH00M
3a0anHnoM ompeske PYHKUUIL.

AokazateAbcTBO. Ilyers pyHKIIUA f HEeIpephbIBHA Ha HEKO-
TOpOM oTpeske [a, b]. Torga mima xKammoro € > 0, corjacHo Teope-
me 8', cyIecTByeT TaKOU HoJIuHOM P, 4TO

€

Jb—a

|f(x) = P(x)] <

,asS x<b,

OTKYyZa

A/J’b[f(x) — P(x)]2dx <e.O

55.9. MMHuMmaAbHoe cBoncTBo cymm Pypee.
HepaeeHcTBO Becceas n paseHcTBO lNapceBaas

B sToM myHKTe MBI paccMOTPUM pPsabl Pypbe I MHTErpupye-
MBIX (QPYHKIIUIT, KBaApaT KOTOPHIX TaKyKe MHTeTrpupyeM (34ech UH-
TerpupPyeMOCTh HOHMMAaeTCs, BOOOIIle TOBOPsS, B HECOOCTBEHHOM
cMmbIcsie) Ha oTpeske [T, T{]. CylllecTBeHHO 3aMeTHUTb, UTO €CJIU
(byHKIUS f TAaKOBA, UTO AJIA Hee CYIeCTBYeT IIpaBUIbHOE pasbue-
HHe oTpeska [T, T (cM. 1. 55.1), u ee KBaApaT f2 UHTerpUpPyeM

1+ 712
2

Ha oTpeske [Ty, T, To u3 HepaBeHcTBa |f| < clenyeT, 4To

dyuxnusa |f| uaTerpupyema Ha s5TOM oTpeske. OGpaTHOe, BOOOIIE
ropops, HeBepHO. CyIECTBYIOT HOJIOKUTENbHBbIE (PYyHKIuM (Ha-

npumep, pyarkmus 1/./|x|), uHTEerpupyemselie Ha oTpeske [—TI, T,
KBaJpaT KOTOPBIX, OMHAKO, y?Ke He HHTerpUpyeM Ha HeM.
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Takum o0pa3oM, YKasaHHOE MHOXKECTBO (DYHKI[UI C MHTErpH-
pyeMbIM Ha OoTpe3Ke [—TI, T[] KBagpaTOM COCTABJSET COOCTBEHHOE
MOAMHOKECTBO MHOKeCTBa BCeX a0COJIIOTHO MHTErPUPYEeMbIX Ha
orpeske [T, T| PyHKIHUIA.

3aMeTuM, YTO aHAJIOTUYHO BBOAUTCSA HOHATHE (DYHKIIUU C WH-
TEerpUPYyEeMbIM KBaIPaTOM U AJIA JIOO0T0 KOHEUHOTO IPOMEKYTKA.

TEOPEMA 11. IIycmv keadpam Qyunxkyuu f unmezpupyem Ha
ompeskxe [-T, T]. Toeda ecau S, (x) — ee cymma Pypve nopao-
Ka n, mo

; [/) - S,(0)Fdz = in ; [f(x) - T (x)Pdx, (55.61)

20e MUHUMYM 8 Npasoil wacmu paseHcmaea Oepemcs NoO 8cem
mpuzonomempuueckum mrozounenamn T, cmenenu He 6biule n.

Ecau ay, a,, b,, n =1, 2, ..., cymv rKoappuyuenmov. Pypve
dynryuu f, mo cnpagediuso HepageHCcmao
2

a_ + z aZ + b2 <1 J‘ f2(x)dx, (565.62)

Hasvleaemoe HepaseHCcmaeom BecceJm .
AokaszaTeAbcTBO. Ilyers

A n
T (x)= ?0 + 5 A, cos kx + B, sin kx,
kS
TOTJ]a, OTKPbIBas KBaJipaTHbIEe CKOOKH B BEIPAKEHUN
T
[ ()= T, (x))dx (55.63)
—TU

U ucHoab3yd Jemmy 1 us 1. 55.1 (B 4aCTHOCTH, OPTOTOHATIBHOCTD
TPUTOHOMETPUUYECKOUN CUCTEMBI), ITOJYUYUM

In [f(x) = T,(x)]?dx = I f2(x)dx + T[DAO + z A? + B? B—
- 2[‘%’ f fx)dx + 21 A, fT #(x) cos kxdx + B, _In f(x) sin kxdx | =

=1 f2(x)dx+nDA° + z A2 + B?

aA,+b.B, | =
=1

L 1

n

= ]“2(;»c)d:>c+1'[[ﬂzj + 5 A,—a)?+
Jn 2 2, G e
+(Bk—bk)2J—T[[a—29 + ki a? +b,§]. (55.64)

* @, Beccenn (1784—1846) — HeMenKuii AaCTPOHOM U MATEeMATHK.
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W3 moayuenHOrOo BhIpaskeHusa BUIHO, UTO BeauuuHa (55.63) npu-
HHUMaeT HauMeHbIllee 3HaUeHHe, Korga A, = ay, 4, = a,, B, = b,,
k=1,2,...,r.e. Torna, korga T, (x) aBisgerca cymmoii @ypre S, (x)
nopsanka n pyaxmun f. [lepBoe yTBep:KIeHe TEOPEMbI JOKA3aHO.

Ecmu T, (x) = S,(x) — cymma Pypre nopazaka n, To us (55.64)
caenyer, 4To

[ 1)~ S,()Pdx=| f2(x)dx—n[%3 + 3 ap+ b,ﬂ, (55.65)
=n n =1
OTKYyZa

m 2 n
[ f2(x)dx—n[% + k; ag + b,ﬂ > 0.

ITo HepaBeHCTBO CIIPABEJINBO IpU JII0O60M HaTypaJibHOM 1. Ilepe-
XOIsA B HEM K IpeJesy IpU 1 — OO, MOJyUYUM HEPABEHCTBO

T 2 oo
i fz(x)dx—n[%o upy af + b,ﬂ >0,

OUEeBUIHO, PABHOCUJIbLHOE HEPABEHCTRY (55.62). O
W3 mepaBenctBa Beccens ciaexyeT, uTo A1 PYHKIIUYU C MHTET-
PUDPYEMBIM KBaApPaTOM DAL
2
do o)
20 2 2
5 T kZI a: + bz
CXOOUTCA. OGIIII/II'/JI YJIeH CXOoOAIllerocda paga CTpeMHUTCA K HYJIIO,
IIOSTOMY B PpacCMaTPHUBAEMOM CJIydae limC>o a,= lim b, =0.
n -

n — 0o

TakuM o6pa3oM, MBI eIlle Pa3 YCTAHOBUJIN CTPeMJIeHNEe K HYJIIO
KoappuiineaTo Pypue (cM. 1. 55.2), ogHaKO Ha 9TOT pas Aad 6o-
Jlee y3KOTo (KakK 9TO OTMeYaJioch B HayaJjie STOr0 MyHKTA) KJjacca
byHKIIUI, YeM paHbIlle, a UMEeHHO AJA Kjacca QYHKIIUH ¢ MHTeT-
pPUPYEeMBIM KBaJpaToM.

B 1. 60.6 Gymer mokasaHO, UTO Ha CAaMOM [eJie COOTHOIIIeHUe
(55.62) cupaBeguBO CO 3HAKOM PaBeHCTBaAa. 30eCh MbI
IOKaXeM 9TOT (paKT JIUIIb IJId caydasi, Korga QyHKIusa [ Hempe-
purIBHA U 2T-TIEPUOAUYHA.

TEOPEMA 12. [Iycmy f HenpepvieHa Ha ompeske [—T, T, f(—T) =
=fMuaya,b,n=1,2,..,—ee kosppuyuenmo. Pypve. Toz-
da cnpasediuso pageHcmao

17 ag < 2 2
ﬁj’f(x)dx=—2-+ Yy ay + bz,
= n=1
Hasvleaemoe pasencmeom Ilapcesans”.

* M. ITapcesans (1755—1836) — (ppanmy3cKuii MaTeMaTHK.
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AokaszatTeAbCcTBO. Ilaa xkaxmgoro € > 0, B CUJIy HOJHOTHI B
CMBbICJIE CPEeIHEro KBaJPaTUYHOTO IPUOIMIKEeHUA CUCTEMBI, TPUTO-
HOMeTpuuecKuxX QyHKIuM (55.2) B KjIacce HETPEePHIBHBIX (PYHK-
Ui, IPUHUMAIOIINX OAWHAKOBHIE 3HAUEHMUA HA KOHIIAX OTPe3Ka
[-T, 1T, naa GyHKIuY [ CyIIecTByeT TPUTOHOMETPUUECKUH TOJH-
HOM T'(x) HEKOTOPOTO IIOPSAKA k TaKkoii, UYTO

}T f [£(x) — T(x)]2dx < €. (55.66)

Cormacuo ke teopeme 11 (cm. (55.61)), maa cymmbl Pypbe
S, (x) Toro sxe mopAAKa k BBEIIOJHAETCA HePABEHCTBO

j [£(x) = Sp(x)]Pdx < j [f(x) — T(x)Pdx.
Orcroga u u3 popmya (55.65) u (55.66) moryuum

1 T az [eS)
ﬁ_j fz(x)dx—[?o +n; a2 + ng<

1
= ;[ j [£(x) = S()Pdx < L [ [f(x) — T(x)]* <.
-T T
ITockosbKYy 9TO HEepaBEeHCTBO CIIPaBeAJIMBO Ipu Jiobom € > 0, ero
JieBadA 4acCcTh paBHA HYJIO. [
CAEACTBWE. Ecau 8vlnoiHeHbl NPEONnosoNCeHUsL MeopeMbl, Mo

lim_ [ [/x) - 8,(x)Pdx =0

HeiicTBUTENTbHO, B CUJY TeopeMbl 12, mpu n — OO mpaBas
yacThb paBeHcTBa (55.65) ctpemuTesa K Hy 0. O

55.10. XapakTtep cXxoAMMOCTU pSAOB Dypbe.
MoyAaeHHoe audPepeHumpoBaHme psaos Pypbe

WNsyuum cBsasw pagoB @ypbe GYHKIIUY U ee TPOU3BOIHOIA.

TEOPEMA 13. IIycmv Qynkuus f Henpepvi6Ha HA ompe3ke
[-1, 1, f(=T) = f(T) u nycms

a (o)
f(x)O EO + Y a,cosnx+b,sin nx.

Ecnu ¢pynryus f KycouHo-HenpepbvléHO JudepeHyupyema Ha
ompeske [—Ti, T{] (cm. onpedenenue 1 6 n. 26.2), mo

f'(x) O f —na, sin nx + nb, cos nx,

n=1
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m. e. pad Pypve npoussodnoili noaryiaemcsa ui pada Pypve camoil
QYHKUUU GOPMALLHBLM NOLJLEHHbLM OUPPEPEeHUUPOBAHUECM .

AokaszateAbcTBO. Ilyers

' a9 S .
') 0+ + nzl a, cos nx + 3, sin nx.

Torga, 3ameuas, uto f(T) = f(—T), ¥ UHTETPUPYA 10 YACTAM, IIOJIY-
UM

Ay = % [ F(0)dt = FIF — f-T9] = O,

a,= %[ Jﬂ f'(t) cos ntdt = %[f(t) cos nt :1 + ’;l[ J’n f(t) sin ntdt = nb,,
B,= = [ f'(t)sin ntdt = f(t)sin nf] — 2 [ f(t) cos ntdt = —na,,
n=1,2,....0

IlepelizeM K M3yUYEHUIO CKOPOCTHU CXOAMMOCTHU pAjga Pypne B
3aBUCUMOCTH OT IiagKocTu pyuknuii. [IpegBapuTebHO JOKAKeM
JIeMMy.

AEMMA 7. I[Tycmv pyuryusa f umeem nHa ompeske [—Ti, T{| Henpe-
Ppul8HbLe nPou3eodHble 00 nopadka k — 1 exawyumenvHo U Kycou-
HO-HenpepuL8HYI0 npou3sodnyio nopadka k (k > 1)™, npuuem

f(j)(—]‘[) = f(j)(T[), ] =0,1,..., k-1,

mozda koagduyuenmor Pypve pynryuu f ydosaremeopsaom Hepa-
6eHcmeam
€

la, <2, o

S g2
20e€, >0 upad 5 g€; cxodumcs.

n=1

* IIpu sToM 6e3 Kakux-a1u00 IpeAloIoXKe i 0 CXOAUMOCTH paga dypre
IPOM3BOIHOM.

**MBbI TOBOPUM, UTO HEKOTOPasA (QYHKIHUA UMEET KyCOUHO-HEIPEPLIBHYIO
TIPOUBBOLHYIO HA JAaHHOM OTPe3Ke, ecyiu 3Ta GYHKIIMA ABIAETCA KyCOUHO-He-
npepbiBHO quddepeHupyeMoit GyHKIHMe Ha YKa3aHHOM OTpe3Ke (CM. ompe-
nenerue 1 B m. 26.2). Tem caMbIM ecsit QYHKIINA UMEET KYCOUHO-HEIIPEPHIB-
HYIO IPOM3BOAHYIO HA KAKOM-TO OTPe3Ke, TO MOXKET CIYUHUTHCS, YTO B KOHEU-
HOM UYNCJIe TOYEeK 9TOTO OTpe3Ka OHAa BOBCE HE WMeeT IIPOU3BOJHOM.
Hampumep, dyurnua f(x) = |x| Ha oTpeske [—1, 1] umMmeeT KycouHO-HEIpe-
DPBIBHYIO IIPOU3BOLHYIO, a B TOuKe X = (0 He MMeeT IPOM3BOLHOM.
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AoKa3aTeAbCTBO. [IpuMeHas mociaegoBaTebHO TeopemMy 13
k pas, monyuyum

f®(x) O 21 a, cos nx + f3, sin nx,
n

rae oo
a,=tnta, B, —+nkb (55.67)
160
a,==*nk,, B,=tn*a, (55.68)
mpuyeM, II0 HepaBeHCTBY Beccens,
oo m
PICERN 1 [ FO@Pdx. (55.69)

ITonosxkum €, = /a2 + B2. B cuny HepaBencrsa (55.69), pag f g2
1

n=

CXOIUTCS.
Eciuu cupasegiugo (55.67), To

o _ JOE VB e

|an| -y nk nk*

AHasoruuso
€
|bn|=<n—’,‘e, k=1,2,....

ITomoOHBIM ke 00pa3oM 9Ta OIEHKA IOJIyUYaeTCs M B caydae
(565.68). O
TEOPEMA 14. IIycmv ¢yrryus f umeem nHa ompeske [T, T{
HenpepbleHble NPou3godHble 00 nopsadka k — 1 exauumenvHo u
KYCOYHO-HenpepbvLeHYyio npou3godnyio nopadka k (k < 1), npuuem
fO(=m = fi(m), j=0,1, ..., k— 1. Tozda pad Pypve pyuryuu f
pasHomMepHo U abCcoNOmMHO Ha 8cem ompedke [—Ti, T cxodumcesa K
camoil pynrxyuu f u

n
|7(x) = S,(x; N < =57,
2de lim n, = 0 ({n,} — uucnosasa nocredosamenvrocms), a
n — oo

S, (x; ) — cymma Pypve nopadra n pynryuu f.

Tarkum o6pasoM, MOKHO CKas3aThb, UTO Ha OoTpe3Ke [T, TT] paB-
HOMEPHO BBITIOJHAETCSA OIeHKA

f(x) = S, (x; f) = o(n~k +172),

ITpepBapuTeILHO 3aMETHUM, YTO ecau {u,} u {v,} — HocaexoBa-

TeJILHOCTY HEOTPUIATEJIbHBIX YNCEJ TAKUX, UTO

z u2 <+oom § v2 < +oo,

/ / (55.70)
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HelicTBUTETBHO, 9TO HEPABEHCTBO CPA3y MOJIYUAETCS IIPEeNeb-
HBIM IIepexonoM u3 HepaBeHcTBa Komu—IIIBapia

N
S wv, < | iug / %10,21 mpu N — o0 (em. mmr. 30.8" i 35.1).
n=1 n'= n'=

OrMmeTuM, uTO HepaBeHCTBO (55.70) ABIAeTCA YaCTHBIM CJydyaeM
mepasencTsa (30.33) uz . 30.8" mpup = q = 2.

AOKQA3aTeAbCTBO TeopeMbl 14. Ilycts

flx) 03 + mil a,, cos mx + b, sin max, (55.71)

a9
Sux: =7 +
Ilo nemme 7, "

X a, cosmx+b, sin mx.

IM=

€

|am| —”; |b | < m";, (565.72)
rze €, TAKOBBI, YTO CXOJUTCS DAL,
le g2 . (55.73)

IIpumensas HepaBeHcTBa (55.70) u (55.72), omeHuM ocTaToK
r,(x) paga (55.71):

Ir @)= % a, cos mx +b,, sin mx‘ < f la,,| +1b,,| <
m=mn+1 m=m+1
oo =9 o 1
< —’” 2 [ -
2m zn mk m=Z+18m m=Z+1 m2k” (55.74)
ITonmoxxum
® = g2
n m:zn+l
B cuny cxomgumocTu paga (55.73), umeem

nhmoo %, =0. (565.75)

Hamnee sameTum, uTO Ha oTpe3ke [m — 1, m]
BBIIIOJIHAETCA HEPABEHCTBO

L
mek

1
< ﬁ (pI/IC. 7),
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Taxum obpasom, us (55.74) BrITeKaeT olleHKa

< Rn 1
Ir(x)| <2 ST ———W . (55.76)
ITonosxum, HakoHem, I, = JT ﬁ, B cuny (55.75),
nhmoo n, =0. Hoa'romy u3 HepaBeHcTBa (55.76) umeem
1
()] < =t =of5—mpn=12 ...,

IIPX 9TOM 6eCROHe‘IHO MaJiad r]n HEe 3aBUCHUT OT TOUKH X.

CormacHo caencTBuio 4 us Teopemsl 4 1. 55.4, pan (55.71) cxo-
nurca K QyHKnuu f(x); caegosaTenbHo, r,(x) = f(x) — S, (x, f) u,
TakuM 00pasoM, paBHOMEpPHAaA CXOAUMOCTE pAnga Pyphbe ¢ yKa3aH-
HOY OIleHKOH JoKas3aHa.

Ero aGcosoTHAs CXOAMMOCTD TaKKe JOKa3aHa, TaK KaK B IIPO-
Iecce JOKas3aTeJIbCTBA MbI IIOJYUUIU OIeHKY (cM. (55.74))

S eyl + b, < ot
m=;+1 m ml S pe-1/2°
u3 KOTOpOM cienyeT, uyTo pAn Pypbe QyHKIIUYU [ HE TOJIBKO abco-
JIFOTHO CXOJIUTCS, HO M YUTO PAJI, COCTABJIEHHBLIN 13 a0COMIOTHBIX

[ee)
BeJINYMH €T0 WICHOB, U Jaxe, Gosee Toro, pax 5 |a,|+ |b,| cxo-
m=1

. N,
OUTCA C TOU YK€ «CKOPOCTHIO» -1z O

Teopema 14 moxasbIBaeT, UTO UeM IVIaKe QyHKIUA f, T. e. ueM
00JIBIIIEe OHA MMEEeT IPOU3BOAHBIX, TeM ObICTPEE CXOAUTCS K Hell ee
pan Pypoe. Ilpu sTom HepaBeucTBo (53.76) maeT BO3MOKHOCTDH
OIIEHWBATh IIOTPEITHOCTh, ITOJYYaOIylocs NpW 3aMeHe paxa
dypbe ero n-yacTuUHOI cymmoii. I3 310l TeopeMEI cieayerT, B Ua-
cTHOCTU TIpU kB = 1, uTo paAxg @Pypbe BCAKON MepUOAUUYECKON Tepu-
ofma 2Tl HEIIPEPBIBHOM M KYCOUHO-HeIpephIBHO auddepeHIiupye-
Mo pyuKIuu (cM. m. 26.2) paBHOMEPHO Ha BCeM IIePUOIe CXOIUT-
cA K caMoil (DyHKITUHA.

VIIPAXKHEHHA. 8. Byner mu pag ®ypoe dysknun f(x) = |x|, -TT< x < T,
CXOAUTHCA paBHOMepHO? Bymer Ju paBHOMEPHO CXOAUTHCA PAM, IOJYUEH-
HBII TOUJIeHHBIM auddepeHupoBanueM paga Pypbe 3Toi PyHKIUN?

9. IlokasaTh, uTo pAx Pypbe HEIPEePLIBHOM MEPUOINUECKOM KYCOUHO-INHEeTH-
HO#l yHKIIMU (OoIpeesieHre KYCOUHO-IUHEHHONH QYHKIIUU CM. B yIpasKHe-
HUM B 1I. 6.4) cxoquTcsa K Heil paBHOMEPHO.

10. Ucionp3ys pesyJIbTaT IPebIAYINEro YIIPAKHEHNA U Pe3yJIbTaT YIIPaKHEHU A
u3 1. 6.4, moxkasaTh TeopeMy 7 u3 I. 55.7 0 paBHOMEPHOI alIPOKCUMAIIUU He-
IIPEPBIBHBIX IIEPUOIUYECKUX (I)YHKI_H/IIU/I TPUTI'OHOMETPUYECKMMU IIOJIMHOMaMM.
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55.11. MoyAeHHOe MHTerpMpoBaHUue paAoB Oypbe

B sTom myHKTE TTOKakeM, 4TO pPAABI Pyphbe MOKHO TOUJEHHO WH-
TEerpupoBaTh.

TEOPEMA 15. IIycmv f — HenpepwvieHass Ha ompe3ke [—T, T
PyrKEUUA U

o)

2+ 3, @y cos nx +b,sin nx (55.77)

— ee pad DPypve. Tozda

t t agdx ot i
‘!)' f(x)dx =£ 5t nZI ‘(E (a, cos nx + b, sin nx)dx =
a’Ot x a4, . bn
=5 + 3 — sinnt + —r:(l — cos nt) (55.78)
n=1

u pad, cmoawuil cnpasa, cxo0umcs pagHOMepPHO.

OTMeTHM, UTO YTBEPIKIAEHNE O CXOANMOCTH (U Jake paBHOMEP-
HOI) paga (55.78) umeer mecTo 0e3 KaKUX-JI100 IIPEIIOI0MKEeHIIA
0 CXOJIMMOCTH UCXOTHOTO paAma (55.77).

AoKa3aTeAbCTBO. PaceMoTpuM (PYHKIIHIO
t t
F(t) = [ f(x)dx— - (55.79)
0

Ona HenmpepbIBHA Ha OTpe3Ke [—TI, T[], MeeT Ha 3TOM OTPe3Ke He-

a

MIpepLIBHYIO MpousBoauyio F'(t) = f(t) — ?0 u

Tt

F(m)—F(-m = i f(x)dx — Ta, = 0.

=Tt
ITosTomy, B cuay Teopemsul 14, ee psag Pypbe CXOAUTCA K Heil, u
nmputoM paBHOMepHO. O603HAUNM ee Koa(duiineHTs Pyphe uepes
A,B,n=1,2,....Torga, B culy CKa3zaHHOTO,

A o}
Fit)=~5 + 3 A, cos nt + B, sin nt. (55.80)
A
Haiigem xoadPuiueHTE 9TOT0 pAga. MHTerpupysd mo 4acTaM,
IIOJIyYUM

T
A,-3 [ F(t) cos ntdt =
_1 sinng™ 1 T _ %o __b -
= TrF(t)T _Tam J’n [f(t) 3 }sm ntdt = L= 1,2, ...

a
Amnanoruuno B, = 7", n=1,2,....
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Yrobs! HaliTu A, mogoxum B (55.80) t = 0. Torza, sameTus,
yro F(0) = 0, monyuum
A

ﬂ+OOA=O oTKymA = = 3
2 nzln ’Ty'u 2 nZ

bn
p
Hrax,
FO= § % sinnt+ 20 t
()—nZ1 — sinn n( cos nt).

Orcroga u u3 (55.79) u caemyer popmyaa (55.78); paBHOMED-
Has JKe CXOOUMOCTh pazxa (55.65) caemyer 13 paBHOMEPHOI CXO-
npumMocTHu panxa (55.80). O

3amaua 2. [loxasaTh, 4TO CXONAMIMICA TPUTOHOMETPUUECKWH DA

o

sin nx . o
z o, He ABIAETCA PALOM dypbe HUKaKOW a0COJIIOTHO MHTETrPUPyeMoit
n=2

GyHKIUH.
Tt
OTmMeTHM, UTO eCJIn I f(x)dx = 0 u, cnepoBarenbHo, a, =0, To B
=Tt

pes3yJbTare IMOYJIEHHOI0 MHTerpupoBauua psaga @ypee GyHruuu f
CHOBA moJiy4yaeTcd psan Pypbe HEKOTOPOH ImepBoodpasHoii F PyHK-
muu f, a UMEeHHO, KaK CJIeyeT u3 JOKa3aHHOI'o, IIepPBO0OPa3HOMi

X

F(x) = f(t)dt.
0
Ha 0601 mepBooOpasHoit @ HenpPephIBHON Ha OoTpesKe [T, T
dyuruuy f cupasennausa popmyaa Herorona—Jleitouuia
T

@(m - ®(-1) = [ f(x)dx,

=T
Tt
TI09TOMY yCJIOBHE [ f(x)dx = 0 paBHOCUJIBHO TOMY, UTO BCE IIEPBO-

obpasHbIe Q)YHKIII/I;I f IpUHMMAIOT Ha KOHIIaX OoTpesKa [—TT, T{] oxu-
HaKOBbIE 3HAUEHUS.
PaccmoTpum 6oJiee TOAPOOHO BOIIPOC O IIEPBOOOPASHBIX (PYHK-
uuu f B aToM caydae. IlycTs QpyHKIuA f HelpepbIBHA HA OTPE3KeE
T

[-T, T u I f(x)dx = 0; ciegoBareybHO,
- fDn§1 a,cos nx +b,sin nx. (55.81)
Eciu @ — kakas-a1u6o nepBoobpasHas GyHKIIUHU [, TO TAK KaK
oHa oTyamyaercs oT GyHrmuu F(t) = J’t f(x)dx nums Ha IMOCTOAH-
0

HYIO, TO ee pAn Pypbe oTanuaeTcsa ot pAaga Pypbe QyHKIIUN TOIb-
KO Ha mocTossHHy0. CorjlacHo JOKasaHHOMY,

= b, x a4, . b,
F) 5578y 2 7 + 3, 7 sinnt—Sfcosnt.

n=1
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CunenoBarenbHO, pan @Pypbe pyurinuu @ nmeer BUL

© a, . b,
¢+ 5 — sinnt— — cosnt,
e n n
T. e. mojgydaercd (hOpMaJbLHBIM HWHTErPpUPOBaHUEM (B CMBICTE
HeoIIpeIeJIeHHOTo MHTerpaJja) us psazga (55.81), mpuuem Tak Kak
D(—1) = P(1) u npousBogHasa @ '(x) = f(x) HempepbIBHA HA OTPE3KeE
[T, 1, TO

[ee] b
d(t)=c+ I “sinnt- = cosnt, -M<L<T (55.82)

nl

I ompenesieHUsT IIOCTOSIHHOM ¢ B 9TOM PaBeHCTBE BLIOMPAIOT
Kakoe-1u00 3HAUeHUE ¢, TPU KOTOPOM yIaeTcAa HAUTU CYMMY CTOA-
I1ero B IIpaBoil yacTu paBeHcTBa (55.82) pazna.

TeopeMbl 0 MOUYJIeHHOM AUMP(HEPEeHITMPOBAHNN U TOUYJIEHHOM
UHTEerpupoBaHmuu pAnoB @ypbe MOMOTalOT HAXOIUTH PA3JI0KEeHTEe
B pan dypbe QyHKIINY, €CJIU U3BECTHO pasjokeHue B pajx Dyproe
ee MepBOOOPA3HOM UM ITPOU3BOIHOI].

NMpumep. Paznoxkum B pag Pypbe IepuoINIECKYI0 PYHKITHIO
f(x)=1n (1 + 2rcos x + r?), |r| <1.

Tax xak npu |r| < 1 copaseanuso HepaseHCcTBO (cM. (55.37))
1+ 2rcos x +r2> 0, To pyHKIUA HeIpephLIBHA Ha BCell TeiicTBU-
TeJILHOI OCHU U1, CJIeJOBATEJbHO, V Hee CYIIIecTByeT psan dPypne.
ITpousBomuas pyurmuu f

(In (1 + 2rcos x +r?), = 2rsin x

"1+ 2rcosx +r2

TaK)Ke ABJAETCS HENPEPHIBHOM Ha Bcel AeHCTBUTEIBLHOU OCH
byHKIIUEH u AJIAd Hee HAM y’Ke M3BECTHO €€ DPAa3JIOXKEeHUe B DAL
dypre (cMm. (55.41)):

(In(1+2rcosx+r2),=-2 5 (-1)" lrnsin nx.
1

Orcroma, coryiacHo Teopeme 15, caengyer, UTo

In(1+2rcosx+r)=2 5 (-1)" 1= cos nx +C.
1

e
ITonoxus x = 0, momyuum

m(1+n=23 (1= g,
1

ne
OTKYyZa, COTJIaCHO pasjioKeHmuio Jorapudma B pan Teiimopa npu
|r| <1, umeem C = 0.
Taxum 06pa3oM, MBI HOJIYUMJIN PA3JIOKEHIIEe
(o]

In(1+2rcosx+r)=2 5 (-1)" 1= cosnux, |r] < 1. (55.83)
1

n'=
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3ameTuM, uTO 3Ta hopMyJa CIpaBeAJuBa U npu r = 1, ecau TOJIb-

Kox#=(2n+1) g, n=0,=x1, X2, ..., Tak Kak

In(1+2rcosx+r?),_, =In2(1+cosx)=21In2 |cos (x/2)],

a IJis 9TOM (PYHKIMHU ObLIO HOJIYUYEHO paHbIlle pasjiokeHue (CM.
(55.35)), coBmagaroiree ¢ (55.83) mpur = 1.

B cayuae r = —1 psng, croAamuii B mpaBoit yacTu (hopMyJIbI
(55.83), pacxomurcsa npu x = 0.

55.12. Paabl Pypbe B CAy4ae NPOM3BOABHOIO MHTEPBAAQ

Teopuss TPUTOHOMETPUUECKUX PAA0B DPypbe 2T-MEPUOIUUECKUX
(GYHKIIUI JIETKO IIePEHOCUTCS U Ha Caydall MepuogniecKux (PpyHkK-
nuii ¢ a100sIM nepuogoM 2. [I1s 9Toro ZoCTaTOYHO OTPE3oK [/, I]
0TOoOPa3uTh Ha [—TI, T{] ¢ MOMOIIbIO JIMHEHHOT0 OTOOPAIKEeHUA:

T
y=7ix% —-l<x<l, MSy<m,

TOTZA BOIIPOC CBeJEeTCS K yiKe pacCMOTpPeHHOMY ciayuaio. Psdom
Dypve pyaKIUU f ¢ TepuogoM 2l IO UCXOMHOM MepeMeHHOI X Ha-
3bIBAETCS P

> nrx . nmnx
+ 5 a,cos - + b, sin R
rae

nrt

% L f(t) cos Tdt’

(10=

fydt, a, =

l
b, = % i f(t) sin ndet, n=1,2,...
=)

B uactHoCTH, ecau pyHKIHUA f YueTHAA, TO

nrx

a [e'e)
f(x)D-é9 +nzlancos T

rue

a, =

~InN

l
[ f(t) cos ndet, n=0,1,2,...,
0

a ecau QyHKIUA f — HeYeTHasd, TO

S . ntx
f(t) Dnzl b, sin k.
rae
l
2 [ fysin Tat, n=1,2, ...

0

b =

n
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55.13. KomnaekcHas 3anucb paaos Pypbe

B sakJioueHre OTMETUM ellle TaK Ha3bIBAEMYIO0 KOMNJAEKCHYIO 3a-
nucy pagos Pypbe, YACTO UCIOJL3YEMYIO B MaTeMaTHuKe 1 ee IIpu-
JgoxeHuax. Ilycte

OBE X nzl a, cos nx + b, sin nx. (55.84)

Kax usBectuo (cMm. 1. 33.6),
cos nx = 3 (envi+ ), (55.85)
sin nx = 5 (en— e ) = L (¢nri—en). (55.86)

IToacrasus (55.85) u (55.86) B (55.84), moayuum

aO o 1 . A 1 . s
flyd5 + nz 2 (a, = b,i) e™ + 5 (a, + b,i) e
[lonaras

%o 1 . 1 .
=73, C=73 (a,—byi), c, =3 (a,+b,),
uMeeM
fx)0 5 c.em, (55.87)
n e
rjae, oueBHAHO, ¢, = C,, n = 1, 2, ... . BcnomHuB, 4TO cos O *

+ i sin a = e*® (cm. m. 37.6), 6ygeM UMeTH
¢y = 3(a,—b,i)= 5 f f(x) (cos nx — i sin nx)dx =
n =Tt

1 T . *
= ﬁ_l' f(x) e7"*dx,

¢y = 3(a,+b,i) = %‘[J f(x) emidx, n=1,2, ...,

WK, 00beAHUB 00e (opMyJbl U Jo6aBUB cayuai n = 0,

c,= %{ i f(x)ein*dx, n=0,=+1,£2,.... (55.88)
=Tt
IToacrasus (55.88) B (565.87), moayuum
1 4o T ‘
f) Dgry :Zm ens | f(t) e mdt. (55.89)

* Onpegesienre WHTerpaja OT KOMILJIEKCHO3HAUHOW (DyHKIMM JefCcTBU-
TEeJIFHOTO apr'yMeHTa cM. B 1. 54.6.

57



Urak, mbl 3anucanu pajg Pypbe B KOMILIEKCHOI (opme U Ha-
IILJIX COOTBETCTBYIOIINE BEIPAKEeHNA I ero KoapuirnmenTos. Tpe-
O0yeT pasbsACHEHUA JINIID IOHATHE CXOINMOCTHU psina Buna (55.87).

YacTuuHO CYMMOM IOPAAKA N PALA

4-00

z, (55.90)

n
HasbIBaeTCA cymMMa S, = 3 2,. Pax (55.89) HasbiBaerca cxons-
k

=-n
IUMCSI, €CJU CyIlecTByeT S = lirr}><3 S,, Ipu 3ToM S Ha3BIBAIOT
n -

+ 00
cyMMoOli psfa u numyr S = ) =z

n=-—o00

ne

55.14. PasAnoxxeHune aorapudpma
B CTENEeHHOM PSA B KOMMNAEKCHON 06AQCTH

C moMolIIbio pasaokeHuil B psaabl Pypbe pyurnuii In (1 + 2r cos x +

2 _rsing
+r)uarctg1+cos¢
pasnoxenue dyaknuu In (1 + 2), |z| <1, z# -1, B cTenmenHo# pax
B KOMILIEKCHOI 00JIacTi, KOTOpOe OBLIO IIpuBeaeHo B 1. 33.6 6es
JIOKa3aTeJbCTBa:

In(1+2)= 5 ()" 15, 2| <1,z#-1.  (55.91)
n=1

(cm. (565.83) u (565.42)) MOKHO IIOJTYUYUTH

HeiicTBUTENBHO, B II. 33.6 OBLIO ITOKAa3aHO, UTO U3 OIIPEIeIeHU I
Jorapudma Kak QPyHKIIUM, 0OpaTHON MOKa3aTeJIbHOU (DYHKIIUU €7,
cyeflyeT, 4To Ipu ycaosun |z| < 1, z # —1, uMeeT MeCTO PaBeHCTBO

In(l+2)=In|1+z|+iarg(1l+2), (55.92)

roe —Ti<arg (1 +2) < TL
fAcHO, uTO BCe TOuKM 1 + 2z jekaT B HPaBOil IIOJIYIIJIOCKOCTH
KOMILIeKCHOM IIJIocKocTu 1 2 + 1 # 0, mosTomy 3Hauenue arg (1 + z)
HaxXomuTcsa B wuHTepBase (—-T/2, T/2)

(puc. 8), . e.
i arg (1 +z) =arctg £, (55.93)
/& ,/H\Q I ecin 1 +z=x+iy.
L ‘ IMonoxum
\ (0] 11 I _
N N L/ z=re®=r(cosd +isin ¢); (55.94)
E Torga us ycaosuit |z| < 1, z # —1 creny-
eT, uto 0 < r < 1, mpuuem ecau r = 1, T
Puc. 8 o= @2m+ )M, m=0, £1, +2, ....
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3aMeTuB, YTO
|1+ r(cos ¢ +isin ¢p)|= /1 + 2rcos ¢ + r2 (55.95)

n 4To

arctg - rsin ¢

arg (1 + r(cos ¢ +isin ¢)) TOS(I) ,

u3 (55.92) monyuum
In(1+2)

(55.93) (55.96)

In |1+ r(cos ¢ +isin ¢)| +
1

(55.95), 2
(55.96)

(55.92)

+iarg (1 + r(cos ¢ +isin ¢)) In(1+ 2rcos ¢ + r2)+

rsin ¢ § (—1)”’1%1 cos nd +

n=1

+iarctg 1+ 2cos ¢ (55.42),

(55.83)

+i 21 (—1)”71%1 sin n¢ = §1 (=1~ 1%l(cos nd +isin nd) =

o (rei¢)n

— _qyp-1e®) & qyn-12
Zl( Ly n o (55.94) nzl( D n’

dopmyaa (55.91) noxazana.

55.15. CyMmmMmupoBaHue TPUroHOMeTPUYeCKUX pSAOB

Ilo cux Top MBI AJis 3aJaHHON (PYHKIIMM HAXOIUJIU ee pPasJioKe-
HUe B TPUTOHOMeTpHuUecKuii pamx — pan Pypwse. Paccmorpum Te-
neps 00paTHYIO 3aJjauy: HAWTU CYMMY 3aJJaHHOTO TPUTOHOMETDPU-
yeckoro panxa. MHorpma aTo ymaercs chaesiaThb, CBeAs 3aJaHHBINA
TPUTOHOMETPUUECKUH DAL K CTEIEeHHOMY, CyMMa KOTOPOTO yiKe
usBecTHa. M1ed 9TOTO METOZja COCTOUT B CJAEAYIONIEM: €CJU PAIBI

[eS)

Po+ 3 Pcosnx, 3 p,sinnx (55.97)

CXOIATCSA Ha OTpesKe [T, T{], Kpome, OBITH MOKET, KOHEYHOT'O MHO-
JKecTBa TOUEK, TO TeM »Ke CBOMCTBOM 00J1aJjaeT U CTEIIeHHOU DAL

e

Pyt nZ1 D, cos nx +i nZ1 D, sin nx =p, + 21 p,2"  (55.98)

z=cos x +isin x = ei*,

W3 TOTO, YTO 3TOT PAJ CXOAUTCA B HEKOTOPHIX TOUKAX eJIHIY-
HOIt OKPYsKHOCTH |z| = 1, ciemyeT, B cuIy mepBoii TeopeMbl AGe-
Jis, UTO OH CXOJHUTCA B OTKPLITOM Kpyre |2z| <1 (cM. m. 87.1), a mo-
BTOMY eT0 CyMMa

f(2) = f(rei) = p, + z p2", z=re, (55.99)

npu |z| = r < 1 aBiaAeTcA aHATUTHYECKOH DYHKIHEIR.
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s Tex Ttouek x [ [T, 17, B KoTopwIX paasl (55.97) cxonsares,
TIOJIOKUM

def =) def o
w(x) = py+ 3 ppcosnx, v(x) = S p,sinnx. (55.100)
n=1 n'=1

Coruiacuo BTOpOIi Teopeme Abesis, 1 yKasaHHBIX X paf (55.99)
paBHOMepHO cxoauTesa npu 0 < r < 1, u, caegoBaTesbHO, QYHKITUS
f(rei*), 0 < r < 1, kax QYHKIAA IIEPEMEHHOT0 " HEIIPEPLIBHO IIPOI0JI-
JKaema Ha Bech oTpesok [0, 1], T.e. mia Hee CYIIECTBYeT IIpemes

lirln o f(rei*); obo3HaumB sTOT IIpemet f(eir), moayunm
1o

u(x) +iv(x) =p, + % p,en*= lim f(re™)={f(e*). (55.101)
=1 r-1-0

Korga ymaerca maiitu ¢pyHKnuio f B IBHOM BHUJE, T. €. BhIpa-
3UTH €e uepes sJeMeHTapHble PYHKINU, 1 BBIUKNCIUTL €e 3Haue-
HUe, CTOsAIee B IpaBoii uacTu paBeHcTna (55.101), To Tem camMbIM
ymaercs HalTu u cyMMbI pAnoB (55.100). leficTBUTEeIbHO, CYMMOM
TIePBOTO psfia ABJSETCA AEeNCTBUTENbHAS YacTh IPaBOI UacTH pa-
BeHcTBa (55.101), a cymMMOli BTOPOTO psjla — ero MHUMAas YacTh.

NMpumep. Haiigem cymmy pana

X cosnx
nZI — (565.102)
ITOT P CXOAUTCA IJISA BCeX X #= 2TUn U PACXOAUTCS IPU X =
=2mm, m =0, x1, £2, ... (cm. (30.88) B . 30.13). Bce ero uiensi,
a ciegoBaTeJIbHO, M €T0 CyMMa — IlepuoguuecKue mepuomga 27T
GYHKIINM, TO9TOMY TOCTAaTOUHO cyMMYy pAna (55.102) HaiiTu TONb-
ko misa x (0, 2m).
Hapsany ¢ pagom (55.102) paccMoTpuM psAg
® sin nx
n

(565.103)
n=1
ATOT psAL CXOAUTCA Ha Beell uncoBoi ocu (cm. (30.87) B m. 30.13).
B namnoM cayuae niua pyHKIuu (55.99) nmeem
cos nx ® sin nx

f(z) = —= +i —_— = =(cos nx +isin nx) =
() nzl n nZI n nzln( )

[e'e) Zn
- 21 n (55.91)

n'=

_ 1
-In1l-2)=In =, lz| <1.

CienoBaTesibHO, oOo3Hauass cymmy paza (55.102) uepes u(x), a
cymmy psaga (55.103) uepes v(x), mpu z = €* moyunmM

u(x) +iv(x) =In 0<x<2m (565.104)

1
1—eix’
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3ameTuB, uTO €* = cos x + i sin x, mpeo6GpasyeM BBIpaKeHUE,
cTosAIllee IO 3HAKOM Jorapudma, caeayoIiiuM o6pas3oM:

1 1 1

1-eix (1 -cosx)—isin x ~ 2sin? (x2/2) — 2isin (x/2)cos (x/2) -
2sin (x/2)sin (x/2) —icos (x/2)

- m(sm (x/2) + i cos (x/2)) =

= 2SI+(JC/2) [cos (T/2 —x/2) +isin(T/2—-x/2)]. (55.105)

W3 nepasencTBa 0 < x < 2Tl caenyer, BO-IepBLIX, uTo 0 < x/2 < TI,
a mosTomy sin x/2 > 0, 1, BO-BTOPHBIX, UTO —T/2 < T/2 — x/2 < T/2,
cJIeIoBaTeJIbHO,

1 . 1 _M-x
‘1 |- S e o — g, 0<x<2m (55.106)
Taxum obpasom,
1 , 1 . LTU—
In i In o +iarg T o (55.106) —In 2 sin (x/2) + lT[2 =2
Us (55.105) u (55.106) umeem
w(x) + iv(x) 5 5, ~In 2 sin (x/2) + it
Orciozma cpa3y HaxoguTca cyMMa pAaga (55.102):
5 C21E — u(x) = ~In 2sin (¥/2), x=2Tm, m =0, 1, %2, ....
n=1
3a0IHO MBI JOKA3aJIH, UTO i Sm%c =v(x) = 1% ,0<x<2m

n=1
IATo pasyoyKeHMWe OBLIO MOJIYUYEeHO paHee IPYruM ciiocobom (cM.

(55.30)).

§ 56
VHTterpan Oypbe 1 npeobpaszoBaHne Pypbe

56.1. MpeacTaBAeHUe pyHKUUM B BUAE nHTerpana Pypbe

IIycTs pyHuKIuA f aGCOMIOTHO MHTErpUpyeMa Ha Beeil JeificTBUTe b-
HOM ocu. Hamuriem n1d Hee MHTErpaJj, COOTBETCTBYIOIINI B OIIpe-
JIleJIeHHOM cMbIciie pAny Pypbe, B KOTOPOM CYMMHPOBAHME II0 MH-
IeKCy 7 3aMeHeHO MHTEeTPUPOBAHNEM IT0 HEKOTOPOMY HapaMeTpy:

T [a(y) cos xy + b(y) sin xy]dy, (56.1)
0
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rme
f(t) cos ytdt, (566.2)

i

a(y) =

b(y) =

1L
[ f(t)sin ytdt. (56.3)

=R

Dopmyasl (56.2) u (56.3) HamoMuHAIOT QPOPMYJIBI AJIA KO3h-
¢unuenToB Pypse.

OnpeaeneHue 1. Humezpan (56.1) Ha3wvieaemcsa uHmMezpaiom
Dypve pynryuu f.
IToacraBasasa (56.2) u (56.3) B uaTerpat (56.1), mpeobpasyem
€ro CJeyoIUM 06pasoM:
+oo

J [a(y) cos xy + b(y) sin xy]dy = i T dy T f(¢)(cos ty cos xy +
0 0 -0

+sin ty sinxy)de = = [ dy [ (1) cos y(x— )dt.  (56.4)
0 —00

ITomo6uo0 TOMY, Kak cymMMa pAga Pypbe GyHKIIUU IIPU OIpee-
JIEHHBIX YCJIOBUAX PaBHA caMO# (DYyHKIIMU, MHTerpaa @Pypbe Tak-
JKe IIpeCcTaBIgeT UCXONHY0 MyHKITno. [Ipeskaie ueM 9TO JOKAa3bI-
BaTh, JOKAXKeM JBa BCIIOMOTATeJIbHBIX YTBEPIKICHUA.

AEMMA 1. [Ina nioboit pynkyuu f, abcontomno unmezpupyemoi
HA KOHEYHOM UAU GeCKOHEeWHOM NpoMexdcymke ¢ KOHUamu a u b,
—00 < g < b <+, u daa niobozo € > 0 cywecmsyem maxas Qu-
HUMHAs HenpepvléHas QYHKYUL &, ¥mo

jb |f(x) — g(x)|dx <&, supp g(x) O (a, b). (56.5)

a

AOKAO3aTeAbCcTBO. Ham y:ke msBecTHO (cM. JeMMy 2 B
. 55.2), uro ajsd 1000l GyHKIUY f, yKasaHHo# B GOpPMYyJIUPOBKE
JIeMMBbI, U g Joboro € > 0 cymlecTByeT TaKas CTyIeHYATasd
dbyurnus ¢, uyro

b

i [f(x) — d(x)|dx <€, supp ¢ U(a,d). (56.6)

a
Kax Bcakasa crymenuaTtass QyHKIINA, OHA ABJIAETCA KOHEUHOI JIN-
HeliHOI KOMOMHaINell XapaKTepucTudecKNX QYHKIIUI X; IOJIyHH-
TepBayos [;, N,), npu atom [, n] U (a, b),i=1, 2, ..., n:

n

O(x) = 3 A (%) (56.7)

i=

rge A\, — uuncia.
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IlosTOoMy ecii MBI JOKaXKeM, UTO JJIA KasKJ0l QyHKIUU X; Cy-
IIEeCTBYIOT TaKHWe HelIPePbIBHbIE (MHUTHEIE PYHKIUHU g;, 9YTO

supp g; U (§;, ) U(a, b) (56.3)
n
N;
| ]xi(x) —gi(x)\ <eg, i=1,2,...,n, (56.9)
&,
TO, IIOJIOYKUB
def n
g(x) = Zl Ag(x), (56.10)
AES I (56.11)
OymeM uMeThb e
b b n n
J,; |0(x) — g(x)|dx (5551’2)’ i izl A Xilx) = izl A;g(x)dx <
(56.

n N n
P ] Xi(®) ~g@ldx < & 5 N g he  (56.12)
U3 nepasexcts (56.6) u (56.12) cienyer, uro

b b
[ 1) = g@)dx = [ [[f(x) = §(x)] + [§(x) — g(x)]|dx <

<[ 1) - 0(@ldx + [ [[06) - g(Nldx = 0+ L. (56.13)
(56.12)

Kpowme Toro, ua coornomenunii (56.8) u (56.10) BbITeKaeT, 4To
supp g U (a, b). (56.14)

B cuny npoussBosbHOCTH umcaa € > 0, ycmoBusa (56.13) u
(56.14) paBHOCUJIBHBI ycaoBuaAM (56.5).

Wrak, focTaTOUYHO AOKAa3aTh YTBEP:KAEHUE JeMMBbI JJId XapaK-
TEPUCTUUYECKNX (PYHKIUH KOHEUHBIX IIOJYUHTEPBAJIOB.

IIycts € > 0, X — xapaKTepucTuueckKasa QyHKIIUA IIOJTYUHTEP-
Basa [§, N), —° < a <& <n <b< +00, PaccMOTPUM HEIPEPBIBHYIO
Ha BCcel 4ymcJa0BOM ocu (yHKIIUIO g(x), Trpa-

¢duK KoTOpOIT M300pakeH Ha puc. 9: ¥
0, ecan x < & wmnaux >N, - ‘ ‘
(x—8)/0, ecmu & <x <&+ 9, ‘ ‘

8(x) = 1, ectm &+0<x<n-3, £&8 n6n *
(n—x)/3, ectm N—-08<x<n. Puc. 9
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s aToit QyHKIIUU
supp g (&, n), (56.15)

T. e. PyHKIIUA g — (puHUTHAA ¢ HOocuTeseM B mHTepBase (&, N) u
JuiA Bcex X [ R BBITIONHAETCA HEePaBeHCTBO

0<X(x)—g(x)< 1. (56.16)

Bri6epem 6 > 0 Tak, 4TOOBI
5<min g, 155 (56.17)
| a
TOTZA IOJIYUYUM
+90

b n g
[ IX@) —g@ldx = [ X)) - g(@)ldx= [ (X(x) - gx)dx +
a 13 13

E+9d n

;
- < -
+ . [6 X(x) — g(x)) dx 56016 { dx + : [6dx 25(56517)8

Jlemma mokasama. O
AEMMA 2. Ecau ¢pynruyus f(x) abcontomno unmezpupyema HaA
aceil wucnosoil ocu, a pynryus ¢(x, y) HenpepvleHA U OzpaHUYe-
Ha 8 noJoce

II={(x,y): —c0<x<+0, c<ysd}, —0<c¢c<d<+0,
mo:

0o

.
1) unmeezpan [ f(x) ¢ (x, y)dx asrsemcsa Henpepvl8HOU Ha

ompeske [c, d] (py;—;;cuuea napamempa y;

d 400 +00 d
2) [ dy [ 0000 ydx= [ f)dx [ dx, p)dy.  (56.18)

AoKkas3aTeAbcTBO. IToka)keM HelIpepbIBHOCTL MHTErpaIa

Oy [ ) (x, ), (56.19)

3aBucAIero ot mapamerpa y [ [¢, d]. 3agagum npousBoabHO € > 0.
B cuny orpannuennoctu pyuxinuu ¢(x, y), B mosoce II cyirecTBy-
eT Takas mocrosiaaasa M > 0, uro aas Bcex (x, y) U II Beimoauser-

cs HePaBeHCTBO
[0(x, )| <M (56.20)

|£(x) 0 Cx, )| < M [f(x)]. (56.21)

CoryacHO yCJIOBHIO JeMMbI, (pyHKIuA f(x) aGCOTIOTHO MHTEr-
pupyeMa Ha BCeil YMCJIIOBOM OCH, IIO3TOMY, BO-II€PBLIX, CYII[ECTBY-
eT TaKoe 4ucJo I, > 0, UTO BEIIOTHAETCA HEPABEHCTBO

[ lf@)ldx <53, (56.22)

[ >n,

u, cjgemoBaTesIbHO,
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W, BO-BTOPBIX, 13 HepaBeHcTBa (56.21), B cuay mpusHaka Beii-
epITpacca paBHOMEPHOUN CXOAWMOCTH HHTErpaJioB CIeayeT, UTO
uHTerpai (56.19) paBHOMepHO CXOAUTCS Ha oTpeske [c, d], oTcio-
la, B 4aCTHOCTH, ABCTBYeT, UTo QyHKIuA D(y) onpeseseHa Ha OT-
peske [c, d].

dyurnua § (x, y), Oyayun HempepbIBHOM GYHKITHEN Ha KOHEU-
HOM IIPAMOYTOJIbHUKE

def
II, = {(x,y): N, <x<-n, c<y<d},
PaBHOMEDPHO HelIpephIBHA Ha HeM. IloaTromy cymiectByer Takoe o, > 0,

YTO JJIS BCeX O, YAOBJIECTBOPSIONNX HEPABEHCTBY
0<d<9,

6y/:|;eT BBIIIOJTHATHCA HEPABEHCTBO

W(3; §) < =, (56.23)
3 [ If(x)ldx
roe o(0; ¢) — MomyJb HempepulBHOCTH (GyHKIuu ¢ Ha nps-
moyronsHuKe II.. 3adpurcupyem kaxoe-nu6o & > 0, ymoBieTBo-
psroiiee ycaoBuio (56.23). Temeps mpu IPOU3BOJIbHO BIOPAHHBIX
yUlc,dluy + Ay UJc, d], tuib 661 BEITIOJHAIOCH YCIOBUE

|Ay| <8, (566.24)
OyzeM UMeThb

D +8y) ~ @) ST 0 y + )~ G, y)]lldx =

Ne
= [ )¢, y + Dy) = d(x, y)ldx +

—Ne

+ [ f@)0Ce, y + By) — 0(x, y)ldx <

[ >n,

Ne
Sw& ) [ [f)ldx+ [ [f@Idx, y +Ay)| + |d(x, y)|ldx =

e x| > n,

Ne
=& ) [ [f(x)ldx+ [ [f(x)¢Cx,y + Dy)|dx +

Ne |« > n,
+ x)d(x, y)|dx < €/3+¢e/3+¢g/3=c¢.
[ 10 pldx (s 0, &3 T E/BTE
|+l >n, (56.22),(56.20)

JTo u o3HaUaeT, 4To PyHKIUA P(y) HellpephIBHA Ha OTpe3Ke [c, d].
Horasxkem Tenepnb (opmyny (56.18). Ilpekne Bcero 3amerum,
YTO, B CUJIY AOKa3aHHOU HempepbIiBHOCTU GyHKINY (56.19), maTEr-
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paJj B JieBoit yacTu paBeHcTBa (56.18) cymiecTByer (KaKk mHTeTrpaJ
OT HEeMPEePLIBHOH (PYHKIIUU MO OTPe3Ky). CylnecTBOBaHWE MHTET-
paja B mpaBoi yacTu paBeHcTBa (56.18) caemyer m3 TOro, 4uTO
QyHKIUA

def d
W(x) = f(x) [ ¢(x, y)dy

ABJSAETCS TPOM3BeJeHreM abCOJIOTHO WHTErpupyeMoii Ha Bceil
uyucyioBoi ocu R GyuKIuu f(x) HA HeIPEepPHIBHYIO OTPAaHUUYEHHYIO

d
Ha R Q)yHKumoJ’ ¢(x, y)dy mapamerpa x (cm. m. 29.5). 3xech He-

d
IPEePBIBHOCTL COOCTBEHHOT'O HHTErpaJa J‘ ¢(x, y)dy mo mapamerpy

c
x caexyetr us Teopembl 1 m. 53.1, a ero orpaHUYeHHOCTh — U3 OT-
PaHUUYEHHOCTH PYHKIUT ¢:

d d
[ 0G| < [ 10Ce wldy (< M(d— o).

Hanee, B cuiy JieMMBbI 1, IS TPOU3BOJIBLHOTO € > 0 CyIIleCTByeT
TaKas HellpepbIBHAA GUHUTHAA PYHKIUA f,, UTO

[ I f)ldx <e. (56.25)

Ha aToit pyHKIMU, corjacHo Teopeme 3 1. 53.1, cnpaBeniu-
Ba (popmysia

[ dy [ 100G v)dx = [ f@)dx [ 0Ge, )y (56.26)

(3mech, B cwity (hMHUTHOCTH (DYHKIIUY &, MOYKHO OeCKOHEUHbIE IIpeie-
JIBI 3aMEHUTh KOHEUHBIMU, IIO3TOMY 3[IeCh U IpUMEHHMa TeopeMa 3
us 1. 53.1).

IToxaxkem, uTo mpezes JeBoii yacTu paBeHcTBa (56.26) mpu € — 0

d +00 400 d
paBeH | dy J f(x)d(x, y)dx, a npaBoit J f(x)dxj o(x, y)dy. Ons

ATOTO OIEHUM OTKJOHEHUs JIEBOM M IIPaBOM UacTeil paBeHCTBA
(56.26) ot ux mpexaIoIaraeMbIX IpeaeSibHBIX 3HaUueHu. Imeem

d +oo d +oo
[y [ 1L00Cx, y)dx = [ dy [ f(x) §(x, y)dx| <

+oo d +00
<Jdy [ 1) - flloGe pldx < M7 dy [ 1) - fldx =

O Q

0o

— M(d - ¢) l 1) = f@)ldx < M(d=c)e.  (56.27)
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CooTBeTCTBEHHO AJISA HpaBOfI JacTu uMeeM

+oo d +00 d
[ fex)dx [ o(x, y)dy — [ flx)dx [ §(x, y)dy| <

< ] 1) ~ f)lax [ loGe, pldy < M [ 170 = )l Jdy-

— M(d - ¢) +I: |7.(x) — f(x)|dx 52 M= . (56.28)

ITonarasa B (56.26) € — 0, moamyuum, B cuay (56.27) u (56.28), pa-
BeHCTBO (56.18). O

TEOPEMA 1. Ecau ¢ynkyus f abcorromuno unmezpupyema Ha
aceil yucaosoil ocu R, mo 6 kaxncdoit mourxe x 1 R, 8 komopoii cy-
wecmeyom f(x + 0), f(x — 0), fi(x) u fL(x), umeem mecmo pasen-
cmeo

f(x +0) ;‘ f(x = 0) . (56.29)

% T] dy j}o f(t)cos y(x — t)dt =

Ira dhopmyaa HasbIBaeTCa Gopmyaoii Pypve.

AOKO3ATeAbCTBO. 3apuKCUPyeM IIPOU3BOJLHO TOUKY X [ R,
B KOTODOIi cymmectByior f(x + 0), f(x — 0), fi(x), ' (x), u paccmoT-
PUM HHTerpa

S L[ ay [ ftreos y(x - vat. (56.30)
P YL

dyurnua S(N) AaBiaderca g nHTerpana ®ypbe aHajioroM dac-
TUYHOHA CYMMBI pAla Pypbe IePUOINIECKON PYHKIIUN.

Tak kak (GpyHKIUA cos y(x — t) HelIpephIBHA U OrpaHUYeHa Ha
Bcell TJIOCKOCTU IIepeMeHHBIX y u f, TO, COTJAacHO GopMyJe
(56.18), B unTerpaJe (56.30) MO’KHO IIOMEHSATH ITOPAJOK UHTETPHU-
poBaHUS.

IIponmenaB aTo, IMOJIyUUM

1 +oo n
SO iy, 7 | 1B [ cos ylx — t)dy =
(56.18) 0
Tt sin n(x — t)
= [ W)= =5—dt

—0o

+oo .
L= [ fect w0 gy (56.31)
ITonyuuBmascsa ¢opmyJsia SBIsSeTCA aHAJIOTOM (POPMYJILI, BBIpAa-
JKalomiell YaCTUUYHYI0 CyMMYy psana @Pypbe ¢ IMOMOIIbI0 MHTeTpa-
na upuxie (cm. (55.17)). IlosToMy ecTecTBEHHO IOHIPOOOBaAThH
IPOBECTU NAJIbHEUININe PacCyKIeHUs IO TOU JKe cxeMe, KoTopas
nmpuMeHAJaach B paAnax Pypbe Ipu JOKAs3aTeJbCTBEe TeOpeMbl 4 B
m. 55.4.
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IIpexcTaBuM MHTErpas

sin r]u

(r])(56 31) 10 _[ f(u+x)y——du

B Bu€e CYMMBI IBYX I/IHTeI‘paJIOB

+00
I~ I - I
Beimosnus B IIepBOM U3 HUX 3aMeHy U = —i, IOJIYyYUM

SM =1 [ [+ 1)+ flx - 91220 gt
0

Benomunasa (cm. m. 54.4), urto mpu n > 0

HOJIyUYUM

S N & LR RV G el

sin nt

~[f(x + 0) + f(x ~ O] ]‘” dt =
=1+Dof(x+t)7f(x+0) sin ntdt +

P "

LI e 1= = 0) G ngar. (56.32)

T t
0
PaccmoTpum, Hampumep, IEePBBIM WHTETpPaJ B IPaBOd YacTHU
9TOr0 paBeHCTBa. Pazo6bpeM ero Ha ABa MHTerpaJa:

+00

II*I

f(x+t)— f(x +0)

t = fi(x)’

Tak kak
lim
t -+
flx+¢t) - f(x+0)
0 t
nuel mepeMeHHou ¢ Ha oTpeske [0, 1], moaTomy, B cuily TeopeMbI 2
u3 1.55.2,

sABJsIeTCS aOCOJIOTHO MHTerpupyeMoii hyHK-

L flx+1t)— f(x +0)

lim 0 - sin ntdt = 0. (56.33)
DyHKIUA f(x—:t) TaKke a0COJIIOTHO NUHTEerpupyeMa Ha JII000M
oTpesKe moayocu t > 1 u Tak Kak
8 < e+ 1),
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TO

+00

!

ﬂx:th<TWﬂx+tmu=*flﬂwus<TWﬂ@wS<+w,
1 1 -

x+

flx +1t)

T. e. =—— abCOJIIOTHO NHTErPHPYeMa Ha dTOM ONyOCH U, CIIELO-
BaTeJILHO, B CUJIY TOH 3Ke TeOpeMbl,
. T flxe +t) .
lim [ 2259 ginnede=o. (56.34)
n- +o 1 t

oo i
Sin x
HaxoHerr, 13 cX0AMMOCTH MHTeTrpaja J’ — dt (cm. 1. 29.6),
0

BBHITIOJIHAS 3aMeHY IIePeMeHHOr0 U = N, ImoJyyaeM

+ f(x +0) * sin u

.
; IEIEOO [ ; sin Ntdt = f(x + 0) ; IEIEOO _J]' ” du=0. (56.35)
W3 (56.33), (56.34) u (56.35) ciemyer, uTo
17 flx+t)—f(x+0) . .
Jum o ‘0[ n sin ntdt = 0.
AHAJOrMYHO JOKA3BIBAETCHA, UTO
: 1% fx—-t)-f(x—0) _. —
nl}rgrlm o { n sin ntdt = 0.

Orcroga, B cuny (56.32), moayuaem
f(x+0)+f(x—-0)
3 .

lim S =

Ilpenen B JieBOii YyacTm paBeHCTBA, paBeH WHTerpany PDypne
(56.4), moaTomy paBeHcTBO (56.29) noxazano. O

TpebGoBaHUs, HaKJIaAbIBaeMble Ha (DYHKIIMIO B 3TOM TeopeMe,
MOKHO OCJIA0UTH, IIOTPeOOBAB, HAIIPUMED, UTOOLI (DYHKITUS ObLIa
a0COJIIOTHO MHTErPUPYEeMOM Ha BCEHM YMCJIOBOM OCHU U YAOBJIETBO-
pdia B KaXKIoM ToukKe 00001eHHOMY ycJyoBuio 'enbaepa. Mbl He
CTaJIX 3TOTO JeJiaTh PaJli HEKOTOPOTO YIPOIIEHUA AOKA3ATEIbCT-
Ba (Cp. ¢ IOKa3aTeJIbCTBOM TE€OPEeMbI 4 1 ee cieAcTBuUil B m. 55.4).
VIIPA’JKRHEHHE 1. [lokasaTh, 4TO ecau QyHKIUA f B JOTOJHEHUE K HAaJIO-

JKeHHBIM Ha Hee B TeopeMe 1 OTpaHMYEeHUAM ABJISETCA YeTHOH NN HeUeTHOMH,
TO CIIPaBeAJIUBEI (DOPMYJIBI OIS YeTHON DYyHKITUY

[\

+o0 +00
&_ﬂl)__;fﬁ;m = [ cosyxdy [ f(t)cos ytdt,
0 0

IJIsI HeUeTHOH

400 +o0
W - % [ sinyxdy [ f(t)sin yeds.
0 0
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NMpumep. IlpeacraBum uHTerpasoMm Pypbe QyHKIIUIO

1, ecnu |x| < 1,
0, ecu |x| > 1.

) = 1

dyurnua f — deTHasd, moaromy (cM. (56.3)) b(y) = 0. Haiimem
bysKIuIL a(y):

I T 1! 21 2 siny
a(y) 5L2) Tt 7L f(t) cos ytdt = o _‘[1 cos ytdt = ﬁ{ cos ytdt = —

Coraacuo (56.1), (56.4) u Teopeme 1, umeem

g 4o g 1, ecmu |x|<1,
= Su;y cos xydy = < 1/2, eciu |x|=1,
0 0, ecmm |x|>1.

Taxkum O6p3_30M, C IIOMOIIIBIO TeOPpEMBI 1 yaaeTcsa BBIYUCJIIUTDH
3HAQYEeHNe MHTerpaJja, CTodAIlero B JIEBOM YacTu IIOJIYYEHHOT'O pa-
BeHCTBa. B JacCTHOCTHU, IIPpU X = 1 umeeTr MmecTO PaBeHCTBO

1 +Ioo 2sin y cos Qdy= 1
T y 2

unu npu t = 2y
+00 3
sin ¢
—dt=3.
t 2
OrmeTum, uTo 3Ta hopMyJia ObLJIa UCIOJIH30BAHA TP JOKA3aTe b-
cTBe TeopeMbl 1. PaHee oHa ObljIa moJIyueHa APYTUM METOIOM (CM.

. 54.4).

56.2. PaszAuyHble BUAbI 3anucu ¢opmyabl Pypbe

B nanpHelmeM g MIPOCTOTHI 3amucH OyAeM CUUTATH, UTO PYHK-
nusa abcoJsIIoTHO NHTerpupyeMa Ha Bcell 4uciioBoil ocu R u Bo Bcex
ee TOUKaX HelpephIBHA U UMeeT OAHOCTOPOHHNE IPOU3BOAHEIE.

B sTom cayuae gisa Bcex x [l R, corsacHO TeopeMe 1, cmpaBef-
nuBa popmysnia Dypse

1 400 +oo
f(x) = { dy [ f(t)cos y(x —t)dt,

U TakK KakK IoAbIHTerpajbHasd QYHKINUA YeTHAad OTHOCUTEJIbHO IIe-
peMeHHOM Y, TO

f)= 3 [ dy [ f(2) cos y(x — t. (56.36)

B cuury oueBuAHOrO HepaBeHCTBA
|£(2) sin y(x — )| < |f(#)],
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IpU OTPAaHUYEHUAX, HAJNOMKEHHBIX Ha (QYHKIHNIO f, CYIecTBYyeT
TaKKe MHTerpas

[ A sin y(x - 0)ldt,

nmpuyeM, B cCuIy IpusHaka BeitepmiTpacca (cm. 1. 54.1), oH paBHO-
MEpPHO CXOAUTCA Ha BCEHM UMCJIOBON OCY IMEPEeMEHHOTO Y MW, CJIeMO-
BaTeJIbHO, SIBJIAETCA HenpepbIBHOU QyHKIMel oT y. IlosaTomy nusa
J1000T0 Umcea I CyIecTByeT HHTeTrpaJl

} dy T f(t) sin y(x — t)dt, (56.37)
1

IpUYeM B CUJIy HEUETHOCTH IIOALIHTErPaJIbHOM (PYHKIIUU OTHOCH-
TeJbHO IIePeMEeHHOH y ATOT MHTerpaJ paBeH Hyao0. OgHaKO Ipu
CIeJIaHHBIX IPEANOJIOKEeHUSIX OTHOCUTENHHO (PDYHKIUU [ HeJIb3sd
rapaHTHUPOBATH CYIlleCTBOBaHNE HeCOOCTBEHHOTO MHTErpaa

'Cdy [ f(t)sin y(x - t)dt. (56.38)
[

YT006bI MOJAYUUTDH HYKHBIE (DOPMYJIbI, IPUAETCA BBECTH eIl OJHO
00001TIeHe TTIOHATUSI NHTerpaJa.

56.3. TAaBHOE 3HOYEeHUE UHTErpaAd

OnpeaeAeHune 2. [Tycmov pynrkuyus ¢ unmezpupyema (8 co6cmaer-
HOM UJAU HeCcOOCMBEeHHOM CMbLCIe) HA JNI00M KOHEYHOM ompes-
rke. Ecau cywecmaeyem koHeuHbLil npeden

n
nlgrgloo jn d(x)dx, n >0,

+00
mo OH Ha3vbleaemcs 2J/la8HbLM 3HAYEeHUeM uHmezpaia J' d)(x)dx u

—0o

obo3Havaemces OYK8aMuU v. p.*
Todx ™ lim [ d@)d 56.39
v. p. ,-([o ¢(x)dx ; irg()()id)(x) x. (566.39)

IloguepKkHEM, YTO OTJUYME STOTO OIPEeIeJeHusA OT OoIpene-

oo

+
JIeHUs HecOOCTBEHHOI'0 WHTerpasa [ ¢(x)dx, 1. 29.1, cocrour

—co

B TOM, U4TO TaM [jd GYHKIuU ¢, MHTErpupyeMoil Ha JI000M KO-

* I'naBHOe 3HaueHne — OT (paHIl. valeur principale.
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+o00
HEYHOM OTDe3Ke, MHTerpan | ¢(x)dx ompemensiica Kak IIpemaes

n
MHTErpajos | ¢(x)dx mpy He3aBUCHUMOM CTPEMJIEHHHU & K —O° u N
3
K +00, 3nech ke TpedyeTcs CyIeCTBOBaHME JIMINb IIpejaesia yKa-
n
3aHHBIX HHTErPasoB [ ¢(x)dx nast vacTHOrO caydasi, Korga & = )
3

un— +00,

ITogo6HBIM Ke 00pa3oM ompeiesisieTca U TJIaBHOe 3HAUeHUe He-
COGCTBEHHOI'0 MHTErpajia B TOUKe: IyCTh a < ¢ < b u QyHKIUA ¢
mpu Jrodbom € > 0 mHTErpuUpyeMa, no Pumany, Ha oTpeskax [a, ¢ — €]
u [c + €, b] (ecTecTBEHHO, TIPEAIOIATAETCA TaKKeE, UTO @ < C — € U

b
¢ + € < b); Torga riiaBHOe 3HaUeHMEe MHTerpaja | ¢(x)dx B TOuKeE C
a

ompenendeTcsa hopMyaoit

v. p. f d(x)dx = lim [I d(x)dx + } ¢(x)dx].

ctE

Wuorga, TaM, TAe 3TO He MOYKET IPUBECTHU K HeJ0pasyMeHuaAM,
WHTEerpaJ B CMbICJ€ IJIaBHOI'O 3HAUYEHUSA OD03HAUAETCS ITPOCTO
CHMBOJIOM MHTeTpaJia 6e3 OyKB v. p.

Ecau aysa HeKOTOPOI GYHKIIUU CYIIIECTBYET KOHEUHBIN Hecoo-
CTBEHHBIN MHTErpaJl, TO y 9TOH (PYHKIIUU CYII[eCTBYET U IJIaBHOE
3HaUYeHNUe MHTEerpaja 1 OHO COBIIaJlaeT C ee HeCOOCTBEHHBIM MHTET-
paiaom. O6paTHOe HeBepHO: ¥ (PYHKIIUKU MOJKEeT CyIllecTBOBaTh (1,
cJIeIoBaTebHO, OBITh KOHEUHBLIM) IJIaBHOE 3HAUeHUEe MHTerpasa, a

HeCOOCTBEHHBIN MHTETPAJ OBITh PACXOASAIITNMCA.
toe L dx
Hanpumep, naTerpasbl [ xdx u [ & He CYIIECTBYIOT KaK He-
A J

CcOOCTBEHHBIE, OMHAKO CYIIECTBYIOT B CMBICJIE IVIABHOTO 3HAUYEHUA,
KOTOpOe B 000MX CAy4YaAX PABHO HYJIIO.

56.4. KomnaekcHas 3anmcb uHterpaaa dypee

Bepuemca k popmysne Pypoe (56.29) u 3anuiiiem ee, MCIOJb3YST
MOHATHE TJIABHOTO 3HAUEHWs WHTerpajia, B ApyroM Buie. B cuiy
HEUYeTHOCTH II0 Y TMOJBIHTErpajbHOU (QYHKIMU B HHTErpaje
(56.38) mmeeMm, corsacHO C(OPMYJIHUPOBAHHOMY OIIpeIeIeHUIO
TJIABHOTO 3HAUEHUA WHTErpasa,

v. p. E: dy E: f(t) sin y (x — t)dt = 0. (56.40)

72



i

YMHOXKUB 00€e YacTu 3TOTO PaBeHCTBA HA o

1 CJIOKUB C HHTErpa-

JgoMm (56.36), mosmyuum
f(x) = %1 +IOO dy T f(t) e~ 0dg, (56.41)

Te BHEIIHUII MHTerpaJ MOHNMAaeTCs B CMBICJIEe IJIABHOTO 3Haue-
HudA. @opmyia (56.19) u HasbIBaeTCA KOMNACKCHOU 3ANUCHI0 UH-
mezpaana Pypve.

56.5. Mpeo6paszoesaHne Pypbe

Ecau nomoxurts

1 +o0 .
_ — —iyt
D(y) T _L f(t) e7¥tdt,
TO (popmya (56.19) npumer BuJ

f(x [ @) eiwdy. (56.42)

T 2m
OnpeaeneHue 3. Dynrkyus @, komopas cmasumcsa 6 coomaeemcm-

sue Qpyurxyuu f opmynoil
+oo

@(y) = v. p. ﬁ [ 1t e-tat, (56.43)

—00
Ha3vieaemcs npeobpasosanuem Pypve pynrkyuu f u 06o03nauvaem-

ca F[flunu f.

B sTom ompenenenuu f(¢), BooOIe roBOpPsA, KOMIIJIEKCHO3HAY-
Hada QYHKIUA JefCTBUTEIHLHOTO apryMeHTa. OTMeTHM, 4TO QYyHK-
nus @ = F[f] mo:keT IpUHUMATD CYIIECTBEHHO KOMIIJIeKCHbBIE 3HA-
YeHUS U B TOM CJIyuyae, KoTaa QYHKIIUA IPUHUMAEeT TOJbKO HeiicT-
BUTEJbHbIE 3HAUCHUS.

IIpeobpasoBanue Pyphbe ompeseaeH0, B YACTHOCTH, AJA BCEX
abCOJIOTHO WHTETPUPYEMBIX (QYHKIIMII. YIOTpeOmB, HalIpumep,

A peobpasoBanud Pypbe GyHKIMU f 0603HAUEHME f , hopmyny
(56.42) MoKHO 3amucaTh B BULE

fx)=v.p. 7= [ Fw)eudy. (56.44)

9ta opMya MO3BOJISET BOCCTAHOBUTH caMy (DYHKIIUIO f, eCJIu u3-

BecTHO ee mpeoOpasoBaunue Dypoe f. OHa HasbIBaeTCA QOPMYAOiL
oOpauienus.
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OnpeaeneHne 4. Pyuryus |, Komopas cmagumcs 8 coomaemcms-
sue pyHrkyuu f opmynoi
400
W) =v.p. == [ f(t) evtat, (56.45)
J2m
Hasvieaemcs o0pamHuviym npeobpasosanuem DPypve pynryuu f u
obosnavaemcsa F1[f].

IIpeoGpasoBanue Pypbe u oOpaTHOEe IIpeobpasoBanre Pypbe
oIpefiesieHbI HA MHOKeCTBe (MYHKIIWI, A KOTOPBHIX MHTETDAJIBI
(56.43) u (56.45) cyIecTBYIOT B CMbICJI€E TJIABHOTO 3HAUEHUA. ITO
MHOJKECTBO COEPKUT B cebe, B YACTHOCTH, MHOKECTBO BceX abco-
JIOTHO WHTETPUPYEMBIX Ha BCEH BEIIECTBEHHON ocu (DYHKIIUM,
IUIsT KOTOPBIX WHTerpasibl B (hopmysnax (56.43) u (56.45) MoKHO
TIOHUMATL KaK OOBIYHBIE HECOOCTBEHHBIE MHTETPAJILI, a HE TOJBKO
KaK MHTerpaJbl B CMBICJIE TJIABHOTO 3HaUeHuA. TepMUuH «o6paTHOE
npeobpasoBanue Pypbe» ompaBALIBAETCA TEM, UTO IIpeodpasoBa-
Hue F~! obpamaer npeobpasosanue ®ypre F. Bojaee Touno, cupa-
BeJJINBA CJIENYIOIIad JeMMa.

AEMMA 3. Ecau HenpepviéHasA AOCONIOMHO UHMezpUpyemas Ha
eceil ocu Qyurkyusa f umeem 6 KaxicdoilL Mmouke KOHEUHbLe O0HO-
CMOpPOHHUE NPOU36o0HbLe, MO

FUF[fIl = FIF '[N =1.
AokaszaTeAbcT1BO. IlepBasa popmya obpallleHus, T. €. Pop-
myaa F1[f]] = f, aBnsgerca IpocTo APYTroii 3aliChI0 yaKe JOKa3aH-
HOM (popmyJrsl (56.41).

ITokasxeM crpaBeqIMBOCTH BTOPOU (popMyJisl obpaierusd. I1o-
CKOJIbKY KOCHUHYC — 4YeTHas pyHKIud, To B (56.36) MoKkHO mepe-
CTaBUTHL MecTaMu t U X:

fx)= 35 [ dy [ f(t) cos y (¢t~ x)at,
B CUJIY K€ HEeUETHOCTHU C;cha?:;p. c (56.40))

v.p. [ dy [ ft)siny (¢ - x)dt =0.
ITosTomy Hapsagy c q;:)OpMy;IOOoﬁ (56.41) Taxixe nMeeM

f(x) = %[ ifo dy jfo f(¢) et =0,

niImn
1

fay= = [

X)= — —_
J2TT _-[o [A/ZT[

roe BHeH_IHI/Iﬁ HHTerpajy ImoOHMMAaeTCsda B CMBICJI€ I'VIaBHOTO 3HaYe-

HUA. ITY (PopMyJIy MOKHO IIepenicaTh B BUIe

FIF'[fN=1.0

IR0 eitydtJ e-idy,
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AEMMA 4. ITycmo 0na pyuryuil f; u f, cywecmsyem npeobpaso-
sanue Dypve (coomsemcmeeHHO 00pamHoe npeodpPa3v8aHue
Dypve). Tozda, Kaxosvl 6bL HU ObLAU YUCAA N| U Ay, 014 QYHKYUUL
A fy + Afy, maroce cywecmeyem npeobpaszosanue Pypve (coom-
6emcmeeHHO 00pamHuoe emy), npuiem

F[)\lfl +)\2f2] =)\1 F[f1] + )\2 F[fz]
(coomeemcmeenno F-1N f; + Nofol =N FU 1+ Ay FULL)D).

9TO CBOWCTBO HA3BIBAETCS JAUHEUHOCMbIO NPeodpa3o8anHusl
dypbe (COOTBETCTBEHHO 0OpaTHOrO npeodbpasoBanusa @ypwe). OHO
HEMIOCPeACTBEeHHO CJIeAyeT M3 JUHEeHHOCTH WMHTerpaJja m us Qop-
My (56.43) u (56.45).
CAEACTBMUE. F[0]=F1[0]=0.
HelicTBUTEILHO, HATIPUMED
F[0]=F[0-0]=0-F[0]=0.

Brpouem, 9TO cBOMCTBO ciienyeT, KOHEUHO, cpa3y U u3 (popMy.J
(56.43) u (56.45).

AEMMA 5. IIpeobpasosanue Pypve F, mak e kak u obpamuoe
npeobpaszosanue Pypve F1, agraiomes AuHellHbLMU 83AUMHO-00-
HO3HAYHLIMU OMOOPANCCHUAMU MHONECMEA HENpPepul8HbLX abco-
JIOMHO UHMezZPpUpYyemvLx HA 6Cell 8eu,eCmeEenHoll ocu QYHKYUIL,
umMeruwux 8 Kax)c0oil moyke 00HOCMOPOHHUE NPOU3600HbLEe, 60
MHOMCECMB0 QYHKUYULL, O0asl Komopvlx unmezpanvt (56.43) u
(566.45) cywecmayrom 6 cmvicaie 2A6H020 SHAYCHUS.

AOKQA3AaTeAbCTBO. J[oCTATOYHO AOKA3aTh JUIIL B3aNMHYIO
OJHO3HAYHOCTB oToOpaskenuit F u F~! — ocraibHOe yike TOKa3aHO
Boimie. [lokakeM, HaopuMep, B3AUMHYIO OJHO3HAYHOCTL OTOOPA-
xenusa F. Ilycers F[f,] = F[f,]; Torna

FUF[f,]] = FY[FIf,]1.
Orcioga, corsiacHo JeMmMme 1, caemyeT, 4TO

IIpeo6GpasoBanue Pypbe BO BCAKOM CJydae OIpeneseHO IJId
abCOJIIOTHO MHTETrpUPyeMbIX (QYHKIUWHA. B ciegyromux myHKTax
OyayT M3ydYaThCsA CBOMCTBA 3TOro IpeobpasoBaHus. B manbHeli-
IIeM ke OyZeT IMOKa3aHo, KaK IIpeodpasoBaHue @ypbe 0000I1a€eT-
cd Ha 6oJiee IMUPOKUE KJIAacChl PYHKIUM, a UMEHHO Ha QYHKIIUY C
MHTErpupyeMbeiM KBagpaToMm (im. 60.9") m Ha Tak Ha3bIBaeMble
00001enHbIe PyHKIUA (1. 61.7).
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56.6. UHTerpaabl Aanaaca

Haiigem npeobpasoBanne @yphe UeTHOTO IIPOAOJIIKeHII PYHKITINI
e %, a > 0, c moaynpamoit x > 0 Ha BCIO YMCJIOBYIO IPAMYIO, T. €.,
LOIIPOCTY TOBOPsA, ImpeobpasoBanue Mypobe GyHKIUU f(x) = e ¥,
—00 < x < +00;
f( )= 1 i e—alxlgmixy s =
y N |

1 0 DO .
= — ereTixydyx + —— J’ e e yYdyx =
Jon L 7 !
= L +jio e—(a— iy)xdx + L +J-oo e—(a + iy)xdx —
Jon Jon

_ 1ot 1 g_f2_2@
Jonba—-iy ~ a+iyD ma2 +y2’
IIpuMeHeHMe o6paTHOrO IpeobpasoBaHuAa Pypbe K IOJyUEHHOI
(PYHKIIUM JaeT UCXOLHYIO (DYHKITHIO
1
~ Jan f a2 T2

Bcnomunas, uro €Y = cos xy + i sin xy u sameuas, 4TO, B CUJIY He-

e s el dy, x> 0.

oo o3
. sin x
YETHOCTH HOABIHTETPDAJIbHON (HhYHKIINH, [ 2o dy = 0, mosryuum

J az2+y?
+oo cos xy _ 2a "% cos xy
eax =42 = —<%dy, x>
T I az—i-y T Iaz-l-yz » x>0

Haiinem remeps mpeobpasoBanue Pypbe [ HEUETHOrO IPOIOJI-
sKeHuA QyHKIUU e %%, a > 0, ¢ moJoKuTeJaIbHOM moygyocu x > 0,
T. €. mpeobpasoBanue Pypbe QYHKIUU

e % mpu x>0,
x —
1) { —e%* mpu x<0.

I ( eax)e ixycdx + L J- e Xe=ixydy =

N

- to 1 L 1 o__2_¥y ;
n0a—iy " a+iy0  NmaZ+y? L
IIpumenuB cHOBa opMyJy obpallieHusa npeodpasoBanusa Pypbe,
Oy UM
+eo ysin xy

_ 1 o 2_y
ax — ——_ I ixy —
¢ J2n [0 A/;a2+y De ay =5 I a+y 2 dy, x=0.

—0o
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Hrak, HaM He TOJBKO YAAJOCH HaliTu mpeobpasoBanue Pypobe
paccMaTpuBaeMbIX (DYHKIIUHA, HO ¥ IOJYYUTH cpasy u3 hopMYJIbl
oOparenus (56.44) sHaueHUA IBYX MHTETPAJIOB:

400
cos x m o sin x
Los xy = Leax, x>0, J—Z__Ed =_eax, x> 0.

0a2+y2 Y= 2a a2+ y?

S Liy7s HWHTEerpaJibl Ha3bIBAlOTCA UHMezpaaamu Jlannaca.

56.7. CeoncTtea npeobpasosaHns Oypbe
QO6COAIOTHO MHTErpPUpPYyeMbIX GYHKLUUN

B sToM u ciaeayoiux IyHKTax OyAYT PacCMOTPEHBI HEKOTOPbIE
cBoiicTBa npeobpasoBanusa Pypre GyHKINY f, KOTOPOE, KAK U BbI-

mre, 6yaem obosHauaTh uepes f wau F[f]. IIpu sTom mpexmosara-
eM, UTO QYHKIUA [ IPUHUMAET, BOOOIEe TOBOPS, KOMILIEKCHBIE
3HAUEHU, a ee apryMeHT, KaK Bcerja, AeHCTBUTEIeH.

TEOPEMA 2. Ecau ¢yuryusa f abconomno unmezpupyema Ha
eceil wucnogoil ocu R, mo ee npeobpasosanue @ypve Ff ozpanuue-
HO u HenpepvléHo Ha R, npuuem

@) < %1 T |f(x)|dx, Vy OR, (56.46)

Jim_ f@)=o. (56.47)

CAEACTBUE. Ecau nocaedosamenrbHOCMb {fn} abCcoNIOMHO UH-

mezpupyemuvlx Ha 6ceil uucaosoil ocu R ¢yuruyuil u abconrromuo
unmezpupyemas Qynkyus f marxoevt, ¥mo

Tim z I7,(x) — f(x)|dx =0, (56.48)

mo nocanedosamenvrocms o6pas3oe Pypve {f,} cxodumca pasro-

MepHO Ha 8ceill yucanosoil ocu k¥ f — obpasy Pypve pynryuu f:
f.= T.
R

AOKQA3ATEAbLCTBO TE€OpPEeMbl. 3aMeTuM, UTO paccMaTpH-
BaeMble B TeopeMe (pyHKIUY IPUHUMAIOT, BOODOIIe I'OBOPSA, KOMII-
JeKCHbIe 3HaUeHU .

s noxasaTeabcTBa HepaBeHcTBa (56.46) 3amerum, uTo |e 7| =
= 1, u moaTomy

2 1 ix _1- ix =
Fwl =5 [ foevdz< == [ |f@eldx = —= | |fw)dz.

Hepagencrso (56.46) nokasaHo.
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Ilna nokasaTresbcTBa cBoiicTBa (56.47) 0003HAUNM Uepes U U U
COOTBETCTBEHHO AEMCTBUTEJIbHYI0O M MHUMBIE YacTu (QyHKIUU f:
f(x) = u(x) + iv(x). Umeem

fy) - 7;_7[ }: F(tyetdt = ﬁ }: (u(t) + iv(t))(cos yt — i sin yt)di =

= %_[ To(u(t) cos yt + v(t) sin yt)dt — ﬁ_{ To (u(t) sin yt — v(t) cos yt)dt.

—oo

Kaxawiii u3 nHTErpajaoB
+o0o +oco
[ (u(?) cos yt + v(t) sin yt)dt, [ (u(?) sin yt — v(t) cos yt)dt,

B cuy JeMMbI 2 (cM. 1. 56.1), ABIAETCS HEIPEePhIBHON (PYHKIIHEH

(rak Kax pysKIUU w(t) 1 V() aOCOTIOTHO UHTETPUPYEMBI, a PYHK-

LMY cos Yyt 1 sin Yyt orpaHWYeHbl ¥ HEIPEPHIBHBI) U CTPEMUTCA K HY-

JITO B CUJTy TeopeMbl Pumasna (cM. Teopemy 2 B 1. 55.2) ipu y — 00,
Takum obpasoM, MHUMAaA U AefCTBUTENbHAA YacTH (PYHKIIUU

HENPEPBIBHBL U CTPEMATCA K HYJIO IIpU Yy — OO; CJIeLOBATEJbHO,

9THU cBolicTBa mpucyIinu u camoii pyurmuu f. Teopema mokasana. O
CiencTBue BhITeKaeT u3 HepaBeHcTBa (56.46):

((FIf, D) - FIIDW)| = [(FLf, - D) S

(56.46)
1+

T |£,(x) — f(x)|dx. (56.49)

IIpaBas gacTh 9TOrO0 HEPABEHCTBA MO YCJIOBUIO CTPEMUTCA K HYJIIO
mpu n — © (cM. (56.48)), mosTOMY 1 JIeBas ero 4YacTh CTPEMUTCA K
HyJio. IIpu aToM, MOCKOJIBKY IIpaBas 4acTh HepaBeHCTBa (56.49) He
3aBHUCUT OT Yy, cTpeMyeHMe K Hymio pasHoctu (F[f, 1)(y) — (FIfD)
IIPOMCXOAUT PAaBHOMEPHO Ha R, a 9TO U 0O3HauYaeT PaBHOMEPHYIO
cxoxumocTh Ha R mocnenosarensroctu {(F[f,]} ¥ dyrkmuu F[f]. O

<

56.8. Mpeo6pasosaHne Pypbe NPon3BOAHbIX

TEOPEMA 3. Ecau ¢pyurkyusa f u ee npoussodrnas f' Henpepwis-
HbL U A0OCONLIOMHO UHMezZpupyemovl HA 6Ceil YUCL080i 0CU, TO

FIf'1(y) =iy FIf1(y). (56.50)
CAEACTBWE. Ecau @pynkuyus f u 8ce ee npou3godrvie 0o nopso-
KQ N 6KANLUMENLbHO HenpepvléHbl U a0COJIOMHO UHMeZpupyembl
Ha 8cell wucao8oil ocu, n =2 1, mo

M

P <

, 56.51
yl" ( )

20e
M= sup |F[f™](y) <+oo.
—oo<y<+00
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AOKQO3ATEeAbCTBO. 3BecTHO, UTO 13 a6COMIOTHON CXOMMMOC-
T WHTerpaJa cJeIyeT ero cCXoauMocThb. IlosTomMy 13 abCcoIIOTHOIM
UHTErpupyeMocTy QYHKIUYU f U ee IPOUSBOAHON f' Ha UMCIOBOI
OCH CJIeYeT CXOAMMOCTh NHTEIPAJIOB

+00 +00
I f(x)dx n [ f'(x)dx.
) —0o
IToxasxem, uTO OTCIOZA MMEEeM
lim f(x)=0.
X —» Foo
o +oo
HelicTBUTEIHbHO, U3 CXOAUMOCTU MHTErpaja J’ f'(x)dx cneny-
-0

eT, HaIlpuMep, CYyIleCTBOBaHNEe KOHEUHOrO0 IIpejaesia
. x +00
JHm { f'(#)dt = { f'(#)dt;
Toraa us popmyiasl HeioTrona—JleitbHuMIIA
X
f(x) = f(0) + [ f'()dt
0
cJIefyeT U CYIleCTBOBaHUWE KOHEUHOTO Ipeaesa
+00
lim f(x) = f(0) + J’f'(t)dt.
X —» +oo 0
ITOT IIpemes He MOXKET ObITh OTJIMYEH OT HyJIsd, TAK KaK TOTIa UH-

oo

Terpan [ f(x)dx HEe Mor ObI ObITH KOHeUHbIM. HTaK, xliIEOO f(x) = 0.

—co

Anajoruuso gokassiBaeTcs, uro lim  f(x) = 0.
X — —00

IIpuMmeHMB MHTErpUpPOBaHMUE IO YACTSAM K (opmyJsie mpeodOpa-
3oBaHUA Pypbe, NOIyIUM

FIf'1(y) = 7;_;[ j: F(x) e v =

= = e T L [ 1) e = P,

Takum obpasom, nuddepeHIINpPoOBaHe PYHKIINY TIPUBOIUT K
YMHOMKEHHUIO ee mpeobpasoBanua Pypbe HA MHOKUTEb iy .

dopmyaa (56.50) noxazana.

B ycaoBusax caenctsus us popmyisl (56.50) mo MHAYKIINY I10-

Jydyaem
F[f™1(y) = (iy)" FIf1 ®)-
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®yurnus F[f™M](y) orpanndena (cM. Teopemy 2), I03TOMY BepX-
HaAA rpasb M = sup |F[f™](y)| xoreuna u
700<y<

Py = ELEIE) < X
lyl Iyl

Hepageucrso (56.51) noxasano. O

Wrak, uem 6oJbllle a0COMIOTHO NHTETPUPYEMBIX ITPOU3BOAHBIX
uMeeT QpyHKIUA f, TeM GbICTpee CTPEMUTCA K HYJIIO Ha 6eCKOHeu-
HOCTH ee ITpeoOpasoBanue Dypsbe.

3aMeTUM, YTO TeopeMa 2 BMECTe C ee JOKa3aTeJIbCTBOM OCTAETCS
CIIPaBEeIIUBOI U B cJIydae, KOTIa IPOM3BOJHAS Ha JIOO0M OTpesKe
paccMaTpuBaeMoi (GYHKITUY SBJISETCA He HeIPepPhIBHOM, a MMeeT KO-
HEUYHOe UMCJIO PA3pPhIBOB IIepBoro poza (cM 1. 5.13) mpu coxpaHeHun
OCTAJIBHBIX ITPEIIOI0KEHUI.

JleHiCTBUTEJILHO, B 3TOM CJIydae yKasaHHasA NPOU3BOAHAA Ha
JI000M OTpe3Ke SBJSEeTCSI KyCOUHO-HEePEePhIBHONH QYHKIIHEH (CcM.
1. 23.10%) 1 mosTOMYy IPOBOAMMOE B JOKAa3aTelbCTBE MHTETPUPO-
BaHUe 110 YacTAM 3aKOHHO (cM. . 26.2 u 29.2).

VIIPA’JKRHEHHE 2. [lokasaTh, 4YTO HpeoGpasoBaHHe Dypre F(y) byarmun
=13 \x|3

pasHo O == Hnpu y — oo,

ot

56.9. CBepTKa U npeodpasosaHue Pypbe

IIycrs dyuxnuu ¢ u | onpegeseHsl HA BCell [efiCTBUTEIBLHON OCH.
B pasnmusBIX Bompocax MaTeMaTUKY YaCcTO UCIOJIb3YETCsS TaK Ha-
3pIBaemMas ceepmra QyHryuit ¢ u Y, Koropasi obosHauaerca P\,
WJIN, €CJIU X — apryMeHT CBePTKHU, uepes (¢+) (x), u onpenesnser-
csA PaBEHCTBOM

(@+4) (x) = [ 6(0) W ~ tydt. (56.52)

Js TpoCcTOTHI B 3TOM IMYHKTe OyZeM HpeAroJaraTh, 4To pac-
cmarpuBaembie GyHKIIU §(t), Y(¢), X(f) IPUEUMAIOT TOJBKO Heii-
cTBUTeJbHBIE 3HaUeHUs. MuTerpas (56.52) saBegomo CYIecTByer,
ecau obe (PYHKIMM OrpaHUYEHBI M abCOJIIOTHO WMHTErPUPYEMBI .
ITpu sTom urTerpas (56.52) u, 6osee Toro, MHTErpas

116 b~ p]at

* CymecTBoBaHMe HHTerpaa (56.52) MosKHO rapaHTHUPOBATEL U IpH Oojiee
00IIMX YCJIOBUAX, OAHAKO MbI HA 3TOM He GyZeM 3/1eCh OCTaHABJIUBATHCA.
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PaBHOMEPHO CXOAATCA Ha Bcel nelicTBUTeNbHOI ocu. B camom ne-
Jle, B CUJy OrpaHmdYeHHocTH (yHKmuu ), umeem |Y)| < M, rme
M — mocTosiHHadA, IOATOMY JIJISA BCeX X U ¢
6@) W (x = )] < M [(2)]

U cleJIaHHOe YTBepPJKIeHNe, B CUIy a0COJTIOTHON NHTerPUPYEMOCTH
¢byurmuu ¢, BeITeKaeT U3 MpuaHaxKa Beilepiirpacca paBHOMEPHOM
CXOaMMOCTU MHTeTrpaJioB (cM. 1. 54.1). VI3 mpuBeeHHBIX paccyx-
IeHUI cienyeTr TakKe, 4To ecau GpyuHrnuu ¢ u ) orpaHuUYeHsbI, ad-
COJIIOTHO MHTETrPUPYeMbl 1 HEeIIPepPhIBHBI, TO 1 UX CBEPTKA TaKiKe
HeIpepbhIBHA, OTrpaHMYeHa 1 abCOJIIOTHO MHTerpupyema. [eicTBu-
TeJIbHO, HEIPEePBIBHOCTh QYHKITNHY [ cieayeT n3 paBHOMEPHOH CXO-
IuMocTH mHTerpaJsa (56.52), a orpaHUUYEeHHOCTh — U3 OIeHKU

@) 0] < [ 100w (x—dt < M [ o(0)]dt.

HoxasxkeM abCOTIOTHYIO NWHTETPUPYEMOCTb cBepTKH. IIycTh f =
= ¢=|; umeem

E |7(x)|dx = Idx | +I: 0 () W (x — t)dt| <
< Fax [ 10w G- Dlde="T 16 e[ | (x - ldx =
= Tlolat [ lw()ds. (56.53)

IlepecTaHOBKA MOPSAAKA MHTEIPUPOBAHUA 3[€Ch BO3ZMOYKHA B CUIY

400

Toro (cM. Teopemy 7 1. 54.3), uro mHTerpam [ |O(OW(x — t)|dt
+oo

pPaBHOMEDHO CXOAUTCSA Ha BCeil 0CH, MHTerpa I |d(E)W(x — t)|dx =

= |o(2)| J |W(x — t)|dx paBHOMEDPHO cXOAUTCA HA TIO60M KOHETHOM

OTpesKe, a MOBTOPHBIH MHTErpasl J’ [ dax I |d(t)P(x — t)|dt, xax aTo

caenyet U3 IMOcJieJHero paBeHcTBa hopmysl (56.53), cylmecTByer.

Takum o0pasoM, IPU CAEJAHHBIX MPEANOJIONKEHUAX K (PYHK-
muu [ = (%) MOXKHO, B CBOIO OUepelb, IIPUMEHATH OIEPAIlUIO0
CBEPTKU C HEKOTOPOM HeHPEepPLIBHOI OrpaHMYEeHHOII 1 abCOJIOTHO
UHTErpupyeMoii GyHKIMeH (IpuueM CHOBA MOJAYUYUTCA QYHKIUA
TOT'0 JKe KJacca) ujau npeodpasoBanue ®Pypne.

Onepanuda cBepTKY QYHKIUH KOMMYMAMUBHA U ACCOUUAMUSB-
Ha B paccMaTpuBaeMOM KJjiacce (pyHKIui. [elficTBUTEIbHO, BBIIOJI-
HUB B uHTerpaje (56.52) sameHy mepeMeHHOT0 X — t = S, MOJIYUUM

b = Z d(OW(x — t)dt = z O(x — s)W(s)ds = Y=o.
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HManee, TpOM3BO/s B HUKE HATMCAHHOM WHTErpaje 3aMeHy Iie-
peMeHHOTO t = y — &, MEHAA MOPANOK MHTEIrPUPOBAHUA U [eJas
3aMeHy X — y + & = I, moay4um

Osg)sx = [ X - D)dx [ $OW(x ~ )t =
= [ X~ 0)dx [ 6y~ DW(x — y + O =
= [ 0y~ & [ G(x —y + Ox(y — ¥)dx =

= [ 0@~ BAE [ WXE ~Mdn = We)xh = p(psx).

B03MOXXHOCTh IIEPECTAHOBKHU IIOPAAKA MHTErPUPOBAHUSI U B
9TOM cJjy4ae cjeayeT m3 TeopeMbl 7 1. 54.3. JlelicTBUTEIbHO, WC-
cjenyeM Ha paBHOMEPHYIO CXOAUMOCTh MHTETPaJIbI

0o

X —2) [ - O - y + E)E, (56.54)

—0o

D &) [ W~y + Xy — x)dx. (56.55)

B cury orparndensoctu byHKImit Y u X, umeem |Y| < M, |x| < M,
rae M — MoCTOAHHASA, ¥ TIO3TOMY

IX(y — 0)d(y — OY(x — y + §)| < M2|dp(y - &),
0y — OW(x — y + Ex(y — x)| < M2[x(y — x)|.

W3 aTux HepaBeHCTB 1 a0COJIIOTHOM WHTEIPUPYEMOCTH PYHKIUI §
u X cjenyeT, COTJIacHO Mpu3HaKy BelepiiTpacca, YTO MHTETDAJIBI
(56.54) u (56.55) paBHOMEPHO CXOAATCA COOTBETCTBEHHO OTHOCH-
TeJbHO IIEPEMEHHBIX X U ¢ (mepemMeHHasaA y GUKCUPOBAHA) Ha JIO-
6oM KoHeuHOM OoTpe3Ke (mouemy?). HakoHerr, cyIlleCTBYeT IIOBTOP-
HBIN MHTErpaJ

fj:dx j: X - 00 - OW(x — y + &)|dE = (|o]=|w])=[x]-

Takum o00pasoM, Bce YCJOBUA YKa3aHHOM TeOpeMbLI [ U3
. 54.3 BLITIOJHEHEI.

Cienyer 3aMeTHUTh, YTO IIPU PACCMOTPEHHM CBEPTOK (PYHKI[MI
MOJKHO CYIIIECTBEHHO OCJIA0UTH OrPAaHUUYEHNA, HaKJIaJblBaeMble HA
cBepThiBaeMble pyHKIun. OZHAKO J0OKAa3aTeJbCTBO CBOMCTB CBep-
TOK B 3TOM CJIydae IIoTpe0oBaJIo OBl IIpeskie Bcero 60jee TOHKIX Te-
opeM o0 mepeMeHe IIOPSAAKa MHTerpupoBaHusd. I[Jisg IpOCTOTHI M3JI0-
SKEHUs MBI He CTaJIX 9TOI0 HeJaTh.
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3aiimeMcs Telepb m3ydeHHeM IpeoOpasoBanusa Pypwe cBep-
TOK ABYX (yHKuIuii. IInsg ymoOcTBa BUAOMSMEHUM OIIPENeJIeHUe

cBepTKHU (=), 100ABUB SOMOJHUTEJIbLHBINA MHOMKUTEND 1/ 4/2TT:
+o0

1
P = = [ GO~ Ddr.

—oo

TEOPEMA 4. [Tycmv @pynrkyuu ¢ u Y ozpanuienvt, HenpepoLs-
Hbl U a6CONIOMHO UHMezpUupyemsb. Ha Yucaosoil ocu. Toz0a

Flo=y] = F[O]F[Y].
AOKA3ATEeAbCTBO. @yuknuu ¢ u | orpaHUUYEHBI, HEIIPEPHIB-
HBI 1 a0COJIIOTHO UHTErPUPYEMEbI, I03ToMy GyHKIUA ¢+ obraga-
eT TeMH Ke CBOHCTBaAMMU, B YACTHOCTH, OHA abCOJIIOTHO UHTErPUPY-
eMa, u JJid Hee MOYKHO paccMaTpuBaTh npeobpasoBanue Dypne

1 +oo . +00
Flo=y] = o _L e *ydx _L d(E)P(x — t)dt.
Meusas smech HOPAAOK MHTETPUPOBAHUS (UTO BOSMOIKHO B CHLIIY
TeopeMbl 7 1. 54.3) U MPOU3BOASA 3aMeHy IIepeMeHHOTo X =t + S,
OJIYYHM

Flosy] = 5o [ 0()dt [ Wix — te vz =

B ﬁ E ¢(t)e‘”ydtﬁ E W(s)e suds = F[IF[Y],

T. . mpeodpasoBaHne Pypbe CBEPTKU ABYX (PYHKIHIT paBHO IIPO-
u3BeleHnI0 IpeobpasoBaHuiit Pypbe aTuX GyHKIUH. [

Teopema 4 Tak:ke MOKeT OLITHL JOKasaHa IIpu 0oJiee cIabBIX
OrpaHMUYeHNAX HA paccMaTpuBaeMble (PYHKIHK, HO MBI He OyJeM
HAa 5TOM OCTAHABJINBATHCH.

56.10. MpouseoaHasa Nnpeo6pazoBaHua Pypbe GyHKUUK

TEOPEMAS. Ecau ¢ynruyusa f(x) HenpepvieHa, a QYHKUUU
f(x), xf(x), ... , x"f(x) abconromuo uLmezpupyemovL Ha 6ceil LUCLO-
801l ocu, mo npeobpasosanue Pypve pyurkyuu f aeasemcsa n pas
ouggepenyupyemoil Ha 6ceil YUCA080U NPAMOL QYyHKYUel U
i*F®[f]= F[x*f], k=0, 1, ..., n.

Aokas3ateAbcTBO. IlyeTh cHavana QyHKIUA [ OPpUHUMAET
TOJIBKO IeHCTBUTEJIbHLIE 3HAUeHUA. PopMaIbHO guPepeHItupya
II0 IIapaMeTpy Yy UHTerpa

FIf]- ﬁ f: fx)e i=vdx
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u 3aMeuas, uto |xf(x)e *¥| = |xf(x)|, mosyuum abcoTIOTHO U PaB-
HOMEpHO CXOAANTIICA HHTerpas

+00
—i [ xf(x)e *¥dx, —o0 <y < 400,
CraenoBarenbuo (cM. 1. 54.3, Teopemy 8), B 3TOM ciyuae Irpeobpa-
sopaHue @Pypwe F[f] dyurnum f aBasercda audepeHIINpPYyeMOii

sonaie ¢
v iF'[f] = Flxf).

Eciu temeps f = u + iv, roe u u U — OeHCTBUTEAbHBIE (PYHK-
U, TO

F'[f] = F'[u + iv] = {F[u] + iF[v]} = F'[u] + iF'[v] =
= —iF[xu] + F[xv] = —iF[xu + ixv] = —iF[xf].

Hasee Mo MHAYKIUK THOJydYaeM, YTO IpeobpasoBaHue Pypne
F[f] dyurnuu f uMmeeT IpOU3BOAHBIE MO IOPSAAKA 7l BKJIIOUUTEIb-
HO u i*F®)[f] = F[x*f], k=0, 1, ...,n.O
CAEACTBWE. Ecau npednonoxerHus meopembl 6blNOJHEHbL, MO
ece npoussoduvie FO[f], k=0, 1, ..., n, HenpepvL8HbL U CIMPEMANI-
CA K HYJI0 NPU CMPeMIeHUU UX apeYyMeHma K 6eCKOHeLHOCmU.

B cuny Teopem 2 u 5, cieacTBUe HETOCPEACTBEHHO BBHITEKAET
W3 TOTO, 4TO Ipom3BogHbIe FH)[f] apnarorcs npeobpasoBaHUAMA
dypre abCOTIOTHO MHTETPUPYEMBIX (DYHKITMIA.

MoKHO ITOKa3aTh, YTO ecIu IpousBefeHusa suza e f(x) a6-
COJIFOTHO MHTErPUPYEMbI IIPU ONPEeJeIeHHBIX OrPAaHMYEHUAX, Ha-
agaraeMblXx Ha @ > 0 mw 0 > 0, TO 9TO TIPUBOAUT K eIle OOJIbIIIeHR
rJIagKocTu npeobpasoBanusa Pypre, a UMEHHO OKas3bIBaeTCA, UTO
OHO TPUHAMJIEKUT K TeM WJIM MHBIM KJaccaM aHaJIUTUUECKUX
GYyHKIIUIHA.

dopmy.ia, 3amaroiias oopaTHoe IIpeodbpasoBanue Pypbe, OTIU-
yaercsa oT (GopMyJIbl, 3amalolieil mpamMoe mpeodbpasoBanue Pypnbe
(cM. (56.43) u (56.45)), aumis TeM, UTO B IIOKasaTejie CTEIIEHU Y
Ymcsa e ok MHTEerpajoM i 3aMeHeHO Ha —i, II09TOMY [AJIs 00paTHO-
ro npeobpasoBanus Pypbe cIpaBeAIUBLI CBOMCTBA, aHAJIOTUUHbBIE
JIOKa3aHHBIM HaMHU JJIA MPAMOTO TIpeobpasoBaHus @ypne.

VIIPA’CKRHEHHA. 3. lokasaTh, uTo IpeobpasoBanue @ypbe QyHKINMT f(x) =

1 . o "
=i . ABakAbI fuddepeHIupyeMo Ha BCEU YUCIOBOU IPAMOM.

4. Moxasars, uto IpeobpasoBanue Dypbe Gynrnun f(x) = xe|*| 6eckoneuyno
nuddepeHIUPYEMO Ha BCEH UMCJIOBOM MPAMOIL.
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§57
MeTtpunyeckne NpoCTPAHCTBA

57.1. OnpeaeAeHus U npumepbl

OnpeaeAenune 1. Mruoxcecmeo X = {x, y, 2, ...} Ha3vL8aemMca mem-
pudeckum npocmpancmeom X, ecau HA COB0KYNHOCMU Ynopsdo-
ueHHbLX nap (X, y) s1emeHmos amozo MHOMIcecmaea onpedenena
HeompuyameavHaa QYHKyUsL P(x, Y), HA3bL6AeMAL PACCMOAHUEM
(unu mempukoil), maxkas, ¥mo:

19, p(x, y) = 0 mozda u moavko mozda, Kozda x = y;

20 p(x, y) = py, x), x 0 X, y OY;

3% p(x, y) < p(x,2)+p(z,y), x0X,y0X, z0X.

Venosua 19, 2° u 30 masmiBaroTca akcuomamu PAcCCMOSAHUA.
Axcuoma 3° HasBIBaeTCA HEPABEHCMBOM MPEY2ZOLbHUKA.

DJIeMeHTBI METPUUECKOT'0 IPOCTPAHCTBA HA3BIBAIOTCH MOYKAMU.

NMpumepsbl. 1. COBOKYITHOCTh BCEX NEHCTBUTEJIBHBLIX UMCEJI
R, ecqu paccTosHNe MeXIYy JeMCTBUTEJIbHBIMU YMCJIAMU OIpeIe-
JIUTH KaK a0COJIOTHYIO BeJUYUHY UX pasHocTu: P(x, y) = |x — y/,
x OR, y R, o6pasyer MeTpuuecKoe IPOCTPAHCTBO.

2. Muo:xecTBO KOMILITeKCHBIX unces C, paccToAHMe MEeKIY dJie-
MeHTaMHU KOTOpOTro 3afaercsa mo dopmye p(z, 2') = |z — 2|,z 0 C,
Z' 0 C, Takxe o0pasyeT MEeTPUUYECKOE IPOCTPAHCTEO.

3. EBxkaumoBo ToueuHoe IIpocTpaucTBo R” pasmepHocTHU 1 (CM.
m. 35.1) ABAsgeTCsI METPUUYECKUM IIPOCTPAHCTBOM, €CJI PACCTO-
HHE MeXJy ero TOUKaMu X = (X, ... , X,) 1y = (Y, ... , y,,) onpese-
JauTh 1o popmyie (cm. (35.1))

pCx, y) = f\/,i(xi -y

Il1a MHOXKecTBa TOUeK IIpocTpaHcTBa R" QyHKIUA E(x, y) =

= i |x, — y,| Takske ABIATETCA METPUKOIA.

i=1
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4. Ilyctb E — HeKOTOpPOe MHOKecTBO. PaccMOTpUM MHOMKECT-
BO BCeX OTPaHMYEHHBLIX HAa E QyHKIUI, IPUHUMAKOIIUX AEeNCTBU-
TeJIbHBIE (UM KOMILJIEKCHBIE) 3HAaUeHUA. [1a aAByx Takux QyHK-
nuit ¢ 1 P IoI0KIM

P(P, ) = sup [o(2) — W(?)|. (57.1)
tUE

Jlerxo mpoeepsieTcs, uro GyHKmua P($, Y) ABIAeTCA METPUKOM.
CropasenansBocTsb cBoiicTB paccrogaus 19 u 20 acma Hemocpesct-
BeHHo. [IpoBepum crnpaseanuBocTs cBoiicTsa 3°. Ilycts ¢, Yu X —
orpaHMYeHHbIe (DYHKIINU, OIpeJeeHHbIe Ha MHOMecTBe E. s
aoboro snemenra t [ E numeem

[d(2) — x@)| = [[d() — W@+ [W(E) — x@)]| <
< o) = w@)| + [wE) - x@)l,

II03TOMY

[6(2) = X@)] < sup [6(2) ~ W(@)| + sup [W(@) ~ x(@),

OTKyLa
sup () — x(¥)] < sup [b() — W) + sup lp(t) = x(@)],

P(P, X) < p(9, Y) + p(Y, X)-

5. Ilycte G — usmepumoe o JKopagaHy OTKPBITOE MHOMKECTBO
n-MepHOT0 eBKJIMAoBa mnpocTpaHcTBa R". MuHoxxecTBo X Helpe-

PBIBHBIX Ha 3aMbIKanuu G MHOKecTBa G PyHKIIII 00pasyeT MeT-
puuecKoe HPOCTPAHCTBO, €CJIUM PACCTOAHWE MEKAYy (PYHKIUAMU
¢ 00X u Y U X onpenenuts mo opmyJie

p(d, U) = [ |(W(x) — d(x)|dG.

HeiicrBurensHo, ecau P(P, Y) = 0, 1. e. [ [(Y(x) — §(x)|dG = 0,
TO, B CHJIy cJelcTBUA u3 cBoiicTBa 90 KpaTHBIX MHTErpajos (CM.
. 44.6), ¢(x) = Y(x) mua scex x [ G u, ciaeqoBaTesbHO, JJIA BCEX

x 0 G. CsoiicTBo 20 pacCTOAHUSA B DTOM CJIyuae OUYeBUIHO, A CBOM-
ctBo 30 merko nmposepserca: ecau ¢, | 1 X HenpepsIBHEL HA G, TO
PP, W) = [ |((x) = X(x)|dG = [ |[(§(x) — Y(x)] + [(W(x) = X(x)]|dG <
<J10@) — W) [dG + [ [P(x) — X(%)[dG = p(d, W) + p(Y, X)
B ciyuae n =1, G = [a, b] BBeZleHHAS MeTPUKA AJIA HeIPePbIB-

HBIX Ha OoTpe3Ke [a, b] QyHKIIMI uMeeT BU

b

P9, W) = [ [(d(x) — W(x)|dx. (57.2)

a
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EcrecTBeHHBIM 00pa3oM aHAJOTUUYHOE IPOCTPAHCTBO BBOJUTCS
u 1ya GyHKIUH, onpelesieHHBIX Ha 0ECKOHEUHOM IIDOMEXKYTKeE.
Hampuwmep, B crydae @ = —00, b = +00 151 IBYX HEIPEePHIBHBIX a0-
COJIFOTHO MHTErPUPYEMBIX HA BCel YMCI0BOM ocu QMYHKIUA ¢ u
paccTosHUe oIpefesisgeTcd 1o (hopMmye

P, W)= [ 10() - W)l dx. (57.3)

6. PaccMOTpUM MHOJKECTBO BCEBO3MOMKHBIX IIOCJIE€I0BATEIIb-
HoOcTell X = {x,} NefICTBUTEJIbHBIX YHCeJI, JJId KOTOPBIX

S x2 <-oo. (57.4)

n=1
Kaxkmas Taxkas IocJieIOBaTEeJIbHOCTb OyIeT HA3BIBATHCA TOU-
KOl IPOCTPAHCTBA, a yucaa x,, n =1, 2, ... , — ee KOOpAMHATAMIU.
PaccToanue MexAy ABYMA TaKMMM TOUKaMu X = {x,} u y = {y,}
ompeneauM 1o popmyJsie

p(x, y) = /ni(x” —y,)2. (57.5)

aro OTpefieieHne MMeeT CMEICI, Tak KaK U3 CXOAUMOCTH PSLOB
Z x2 n Z Y2 cienyer CXOOMIMOCTD Psfia, CTOSIIIEr0 B IIPABOR

qac'm Q)opMyJILI (57.5).
B camomMm gmeste, mpu Jr000M HATypPaJIbHOM m B HpocTpaHcTBe R™
JJI TO4eK (X, ... , X,,), (Y1» -+ » Y,,) CIIPABEJJINBO HEPABEHCTBO

Ilepeiigss B aTOM HepaBeHCTBE K IpeJesly IIpU m — OO, MOJIyYUM,
uro paz (57.5) cxoaurcs u, 60Jee Toro, YTo

< S 42 S 2
A/,121(36" = Yn)? < A/nz1x” * A/nzly" )

CaoiicTBa paccroaHus anda GyHKIuu P(x, Y), ONpeaeJeHHOMH
dopmyoii (57.5), merko npoBepdAmTcsa. Hanpumep, HepaBeHCTBO
TpeyroJbHUKA IJid Hee cJelyeT M3 HepaBeHCTBA TPEYTOJbLHUKA
IJIS TOYEeK ITpocTpaHcTBa R™: m1ocTaTOUHO B HEM IIEPENTHU K IIpee-
Jy Ipu m — 00,

MeTpuueckoe IIPOCTPAHCTBO BCEX AeHCTBUTENBHBLIX IIOCJENO0-
BaTEeJbHOCTEHN, YAOBJIETBOPSIONINX yca0BUlO (57.4), ¢ MeTpUKOI
(57.5) Ha3BIBACTCA 2ULLOCPMOBLLM" NPOCMPAHCMEOM NOCAeD08a-
menvHOCmell u 06o3navaemca l,.

* . Tuns6ept (1862—1943) — HeMenKuit MaTeMaTUK.
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VIIPAJKHEHH/A. 1. TIpoBepuTh aKCUOMBI paccToauus ausa Gyurmun p(P, V),
omnpeznesieHHON hopmystoit (57.3) mia npocTparHcTBa abCOMIOTHO HHTETPUPYeE-
MBIX HEIIPEPHIBHBIX Ha BCEH UMCJIOBOM Oocu (DYHKITUI.

2. [IpuBecTu mMpUMep IOCIEI0BATEIbHOCTH HEIPEPBLIBHBIX (QYHKIIUMN, CXO/Is-
mielica Ha HEKOTOPOM OTpe3Ke B cMbIciie paccTosaHus (57.2), HO He cXOnd-
mielicsa Ha 9TOM OTPe3Ke B CMBICJI€ TOUEUHOM CXOAUMOCTH (T. €. B CMBICJIE OII-
penenenud 3 m. 36.1).

3. IIpuBecTu mpuUMep IIOCJIELOBATEIBHOCTHU, CXOAAINENCcA Ha HEKOTOPOM OT-
pe3Ke B CMBICJIe TOUeUHOH CXOAMMOCTH, HO He CXOAAIIelica Ha 9TOM OTPe3Ke B
cMbIcyie MeTpukH (57.2).

4.Ilycte X — MeTpuuecKoe TPOCTPAaHCTBO. OmpenesnM OTKJIOHEHUE MEXKIY
€ro AByMdA IOAMHOKecTBaMu Y U Z coriyiacHo dhopMyJie

Py, 2).

Y,Z def inf
P, 2) y0Y,20Z

Bynet nu metpukoit dyuxknusa p(Y, Z) Ha MHOKeCTBe BCeX IIOAMHOYKECTB MeT-
pUUecKOoro mpocrpaucTaa X ?

Bcakoe mMogMHOKECTBO METPHUUECKOT0 IIPOCTPAHCTBAa X, B CBOIO
ouepennb, SABJIAETCSI METPUUYECKHM IIPOCTPAHCTBOM OTHOCHUTEILHO
TOH Ke MEeTPUKU ¥ HA3LIBAETCA NOONPOCMPpaAHCMBE0M NPOCMPAH-
cmea X.

Onpeaenenune 2. lea mempuueckux npocmpaucmea X u X' c¢
mempuramu p(x, y) u p'(x', y') Ha3vLeawMes UOMEMPULHBLMU,
ecau mexdy ux moukamu cyuecmeyem 63AUMHO-00HO3HAYHOE
coomeemcmaue f, coxpanswuee paccmosHue, m. e. maxkoe, 4¥mo
ecau
x' :f(x)’ y’ :f(y)’ X DX, Yy DX, x' DX’s y’ DX',
mo
Px(x, Y) = Px(x', ¥')

(makue coomeemcmeus mMakKHe HA3LLBAIOMCA UIOMEMPUYLHDL-
Mmu).

WNHorma ObIBaeT yZOOHO «OTOMKIECTBUTH» JJIEMEHTHI IIPO-
crpaHcTB X u X', COOTBETCTBYIOIINE APYT APYTY IIPU M30METPUU-
HOM cooTBeTcTBuU npocTpancTB X u X'. [losgcuum GoJsiee moapoo-
HO OIIEPAIINIO OTOKIECTBJIEHUS 9JI€MEHTOB IBYX U30METPUUECKUX
npoctpadeTs: X u Y. IIycts X u Y* — MeTpuuecKue IIPOCTPAHCT-
Ba, Y OY" f: X - Y — usomerpuuHoe oTtobpaskeHue. PaccMor-
puM MHOKecTBo X~ = X U (Y™ \ Y), momyuarineecsa n3 IPOCTPaH-
crBa X IpHCOeAWHEHNEM K HeMy MHoKecTBa Y © \ Y. Takum o6pa-
som: X\ X =Y*\ Y. Oupegenum aas touexk x 0 X *my 0 X*
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MMOHATHE PACCTOSHUS pX*(x, y). [lna ynobcTBa BBeZeM oToOpaske-
Hue F: X* — Y*, sagaBaemoe popmyaoit

def | f(x)', ecamx X,
F(x) {x, ecau x 0 X*\ X.

fAcHo, uTO F ABAsETCA B3aMMHO-OJHO3HAUHBLIM OTOOpasKeHHEeM
(6buekmueit) mHOKecTBa X " Ha Y.
Teneps ausa a00bix x [ X uy 0 Y™ nomoxum

Py+(x, y) = p(F(x), F(y)).

Jlerko mpoBepuTh, UTO OIpee/ieHHAass TaKUM 00pas3oM (QPYHKIIUA
Py+(X, Y) yAOBIETBOPSAET TPEM AKCHOMAM PACCTOSHUA U, CIE/0BA-
TeJbHO, X * ABJIAETCS MEeTPUYECKHM IPOCTPAHCTBOM, a OTOOpasKe-
Hue F nszomerpruno oToOpaskaer mpoctpancTBo X “ Ha Y™, mpuuem
IPHU 9TOM OTOOpaKeHn’ MHOKecTBO X MepexoauT B Y.

Ilox yTBepAeHNEeM «OTOMXAECTBEM B IPOCTPAHCTBE Y MHO-
sKecTBO X C M30METPUUYHBIM €My IPOCTPAHCTBOM Y » U MIOHUMAET-
cs1 pacCMOTpeHHe IpocTpaHeTBa X © BMecTo Y ©.

Onpeaenenue 3. ITycmv X — mempuueckoe npocmpancmeo; no-
cnefosamenbHOCMb €20 Mmoyex {x,} Ha3bléaemcs cxo0aweica K
moure x U X, ecaiu nlimoo p(x,x,)=0,m. e. ecau 04 1106020 wuc-

aa € > 0 cywecmeyem makoi. Homep N, 4mo 01 6cex HOMepPO8
n > n, evinonnsemcsa Hepagencmeo P (x, x,) < €. B amom cayuae
nuwemcsa x = nlimoO X, UAU X, — X Npu n — 0 u 2060puUmMCs, 4mo
moukxa x asasemcs npedeaom 0aHHOl nocredosamenbHOCMU.
Hampumep, B cayuyae mpuMepoB 1 1 2 cXoAMMOCTh B paccMar-
PUBAaeMbIX TaM METPUUYECKUX ITPOCTPAHCTBAX O3HAUAET OOBLIUHYIO
CXOIWMOCTh UYUCJOBBIX (COOTBETCTBEHHO AENCTBUTEIbHBIX WU
KOMILJIEKCHBIX) IIOcJIiefoBaTeJbHOCTeli. B mpumepe 3 cxommmo-
CTBIO IIOCJIEIOBATEILHOCTHY ABJIAETCA CXOAUMOCTD OCJIEJOBATE I b-
HOCTH TOYeK B N-MEPHOM IIPOCTPAHCTBE, BCTpPeUaBINascAd HaM
paubire (cMm. m. 35.1). B MmeTpuueckoM mpocTpaHCTBe (PYHKIIUIL,
oIpeieJIeHHBIX M OTPAaHWMYEHHBIX HAa HEKOTOPOM MHOXKECTBe, pac-
CTOSTHIE MeXKIy KOTOPBIMH olpefesserca gopmyoi (57.1), mo-
cIenoBaTeIbHOCTh QyHKIMI {§,} cxoauTea K GyHKIuH ¢, ecau

lim sup [¢(¢) - ¢,(¢)| =0,
n-° t0OFE

T. €. €CJIN IIOCJIeI0OBATEILHOCTD {{,} pABHOMEDPHO Ha MHOKecTBe E
cxogutes K pyuknuu ¢ (cm. T. 2, m. 32.2).
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Haxkonern, npumep 5 gaeT BU CXOIUMOCTH IIOCJIEN0BATEIHLHOC-
™ GPYHKI[UI B CMbICJIe HEKOTOPOU MHTETPAJIbHON MeTpuKUu. B ciry-
yae n = 1 momoOHasA CXOAMMOCTh yiKe BcTpedasach B 1. 55.2 (jieM-
Ma 2) u B 11. 56.7 (cieacTBue JeMMbI 4).

Jaa BCAKOTO METPUUYECKOTO IIPOCTpPaHCTBA X €CTeCTBEHHBIM
0o0pasoM BBOAUTCA MOHATHUE £-OKpecTHOCTH U(x, €) Toukm x [ X,
€>0:U(x,8)={y:y0X, p(y, x) <&}, a 3arem AOCIOBHO, TaAK K€
KaK IJig n-MepHoro mpoctpaHcTBa R" (cMm. 1. 35.2), BBoAsATCA IIO-
HATUSA TOYKU IIPUKOCHOBEHUSA MHOYKECTBA, MPEAEJIbHON 1 U30JIU-
POBaHHOM TOUYKM, 'PAHUYHON M BHYTPEHHEH TOYKHU, 3aMbIKAHUS

A MHOXXecTBa A, IOHATHE 3aMKHYTOTO ¥ OTKPBITOIO MHOXKECTBA.

CopaBeaJuBHI JJIs TPOMUBBOJBbHBIX METPUUYECKUX IPOCTPAHCTB
u JeMMbI 3, 4, 5 u 6, JoKasaHHBIE B II. 35.2 IJId OTKPBITLIX U 3aM-
KHYTBHIX MHOKECTB 7-MEPHBIX €BKJIUIOBBIX IIPOCTPAHCTB, IPUYEM
I0Ka3aTeJbCTBa, IPUBEJEHHLIE B II. 35.2, COXPAHAIOT CBOIO CUJIY
U B 00IIleM cJiydae.

VIIPA’)KRHEHHUE 5. BbIACHUTD, KaK1e MHOKECTBA SABJIAIOTCS E-OKPECTHOCTSI-
n

MU TOUEK B MeTpHUUeCKOM IIpocTpaHcTBe R ¢ meTpukoil p(x, y) = 2 | x;— yi| .
i<t

Herpynuo ybenuThbcs, UTO Yy IIOCJIEOBATEJIBHOCTHA MeETpUUYe-

CKOT0 ITPOCTPAHCTBA MOKeT OBbITH TOJBKO OAUH Ipeaes. JlomycTum

IIPOTUBHOE: IIyCTh y IIOCIeN0BaTeJIbHOCTA TOUCK X,, n =1, 2, ...,

MeTpuuecKkoro mpoctpanctBa X Touxku a [ X u b I X asaAoTcs ee

1
npengenamu u a = b. Torga, BeIOpaB € Tak, uTo 0 < € < 5P (a, b), mo-

ayauMm, uTo oKkpectHoctu U(a, €) u U(b, €) He mepeceKarTca 1 B
KasKJoM M3 HUX JOJIYKHBI JIEJKATh BCe TOUKHM JAaHHOM IOCJeoBa-
TeJIbHOCTH, KPOMEe KOHEUHOT0 X MHOYKECTBAa, a 9TO HeBO3MOJKHO.
Bcsikoe MOAMHOMKECTBO METPUYECKOr0 IIPOCTPAHCTBA ABJIAECT-
CA MEeTPUYECKUM IIPOCTPAHCTBOM, [IOATOMY B HEM TaKKe NMEIOTCA
OTKPBIThIE 1 3aMKHYTbI€ OTHOCUTEJIBHO HEro MHOXXeCTBa. CBHSI:
MEXKAY OTKPBITHIMM UM 3aMKHYTBIMKA MHOMKECTBAMMU BCEro IIPo-
CTPAHCTBA U OTKPBLITHIMUA U 3aMKHYTBIMUA MHOKECTBAMMU €I'0 IIOJ-
IPOCTPAHCTBA YCTAHABINBAETCS CJIEAYIOIINM IIPEIJIOMKEeHIEM.

AEMMA 1. Mroxcecmao 3amxnymo (0mKpwvLmo) 8 noOnpocmpan-
cmee mempuieckozo npocmpancmea mozda u moavko mozoa,
K020a OHO ABMAEMCS nepeceieHuem NOONPOCMPAHCMEA C 3AM-
KHYymbuim (COOMeemcmeeHHO OMKPbLMbLM) MHOMECMBOM BCez0
npocmpaxncmea.

Aoka3aTeAbcTBO. Ilyts E — moAIpoCTPAHCTBO IPOCTPAHCT-
Ba X m F — 3aMKHyTOe moAMHOKecTBO mpocTtparcTBa X. Iloka-
JKeM, uTo Torga nepeceuenue E N F samxuyTo B E. [leticTBuTenb-
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HO, KaKJas TOUKa IPUKOCHOBEHUA MHOKecTBa E N F, comep:xa-
masacAd B E, ABIgeTCS M TOUKON IPUKOCHOBEHUS MHOMKecTBa F.
ITosTomy (B cuy 3aMKHYTOCTH F) OHA OTHOBPEMEHHO COAEPIKUTCS
u B F, 1. e. cogep:xurca B nmepeceuenuu E N F. ITo u o3HaAUaeT
3aMKHYTOCTh MHOXKecTBa E N F B moxmpocTpaHcTBe E.

Hao6opor, nycts E [1 X u muOkecTBo F [ E 3amkHyTO B E. Ec-

au F — sambIkaHue MHOKecTBa F Bo BceM mpocTpaHncTse X, To F

ABJIAETCS 3aMKHYTBIM B X MHOMKECTBOM, a mepeceuenue E N F
COCTOHUT M3 TOUYEK MPUKOCHOBEHUA MHOKecTBa F, comepsKaIiuxcs
B E, KoTOopoe, B cuiy 3aMKHyTocTH F B E, coBIIasaeT ¢ MHOMKECT-

BomMmF,T.e. F=ENF.

Eciu teneppr G — OTKpPBITOE B mpocTpaHcTBe X MHOYKECTBO,
TO, B cuJIy JeMMblI 6 11. 35.2, ero gomosnenue F = X \ G aABisercsa
3aMKHYTBIM, a Tak Kak E NG = E \ (E N F), rae, corjacHo yxe I0-
KasaHHOMY, nepeceuernue E N F 3aMKHYyTO B E, TO, B CHJIY TOH XKe
JIeMMBI, eT0 JOTOJIHeHEe B MHOKecTBe E, T. e. mepeceuenune E N G,
ABJIAETCA OTKPBITHIM B IIOAIIPOCTPAHCTBE £ MHOYKECTBOM.

Haxomer, eciu G — OTKpPBITOE B MOAIIPOCTPaHcTBe E MHOMKe-
CTBO, TO ero pomnoyiHeHue F = E \ G 3aMKHYTO B 3TOM IIOJIIPOCT-

paHCTBe U II09TOMY, COTJIACHO BBIIIe JOKaszaHHoOMYy, FF = E N F,
Torga G=E N (X \ F), rae, Bce B CUIY TOH sKe IeMMbI, MHOYKECTBO
X \ F aBiseTcs OTKPBITHIM B IIpocTpaucTBe X MHOKECTBOM. [

57.2. NOAHbIEe NPOCTPAHCTBA

Ha merpuueckue mpocTpaHcTBa 00001IaeTcA TOHATHE DyHIAMEH-
TaJbHOM mocjaemoBaTebHOCTH (cM. onpeneserue 14 B 1. 4.7).

Onpeaenenue 4. ITocnedosamenvHocms {x,} moiex mempuiecko-

20 npocmpancmea X Hasvieaemcs Qpyroamenmanvroil (WaU nocie-
dosamenvrocmyvio Kowu), ecau 0asa aw000zo wucaa € > 0 cyuwecmay-
em makoil. Homep ng, 4mo 0.4 6cex HOMepO8 I > N, U m > n, 6bl-

noansemcs Hepasencmeo p (x,, x,,) <E&.

AEMMA 2. Ecau nocaedosamenvHocms {x,} cxodumcs, mo oHa

pyHOameHmanbHaAs.

AokaszateAbcTBO. Ilycrs limOO x, = x. Torga nna arob6oro
n -

yncsa € > 0 cyliecTByeT TaKo#d HOMED 7., UTO JJId BCEX HOMEDPOB
n > n, cIpaBeJJHNBO HepaBeHCTBO P(x, x,) < £/2. CiaexoBaTennHO,
eciau n > n,um> ng, TO

P(x,s ) < P, %)+ P(x, X,) < § + 5 <€D
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OnpeaeneHune 5. Mempuueckoe npocmpaHcmeo Ha3vl8aemcs noJ-
HbLM, ecal 8CAKASL QYHOAMEHMANbHAA NOCLe008AMEAbHOCMb €20
mouex cxo0umcs K e20 e moukKe.

OueBHUAHO, YTO METPHUUYECKOE IIPOCTPAHCTBO, N30METPUUHOE
TIOJTHOMY IIPOCTPAHCTBY, TaK’Ke ABJSIETCA MOJHBIM METPUYECKUM
IIPOCTPAHCTBOM.

NMpumepsbl. 1. MeTpuuecKkue NOPOCTPAHCTBA IEeHCTBUTEJb-
HBIX ¥ KOMILJIEKCHBIX UHMCeJ ABJAIOTCA MPUMepPaMy IOJHBIX MeT-
PUYECKUX IIPOCTPAHCTB. IIOJHBIM ABJIAETCA U N-MEePHOE €BKJIUO-
BO mpocTpaHcTBO R” (cMm. m. 35.1). PammoHanbHBIe UHCIa TafOT
IpUMep HEeIIOJHOTO METPUUYECKOTO IIPOCTPAHCTBA.

2. PaccMoTpuM MeTpUUECKOe ITPOCTPAHCTBO (PYHKI[UM, ompe-
IeJIeHHBIX 1 OrPAaHUUYEHHBIX HAa MHOKecTBe E, paccTodHre MeXIy
KOTOPBIMHU ompeseseHo Gopmysoit (57.1). B aTtom mpocTpaHCTBe
ImocJieloBaTeJbHOCTh PyHKIUN §,, n =1, 2, ..., aBnderca GpyHIa-
MEeHTAaJIbHOI, ecyiu IJis Jr0oro uucia € > 0 cyIiecTByeT TaKOH HO-
Mep N, YTO AJIA BCEX HOMEPOB 1. > 1, U M > M, BBINIOJIHAETCA Hepa-

BE€HCTBO

P, B,) = sUP [9,(x) ~ 6,,()] <,

T. €. eCJIM IIOCJIeOBATEJbHOCT {{, } yIoBIeTBOpAeT KpuTepuio Ko-

I PABHOMEPHOM CXOAMMOCTH IIOCJIEIOBATEJILHOCTH HA MHOMECT-
Be E (cMm. 1. 32.2). B cuay sToro Kpurepus, II0CJeI0BaTeIbHOCTD
{¢,} paBHOMepHO Ha MHOXXecTBe E CXOZUTCA K HEKOTOPOH (PyHK-

uuu ¢, T. e.
Jim_ sup [9(x) ~¢,(x)| =0. (57.7)

Iloxasxem, uTo 9Ta GyHKIUA ¢ TaKKe OrpaHnYeHa U, CJIefoBa-
TeJbHO, IIPUHAMJIEKUT paccMaTpPUBAEeMOMY HPOCTPaHCTBY. lleii-
CTBUTEJBHO, B cuity (57.7), nisa gobdoro dyucia € > 0, B 4aCTHOCTHU
nns € = 1, cymecTByeT Takoii HOMep 1y, YTO JJIA BCeX 1 > Ny U

Beex x [ E BbINOJHsETCS HepaBeHCTBO |¢(x) — ¢, (x)| < 1; mosTomy
6 < [0() = ¢, 1@+ [0, 1) <1+sup[d, ()

Tak Kaxk QyHKIUA ¢"1 +1 OrPaHNYEeHA, TO OrPaHMYeHa U (YHK-

mua ¢. MeI mOKasanam TeM CaMbIM, YTO PacCMaTPUBaeMOe IIPO-
CTPAHCTBO (PYHKIIUH SABJISIETCS IIOJHBIM.

Mo:KHO IMOKa3aTh, UTO METPHUUYECKOE IIPOCTPAHCTBO (PDYHKIIUIA,
paccMOTPEeHHBIX B IpuMepe b . 57.1, He ABJIAETCA IOJHBIM.
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VIIPAJKRHEHHE 6. [lokasaThb, YTO MPOCTPAHCTBO HEIIPEPLIBHBIX HA OTPE3KE
[a, b] dyHKIIMiT, paccTOAHME MEXAY KOTOPBIMU OIIpejesigeTcA IO hopMyJie
(57.2), He ABISAETCS TOJNHBIM.

NMpumep 3. [JoxakeM HOJHOTY TUJIbOEPTOBa IIPOCTPAHCT-
Ba [, (cMm. mpumep 6 B . 57.1).

HyCTL I10CJIeJOBaTEJIbHOCTDb TOUEK
B = (2B, 2B, xP L), B=1,2,...,  (57.8)

ABJAeTCA (PyHIaMeHTaJIbHOHN II0C/IeJ0BATe]bHOCTHIO IIPOCTPAHCT-
Ba l,. Torma us HepaBeHcTBa

ot +P), x)) = JE (x(e+p) — x(0)2 > |x(k+P) — x ()|,
n=1

k=1,2,...,p=0,1,2,...,n=1,2, ...,

U (pyHIaMeHTaJIbHOCTH IIocjemoBaTeabHOCTH (57.8) caemyer, uTO
mpu J000M (PUKCHUPOBAHHOM 7 UYHCJIOBAs IIOCIENOBATEIbLHOCTD
x,®, k=1, 2, ..., yniosiaerBopsaer kpurepuio Komu (cm. 1. 4.7) u,
cjenoBaTeNbHO, cxoautcA. IlycTs kl{mm xﬁlk) = x,. B cuny Qynna-
MEeHTAJbHOCTU IIocaenoBaTenbHocTH (57.8), naa moboro € > 0 cy-
IIlecTByeT TaKoil Homep k,, 4TO IIpU J0O00M HOMepe k > k1 J11000M
HATYPaJbHOM P BHITIOJHAETCA HEPABEHCTBO

p(_x(k +P), x(k)) <eEg,

J i(x’(zk +p) — x(W)2 <k,

Orcroga aJia J000ro (PUKCUPOBAHHOTO HATYPAJBHOTO YUCIA M U
IIOJAaBHO
m

> (x(E+P) — x())2 < g2,

n=1
ITepexons spech K Ipeey Opu p — ©0, MOJIYYUM

m
S (x,— x{)2<e2,
1

n'=

U TaK KakK 9TO BepHo npu Jiobomm =1, 2, ..., To
i (x,- x®)<e2, k>Fk,. (57.9)
Taxum obpasom, Touxa y* = (x, — xgk) s ey x, — x$B) L),

k > Ek,, IpUHAAJIEKUT IIPOCTPAHCTBY [y, HO B 3TOM CJIydae M TOYKA
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X = (X5 ey X, o0) = 2B + y®) TaKIKE IPUHALIEIKAT IPOCTPAHCT-
BY ly. B camom geue,

anlxﬁ = /\/nzl[(xn — x(®) + x(M]2 <

(o) (o) 2
< Jn;(xn — x(M)2 + Jn;x%k) gy T B R

TaKk Kak Toyka x¥) mpuHAMIEKUT NMPOCTPAHCTBY l, W, CiIeHOBa-
TeJILHO,

x> 2

S x{PT < oo,

n'=1

VYceaosue (57.9) o3Hagaer, 4TO klimoo x® = x, T. e. yTO HOCTEIO-

BaTeJbHOCTBb (57.8) cxomurcsa. CiaemoBaTeslbHO, IPOCTPAHCTBO [,
11oJiHoe. O

CoryacHo ompene/eHnio, QPyHAaMeHTaJIbHAaA II0CJIeL0BATE Ihb-
HOCTh — 9TO TaKas II0CJIeJOBATEJIbHOCTb, ¥ KOTOPOH UJIeHbI HEOT-
PaHMUYEHHO COJMMIKAIOTCA IIPU Bo3pacTaHuU ux HoMepoB. C Taxkoi
CUTyaIliell YacTO IMPUXOAUTCS BCTPEUATLCA HPU YMCICHHOM pe-
IIeHNN MaTeMaTHUYecKUX 3aJau: IIOCJIe0BATeJbHO II0JyUalolye-
cs pellleHusA Bce 00JIbIlle MPUOIMMKAIOTCA APYT K APYry H, KaKkoe
OBI IIOJIOMKUTEJIbHOE YKCJIO HU OBLJIO 3aJaH0, Ha JOCTATOYHO 0O0JIb-
IIIOM IIlare WX PasHOCTh cAejaeTcad M OyJeT ocTaBaThbCA MeHBIIe
5TOT0 umcja. Ecam B IIPOCTpPaHCTBE, K KOTOPOMY IIpHHAAJIEKAT
paccMaTpuBaeMble IPUOINKEeHHbIe PeIlleHnsa, OHM HaKallJIBAaoT-
csA OKOJI0O HEKOTOPO#l TOUKM STOTO IIPOCTPAHCTBa, MHAUEe T'OBOPS,
OCJIeI0BaTeIbHOCTDh STUX PEeIleHNH OKa3bIBaeTcs He TOJIbKO (DYH-
IaMeHTaJbHOM, HO U CXOHMAIeNcsa, TO ee Ipenes, KaK IpaBuUJo,
OKa3bIBaeTCsA TOYHBIM pPeIlleHreM 3aJauu. ITUM 00'bSICHIETCS, UTO
IPOCTPAHCTBA, B KOTOPBLIX KaKaasa pyHIaMeHTaJIbHAas II0CJaen0Ba-
TeJbHOCTb CXOQUTCA, UTPAIOT OOJIBIITYIO POJIb B MaTeMaTHUKe.

151 Toro 4To0BI IMOKAa3aTh, YTO HE BCET-
Ia (pyHZaMeHTaJIbHbIE II0CJIeIOBATEJILHOC-
TH CXOIATCA, PACCMOTPHUM CJIeAYIOIIYIO
3anmauy. HaliTu B mpocTpaHCTBe TJIafKUX
KPUBBIX, JIEKAIMUX HA 3aJaHHOI IIJIOC-
KOCTHU U IIPOXOASAIINX Uepes ee TOUKU A,
B, C, He jexxalliue Ha OJHOM IIPSIMOI,
KpUBYIO HaumMeHbIned aauubl (puc. 10).
Herpyznuao BuzseTh, 4TO 9Ta 3a/1aUua He UMe-
eT peIleHusd, XOTA W MOXKHO IMOCTPOUTH
dpyHIaMEHTaJbHYI0 II0CJIEeL0BATEIbHOCTD
TJIaOKUX KPUBBIX, IJIUHBI KOTOPBIX CTpe-
Puc. 10 MATCA K HUMKHEN rpaHu IJIWH BCeX TJIam-
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KUX KPUBBIX, TPOXOAAIINX Uepes Touku A, B, C. [lyia saToro pocra-
TOYHO, IPUOIMKAACh K Bepinuue B yriaa /. ABC, riagko CKpyIJIsiTh
cTopoHHI yryia. OMHAKO MoTydeHHAA TaKUM 00pa3oM (hyHIaMeHTab-
Has [I0CJIeJ0BATEJbHOCTE  He UMeeT IIpeiesia B MHOMKECTBE MNIaJKuX
KPUBBIX. JTO CBABAHO C TEM OOCTOSATEILCTBOM, UTO B JaHHOM CJIydyae
KPUWBOY HAaVMEHbIIIe! JJIMHBI ABJIAETCA He TJIaJKasd KpuBad, a JioMa-
Has ¢ BepIIuHaMu B TOukax A, B, C.

PaccmoTpuM HEKOTOPBIE CBOMCTBA ITOJHBIX METPUUECKUX IIPO-
crpaHcTB. IIpexe Bcero siCHO, YTO KasKJ0oe 3aMKHYTOE ITOJMHO-
JKECTBO IIOJIHOTO METPUYECKOTO IPOCTPAHCTBA TaKiKe SABJIAETCS
MIOJIHBIM IIPOCTPAHCTBOM.

A onucaHmsaA cJaeRyIOIIEero CBOMCTBA IIOJHBIX IIPOCTPAHCTB
BBeJleM IIOHATHUA JUaMeTpa IIOAMHOYKECTBA METPHUUYECKOT'0 IIPO-
CTPAHCTBA U IIOcJiefoBaTeJbHOCTU Kol ero mogMHOMKECTB.

Hnsa mogmMHOKecTBa E MeTpUUYECKOro mpocTpaHcTBa X BeJTMUMHA

diam E def sup p(x,y) (57.10)
xOE,y0E
Ha3bIBAETCA ero uamempom.
MHOKeCTBO METPUUECKOTO IIPOCTPAHCTBA HA3LIBAETCA 02PAHU-
YeHHbLM, €CIIN €TI0 AUAMeTDP KOHEUeH.

VIIPAXKHEHHA. 7. lokasars, uto eciu E eCTh 3aMbIKaHIe MHOXecTBa E B
MeTPUYECKOM IIPOCTPAHCTBE, TO
diam E = diam E.

8. HOKasaTL, 4YTO BCAKad CXoAdIlladACsA IIOCJIenOBaTeJIbHOCTh METPUUYECKOI'o
IIPOCTPaHCTBa OrpaHUYeHa.

ITocnenoBarensHOCTS {E, } HEIYCTBIX MHOXKECTB METPUIECKOTO

IIPOCTPAHCTBA HAa3bIBAeTCA nocnedosamenvHocmouvio Kowu, eciu
OHU IIOCJIEIOBATEJILHO COAEPIKAT APYT APyra U UX AMaMeTPhI CTpe-
MATCA K HYJIIO.

Taxkum o6pasomM, IIOCIe[0BaTEILHOCTh MHOKeCTB {E,} ABJIAeT-
¢4 mocjenoBaTeabHOCThIO Koy, ecom:

E,=a, (567.11)
E, UE, n=1,2,..., (57.12)
nlimoo diam E, =0. (567.13)

* DyHIaMeHTAIbHOCTh IOCHe0BATeILHOCTH IIOHMMAeTcad B CMBICTIE
PacCCTOAHUSA

py, Ty) = xDSI[g)b] J(xz(t) = x9(1))2 + (ya(t) — y,(2))?

mexxay mytamu I'; = {x,(¢), y,(t); a <t < b} u Ty = {x4(t), yo(t); a < t < b}.
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Eciu mociemoBaTelbHOCTH {X,} TOYEK METPUYECKOIO IIPO-
CTpaHCTBa ABJAETCA (PYHIAMEHTAJbHOU IIOCJIENOBATEIHLHOCTHIO
(mocaepoBarenpuocThio Komm) u E, ={x,, x, , 1, ...;,n=1,2, ...,
TO ITOCJIEZIOBATENBHOCTE MHOKeCTB {E } ABIAeTCA mocIenoBaTe b
"HOocThIO Korru.

TEOPEMA 1. B noanom mempuueckom NPOCMPAHCMEe 6Cs-
Kas nocnedosamenavHocmv Kowu 3amxuymuix mMHOMcECME UMe-
em Henycmoe nepeceiuerue, cocmosuiee u3 00Hoil MmouKu.

CAEACTBWE. Bcakasa nocaedosamenvrHocmb Kowu MHOMcecma
NOAH020 MemMPULeCK0z0 NPOCMPAHCMEA UMeem, U NPUMmMom eOuH-
CMBEHHYI0, MOUYKY, ABJAAULYIOCS MOUKOU NPUKOCHOBEHUS 0as
8cex MHOJIMCeCmE nociedos8ameabHOCmu.

AokasateAbCcTBO TeopeMmbl. Ilyers {F,} — mocienoa-
TeJbHOCTh Kol 3aMKHYTEIX MHOKeCTB F, II0OJIHOIO MeTPUYeCKO-
ro npocrpascTsa X . BeIOpaB B KaA0M MHOXKecTBe F| 110 TOUKe X,
(2TO BOBMOKHO B CUJIY BBITIOJIHEHUS ycaoBus (57.11)),

x,0F, n=1,2,..., (57.14)

mosyduM (yHJaMeHTATbHYIO IIOCJIeJOBAaTeJbHOCTh {X,} B IIPO-

crpaHcTBe X. B camom gmeJse, mjist jro6oro € > 0, B cujIy BBIIOJIHE-
HUA ycaoBuA (57.13), cymiecTByeT TaKoil HOMeD 7, YTO JJII BCeX

n > n, BeINOJHAETCA HepaBeHCTBO diam F, < €. IlosTomy ecnu n > n,

m > ng,u, Haupumep, n>m, o x, 1 F, ,x, OF F,, cnemgo-

(=
n (57.12)
BaTeJIbHO, P(X,,, X,) <E.

B cuy mosHOTHI mpocTpaHcTBa X, IOCIELOBATENBHOCTH {X,}
CXOOUTCSA, T. €. CYIIECTBYET TOUKA X = nlimoo x,. Ina nroboro n =

=1, 2, ..., B cuIy BbIITOJIHeHUH ycmoBuii (57.12) m (57.14), Bce ue-
HBI IIOCJIE[OBATEIBHOCTH {X,, X, , 1, ...} IPAHALJIEKAT MHOMECTBY

F,, a Tak Kak 9Ta II0CJIe[0BATEJbHOCTb CXOAUTCA K TOuKe X U F, —
(o)
3aMKHYTBIe MHOecTBa, To x Ll F, mpu sro6om 7, T. e. x [ n, F,.
e
Ecmu y O n F,, To pna xamxporo n = 1, 2, ... OyileM UMeThb
n=1

x0OF,,yUF, nnosromy
p(x, y) < diam F,.

Ilepeiigsa smech K Ipefeay mpu n — ©°, B CHJIY YCJIOBHUSA
(567.13), momyuum p(x, y) = 0 u, ciemoBaTeabHO, X = Y, T. €. TIEPE-
ceueHHEe N F, cocTOUT U3 eIUHCTBEHHOI TOYKH X. (I

n=1
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AokasateAbCTBO cAepcCTBUS. Ecaum {E,} — mociezno-
BaTeJbHOCTH KoM IOJIHOr0 METPHUYECKOr0 IIPOCTPAHCTBA, TO IIO-
CJIeJOBATEJIILHOCTD {En} 3aMbIKaHUU En MHOecTB K aBidercsa
mocJyieioBaTebHOCThI0 Kol 3aMKHYTBHIX MHOKecTB. CoryiacHo
TeopeMe, CYIIEeCTBYeT, ¥ HPUTOM eIWHCTBEeHHAasd, Touka X [l En,
n=1,2,....0

3aMeTHM, UTO B JOKA3aHHOM TeopeMe YCJIOBUE O CTPEMJIEHUN K
HYJII0 AUAaMEeTPOB 3aMKHYTBIX MHOYKECTB CYIIECTBEHHO: €CJIU 3TO
ycyioBue He OyJeT BBITOJHEHO, TO TepeceueHre IOCJIeJOBATeb-
HOCTH HEIYCTHIX 3aMKHYTBIX MHOYKECTB, ITOCJIEI0BATEIHLHO COZEP-
JKaIuX ApYT APYyra, MOMKET OKa3aThCA IIyCTHIM.

Hanpumep, nocienoBareabHOCTD JIydeil F, = {x : x > n} Ha npa-
Moit R obOpasyeTr IIOCJIeZOBATEJLHOCTD IIOCJIENOBATEILHO BJIOMKEH-
HBIX JIPYT B APyra 3aMKHYTHIX MHOxKecTB F; O F, ... O F O...,

IIepecedyeHnrne KOTOPBIX IIYCTO: ﬁ Fn = .
n=1

57.3. OTo6parkeHns MeTpUYeCcKUxX NPOCTPAHCTB

IIyets f : X — Y — oToOpaskeHre METPUUYECKOT'0 MpocTpaHcTBa X
B METPUYECKOE IIPOCTPAHCTBO Y.

Touka y, Ll Y HasbiBaeTcsa npedesom omoOpadcenus [ B TOUKe X,
ecau

lim x), =0.
e (), yo)

B sToM cayuae muImnyT
xlinglc f(x)=1y,-
-0

Ecan xlin}c f(x) = f(x,), To oTOOpakeHue [ Ha3BIBAETCA Henpe-
-0

DbLBHbLM 68 MOUKE X).

JTo ompeneseHne PAaBHOCUJILHO CJIEAYIOIIEMY OIpeneseHUIO,
opmysMpyeMoMy B TEpMHHAX MOCJIEJ0BATEIbHOCTE.

Orobpaskenue f : X — Y Ha3bIBAeTCSA HENPEPLLEHbLM 8 MOYKe
xo U X, ecnu pus m060ii mocsesoBaTeabHOCTH ToUek x, 1 X, n =
=1, 2, ..., Takoii, 4To nl{mw X, = X, AMEeT MeCTO nl{mm f(x,) = f(xy).

Kak 00bI1uHO, ABJISeTCA BEPHBIM 1 PABHOCUJILHOE OIIpe/IeIe e
HEeNpPepLIBHOCTU B TePMUHAX OKPECTHOCTEIA.

Orobpaskenue f : X — Y Ha3bIBAeTCA HENPEPbLBHbLM 8 MOYKe
xo U X, ecnu pna nro60ii okpectHOCTH V TOUKH f(X,) CyliecTByeT
Takas okpecTHOCTh U ToukHu X, uto f(U) O V.
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Ha «d-¢-A3bIKe» ompeaeseHre HelIPePEIBHOCTA B TOUKE BBITJIS-
IUT CJAeTYIOMINM 00pPasoM.

Orobpaskenue f : X — Y HasbIBaeTCs HEIPEPLIBHLIM B TOUKeE
xo 0 X, ecom gia mo6oro € > 0 cymecrByer Takoe 8 > 0, uro g1a

am060# Touku x, U X, nna Koropo# p(x, x,) < O, BEIIOJHAETCA He-

paseHcTBO P (f(x), f(x,)) <E.

JloKkas3aTeJbCTBO SKBUBAJCHTHOCTH BCeX IIPUBEIEHHBIX BBIIIE
ompejeJIeHUI Mpejesia 1 HeIPEePLIBHOCTH IIPOBOIUTCS aHAJJOTHU-
HO CJIYYaI0 YMCJIOBBIX (PDYHKITUIA.

Orob6paskenue f : X — Y HasbIBAeTCS HeNpepvl8HbLM 0moopa-
sHceHuem npocmpancmea X 6 npocmparHcmeo Y, ecji OHO Hellpe-
PBIBHO B Kaskaoit Touke x [1 X.

Ecau gasa mamoboro € > 0 cymiectsyer Takoe 0 > 0, 4To mja Jio-
onix Touex x 1 X, x' 0 X, nysa Koropsix P (x', x) < O, BEIIIOJIHSIETCA
HepaBeHCTBO P (f(x'), f(x)) <&, To oToOpaskeHUe [ HABBIBAETCA PAG-
HOMEPHO HenpepvL8HbiM Ha npocmpancmee X.

PaBHOMEpHO HeIpephIBHOE OTOOpaKeHNe MEeTPHUUYECKOro IIPOo-
CTPaHCTBAa B JPyroe MeTpuuecKoe IPOCTPAHCTBO OUeBUIHBEIM 00pa-
30M HEIIPePLIBHO B KaXK 0l TOUKe.

ITocnemoBarenbHOCTE OTOOpaskenuii f, : X — Y HaseIBaeTcsa cxo-
daweiica k¥ omobpaxcenuio f : X — Y, ecau giusa xaxkmoro x [ X mo-
CJIeZI0BaTeIbHOCTh TOUEK {f,(X)} MeTPHUECKOro IIPOCTPAHCTBA Y CXO-

IUTCA K ToOUuKe f(x):
lim_ 7, (0) = f(x).

ITocnemoBarenpHOCTH OTOOpaXkeHuii f, : X — Y, cxopAmasaca K

ortobpaskenuio [ : X — Y, HasbIBaeTCA PABHOMEPHO cxodsuieiics,
ecau Ay jroboro € > 0 cyllecTByeT TaKoil HoMep 7, YTO AJIA BCeX

HOMEpPOB 1l > 7, ¥ BcexX ToueK X [ X BHIIOJHAETCA HepaBeHCTBO

P (f,(x), f(x)) <e.

VIIPAJKHEHHE 9. ChopmynupoBaTh U foKa3aThb Kputepuit Komu, apisio-
muiica HeoOXOQUMBIM U JOCTATOUHBLIM YCJIOBHEM DPABHOMEDPHOI CXOAMMOCTH
oToOparKeHUl MeTPUUYECKOTO IIPOCTPAHCTBA B IIOJHOE METPHUUYEeCKOe IIpO-
CTPaHCTBO.

Ananornuno teopeme 8 m. 36.4 MOKAa3LIBAETCSA, UTO €CJIU BCE
WIeHbl PABHOMEDHO CXOJSAIIeiics I0CIef0BaTeIbHOCTH OTOOpasKe-
HUI OJHOT'O METPUYECKOTO IIPOCTPAHCTBA B APYroe SIBIAAIOTCA He-
MIPEPLIBHBIMKA B HEKOTOPOIM TOYKE, TO W IIPeeIbHOe OTOOpasKeHre
MIOCJIeI0BATEJIHHOCTH HEIIPEPHLIBHO B 9TOM TouKe. M3 aTOTO Ciexayer,
YTO Ipefiesl PABHOMEPHO CXOAAIIEHCA IMOCIeOBATeILHOCTH Helpe-
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PBIBHBIX OTOOpaKEeHU OZHOT'O METPHUUYECKOTO IIPOCTPAHCTBA B APY-
roe TaKkiKe ABJSETCS HeIPEePLIBHBIM OoToOpaskeHueM. B uacTHOCTH,
9TO CIIPABEJINBO IJIA UNCJIOBBIX (QDYHKIINIH, 3afaHHBIX Ha MeTpUUe-
CKUX ITPOCTPAHCTBAX.

NMpumep. PaccmoTpuM MeTpuUYeCcKOe IIPOCTPAHCTBO Orpa-
HUYEHHBIX W HENPEePHIBHBIX HA HEKOTOPOM M ETPHUUYECKOM
npoctpaucTBe X (QpyHKOUi f, paccTogHre MEXIY KOTOPHI-
Mu oupepnesisgercsa mo gopmyae (57.1). Tak xKax dyHIaMeHTANb-
HOCTB IIOCJIeIOBATEJIBHOCTH {f,} B cMbIcie MeTpukH (57.1) o3Haua-
€T, UTO IIOCJIeZIOBATENBHOCTS {f,} yAOBIeTBOpsAeT ycaoBuoo Komru

PaBHOMEPHOII CXOAMMOCTH Ha MHOKecTBe X, TO BcAKas (yHzaa-
MeHTaJIbHAA IIOCJIEeNOBATENbHOCTh HEIPEePHIBHBIX (GYHKIuUM {f,}

PaBHOMEPHO CXOAUTCSA K HEKOTOopou pyHkIuu f. Ira GyHKIUA f,
KaK OTMeYaJioCh BBIIIEe, HEIPEePhIBHA M, KaK OBLIO JOKAa3aHO He-
CKOJIbKO paHBbINle B 9TOM IIYHKTEe, orpaHuyeHa Ha X, T. e. MpUHA-
IUIEKUT pacCMaTPUBAEMOMY ITPOCTPAHCTBY (hYHKITUIH.

TakuM 00pa3oM, nPOCMPAHCMBE0 0ZPAHUYEHHbLX U HEenpepvle-
HblX HA Mempuieckom npocmpancmee X QYHKYUL ¢ MempuKoil
(57.1) agaasemca noanvim mempuieckum npocmparcmeom. OHO
oboznauaerca C(X)* u aBisgeTcsA, 04eBUAHO, IOAIPOCTPAHCTBOM
BCeX OTrpPaHMYEHHBIX Ha IpocTpaHcTBe X (PYHKIWI C PACCTOSHU-
eM, oIpeaeJIeHHBIM TOi Ke (hopmyJioi (57.1).

B Ttom cayuae, Korga mpocTpaHCTBO X SABIAETCS OTPE3IKOM
yucaoBou ocu: X = [a, b], Bmectro C([a, b]) Oymem mucath Kopoue
Cla, b].

B uacTHOCTH, TaK KakK BCAKasd QYHKIIMA, HeIIpepbIBHASA Ha He-

KOTOPOM KOMITaKTe A, JeKalleM B Nn-MepPHOM eBKJHIOBOM IIPO-
crpaHcTBe R", orpanuueHa (cm 1. 19.4), To mpocTpaHcTBO QYHK-
1, HeIIPePLIBHLIX Ha KOMIIAKTe A, C pacCTOAHUEM, OIpenesieH-
HBIM 1o (opmyse (57.1), sBAAeTcA HOJHBIM. B paabHeilnem
OyIeT IIOKa3aHo0, UTO 9TO BEPHO JJIsI JIOOBIX KOMIIAKTOB (CM. JaJjiee
oupeneaenue 10 B m. 57.6), a He 00A3aTEJBHO IJIA JEKAIUX B KO-
HeYHOMEPHOM IIpocTpaHcTBe R”.
AEMMA 3. Omobpaxcenue f : X — Y mempuueckozo npocmpan-
cmea X 6 mempuueckoe npocmpancmeo Y HenpepvleHO mozda u
moJavko mozoa, Kozda npooopas Kardozo OMKPbLNMO20 MHOHMCECT-
6a npocmpaucmea Y A6aAemcs OMKDbLMbLM MHONCECME0M NPO-
cmpancmea X.

* C — mepBas 6yKBa JJATHHCKOTI'O ¢JI0Ba continuum — HenpephIBHEIH.
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HMoKkasaTeqbCTBO IIPOBOAUTCA AaHAJOTUYHO [JOKA3aTeJIbCTBY
TeopeMbl B . 36.10. ITycts f : X — Y HenpepnIBHOE oTOOpakeHue,
V — OTKpBITOE NMOAMHOKeCrBo mpocTpaHcTsa ¥ u U = f~1(V) —
mpoob6pas V mpu orobpaskenuu f. Torga ecau x [ U, To Aaa OK-
pectaocTH V TouKHM f(Xx), COTJIACHO ONMpeeieHINI0 HeIPePbIBHOCTHU
B TOUKe, CyIlecTByeT Takad oKkpecTHOCTh U, uto f(U,) UV u, cie-
nosarenbHo, U, U f1(V)=U. Takum o6pasoM, AJId KaKJ0H TOUKHU
x 0 U cymectsyeT ee okpecTHOCTE Uy, comepxamasaca B U. 9To u
osHavaeT, uTo U — OTKPBITOE MHOYKECTBO.

IIycts npu orobpakenuu f : X — Y mpoobpas KaxKI0T0 OTKPBI-
TOTO B Y MHOKECTBA ABJAETCA OTKPBITHIM B X MHOKE€CTBOM, TOT-
na niast 0ol Trouku x [ X m m060i oxkpecTtHOoCTH V Touku f(x)
npoobpas U = f1(V) orkpeiToro MHO:XecTBa V TaK:Ke OTKPBIT,
T. €. ABJISETCA OKPECTHOCThIO TOUKM X. Takum obpasom, IJisd Jio-
60i1 okpecTHOCTU V TOUKHU f(X) CYII[eCTBYeT TaKasd OKpecTHOCTb U
TouKu X, uTo f(U) = V. 9T0O rapauTupyeT HEIPepPLIBHOCTL 0TOOpAa-
Kenud f B Touke x 1 X. O

AEMMA 4. Omobpaxcernue f : X — Y mempuyeckozo npocmpan-
cmea X 6 mempuueckoe npocmpancmeo Y Henpepbvlé6HO mozda u
moavko mozda, Kozda npoodpas3 Ka}00z0 3AMKHYMO20 MHOMCe-
cmea npocmpancmea Y ABAAEMCA 3AMKHYMbLM MHONIECMEOM
npocmpancmea X.

AoKka3aTeAbCTBO. Tak KaKk OTKPBITBHIE U 3aMKHYTBLIE MHO-
JKecTBa ABJSAIOTCSI B3aUMHO MOIOJHUTEJIbHBIMU (CM. JeMMy 6 B
. 35.2) u mpoobpas MJOMOTHEHNA MHOKECTBA SIBJISETCS JOMOJHEe-
HHEeM IIpoobpasa MHOXKECTBA, TO YCJIOBHE, UTO IIPOOOPa3 KAy I0ro
3aMKHYTOI'O MHOKECTBA ABJIAETCA 3aMKHYTHIM MHOXECTBOM, SIB-
JIsIeTCA PABHOCUJIBHBLIM TOMY, UTO IPooOpas KayKJoro OTKPBITOIO
MHOJKECTBA ABJISIETCA OTKPBITEIM. IlosTOMy JemMa 4 cpasy cjaeny-
eT u3 JeMMbI 3. O

TEOPEMA 2. FKomno3uuus HenpepuL8HbLX 0MoOpaidceHuil mem-
puiecKux npocmpaHcme sSA8Asemcs HenpepuléHblM omobpadice-
HUeM.

AokaszateAbcTBO. Ecau X, Y u Z — MeTpuuecKue IIPoCTPaH-
crBa, f: X —>Yug:Y — Z — HenpepbIBHBIE OTOOPAXKEHUA, TO, CO-
IJIACHO JieMMe 3, [IJIsI JI000T0 OTKPBITOIO B Z MHOKecTBa G MHOMKe-
ctBo g 1(G) aBnseTcsa OTKPBITEIM B Y MHOMeECTBOM, a [ (g 1(R)) =
= (g ° )YG) — orkpeiTeiM B X MHOKecTBOM. Taxkum o6pasom,
mpoobpas JI060ro OTKPBLITOI'O MHOXKECTBA IIPU KOMOO3UIUU g © f
SIBJIAETCA OTKPBITHIM MHOYKECTBOM, UTO, B CUJIY TOH JKe JJeMMBI 3,
¥ O3HAUaeT HEeIIPEPBIBHOCTD 3TO KOMITO3UIUHU. [
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B pmanpHelilmeM HaM HOHAZOOUTCSA eIlle IOHATHE HEIPEPHIB-
HocTu oTobparkenus (pyuruun) f = f(x, y), x U X, y 0Y, nupous-
BemeHudA X X Y merpuuecKux npoctpaHcTB X m Y (B 4acTHOCTH,
MOsKeT ObITh X = Y) B MEeTpUUeCKOe MPOCTPAHCTBO Z.

IIpesx e Bcero, samerum, uTo npousdBeneHme X X Y mMeTpuue-
ckux npoctpaHcTB X m Y mpeBpalaeTcsa TaK)Ke B METPUUECKOe
IPOCTPAHCTBO, €CJW B HEM BBECTH METPUKY P 110 (hopMyJie

P, ¥, (ks ) = VPP, x) + p2(y' 1Y) (57.15)

(aKCMOMBI METPUKHU AJIS P JIETKO IPOBEPSIOTCA).
Orobpaskenue f : X X Y — Z Ha3bpIBaeTCA HEIPEPLIBHBIM B TOU-
Ke (xg, Yo) U X XY, eciz OHO HeNIPePHIBHO Ha METPUYECKOM IIPO-

crpamcTBe X X Y ¢ MmeTpukoii (57.15), T. e. ecan

f(x, 8) = f(xg, Yo)-

lim
P((x,y),(xo»yo)) -0

57.4. NPUHLMN CXNUMAIOLLMX OTOBPAXKEHUN

IokaskeM TeopeMy O CYII[eCTBOBAHWU HEIOABUKHOM TOUKU Y O-
HOTO KJIacca OTOOpaKeHUNI MeTpuYeCKUX IIPOCTPAHCTB B cebsa. ITa
TeopeMa MMeeT MHOI'0 pasHOOOPAa3HbIX IIPUMEHEHUH IIPu JoKasa-
TeJILCTBE CYIIeCTBOBAHUSA PeIlleHN 1 NX MPUOINKEHHOT'0 BEIUKC-
JIEHUSI IJIS TeX WJIN NHBIX YPaBHEHUIA.

Onpeaenenne 6. Omoopaixcenue f : X — X mempuyeckozo npo-
cmpancmea X 8 cebs HA3bLBACMCS CHUMAULUM, eCAU CYuL,ecm-
syem maxoe yucao q, 0 < qg <1, umo daa awbvix mouerx x 1 X,
y 0Y svinonnsemces Hepagencmaeo

p(f(x), @) < gp(x, ). (57.16)

W3 BLIIOJIHEHUS 3TOT'0 YCJAOBUA CJIEAYET, UTO €CJIH AJIA JII000To
€ > 0 B3sTh 0 = €, TO A Ja00bIX qBYX Touek x [ X, y 1Y, nisa Ko-
TOpPBIX P(x, y) < O, BHIIOJIHAETCSI HEPABEHCTBO

p(f(x), f(y)) (5516) gp(x, y) < qd = gg,

T. €. CoKMMAIOIIlee oToOpaskeHre paBHOMEPHO HeIpPephIBHO, a cJe-
IOBaTeJbHO, 1 HeIIPEPhIBHO B KasKJI0I TOUKE X MpocTpaHcTBa X:

yliinx f(y) =f(x). (57.17)

Onpeaenenne 7. Tourka x 1 X nasvieaemcs HenoOBUMNHOI MOU-
Koii omobpaxcenua f: X — X, ecau f(x) = x.
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TEOPEMA 3 (NpyHUMN HenoABMXHOM Touyku MMukapo—BaHaxa®).
Cocumarwuee omobpaixeHue NOAHOZ0 MEeMPULECK0z0 NPOCMPAH-
cmea 8 cebsa umeem, U NPumMoM eOUHCMEEHHYI, HenoOBUNCHYIO
mouKy.

Boaee mozo, ecau f : X — X — cacumaiowee omobpaxiceHue
noaH0z0 Mempuieckozo npocmpancmea X 6 cebs u a — ezo Heno-
dsujcnasa mouka: f(a) = a, mo 0na nwooit mouxu x, U X umepa-

YUOHHAS NOCLe008AMeAbHOCMb
Xg» X1 =1(x0), Xo=1(x1), ..., x,,.1=1(x,), ... (57.18)

cxodumcesa Kk mouke a, npuyem ecau omoobpaxcenue f ydosremaeo-
paem ycaosur (57.16), mo umeem mecmo caedywui,as OueHKQ
cxodumocmu nocaedosamenvrhocmu (57.18):

P, @) < 75 (g, F(xo)). (57.19)

AokaszaTeAbcT1BO. Ilyerh gnsa orobparkenud f : X — X moJ-
HOT'O METPUYECKOTO MpocTpaucTBa X B ce0sA BBIMIOJHIETCS YCIOBUE
(57.16). Beibepem npousBoJIbHO X, [] X 1 mokakeMm, 4TO COOTBET-

CTBYIOIIAsA UTePAIlMOHHAA IIOCIe[0BATeIBHOCTS {x,} (cM. (57.18))

x,;1=fx,), n=0,1,2, ..., (567.20)
ABJIAeTcA (PyHIaMeHTaJIbHOH.
HeticTBUTEIBHO,
P(Xns X 11) (5720, P(F(x, - 1), F(x,)) (57<16) qP(xX, — 35 X0) (5770
LTI N [C MY B CORPRE S
= s S PG 1) (50 4P (X)) (57.21)

IToaTomy
p(xn’ xn+m) < p(f(xn’ xn+1) + p(xnvL 1 xn+2) + ..
P 10 ) (5, (@ T @R, (%)) =
= L8 0, f50) < 752 Pl fxg).  (57.22)
Tak kak 0 < g <1, To

Jim_ 7% p(xo, F() = 0

*III. 9. ITukap (1856—1941) — ¢parnmysckuii maremaTtur; C.Bamax
(1892—1945) — nonbCKUil MaTeMaTUK.
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1, CJIeJlOBaTeJbHO, JJA J6oro € > 0 cylmecTByeT TaKoe 1, 4TO
AJIs BCeX 1L > 1,

1 s p(xo, f(xp)) <k, (57.23)
Torza AJA BCeX n > n, u Bcex m > 0 OyzneM uMeTh

X ,x < g,
P(Xys X, 1 ) (57.22),

(57.23)

T. €. II0CJIeJOBATeIbHOCTD {X,} GyHAaMeHTanbHaA. B cury mosHo-

ThI IIPOCTPaHCTBa X, oTCroma cijaengyer, 4To OoHa CXOoauTcd, T. €. 4TO

CYIIIeCTBYeT
11m x,,;=alX.

n -

ITosTomy, B cuyy HeIIpepbIBHOCTH OTOOpakeHusd f,
a= hm Xn+1 (5720) 1 hm f(x )(5;17) f(a).
Wrax, f(a) = a, T. e. a — HemoABMKHAA TOUKA 0TOOpaKeHU f.
ITepeiina k peneny B HepaBeHcTBe (57.22) ipu m — OO, MOJIYyIUM

Pz, @) < 7L Py F0))-

Bcee yTBepixIenusa TeopeMbl JOKa3aHbI. [

OTMeTHM, YTO IJIsI HPUJIOMKEHUN CYII[eCTBeHHBIM ABJIAETCA TOT
(haxT, YTO TPUHIIUII CKUMAIOIINX OTOOPAKEHUI TaeT BO3MOMK-
HOCTBH He TOJIBKO JOKA3aTh CYII[eCTBOBAHNE PeIleHUs YPaBHEHUs,
HO U HAWTH ero ¢ J00H TOUHOCTHIO HPHU IIOMOIIH HUTEePAI[MOHHOM
nocaexoBaTesnbHOCcTH (57.18)  omtenku; (57.19).

3ameuanue. Eciu HeKOTOpas CTeIeHb OTOOPaKeHUA IIOJI-
HOT'O METPUUECKOr'0o IIPOCTPAHCTBA B ce0s SIBJISIETCA CIKUMAIOIIUM
oToOpaskeHnueM, TO CaMO OTOOpakeHIe MMeeT, ¥ IIPUTOM eIUHCT-
BE€HHYIO, HEIIOABUKHYIO TOUKY.

B camom geine, ecau oroopaskenue [ : X — X IOJHOT'O METPU-
yeckoro mpoctpauctBa X B cebs TAaKOBO, UTO €ro n-s CTENeHb

ff=Ffofo...of,n>1, apiasgerca CXKUMAIOIINM OTOOPAKEHIEM, TO
Ui gl /

n pas
Yy Hee CYIIleCTBYeT HemoABM:KHaA Touka x [1 X, 1. e. f*(x) = x; Torma

f(x) = f(f™(x)) = F(f(x)),

T. €. f(x) TaKKe HeMOABMIKHAA TOUKa oToOpaskenus f*. Ho rakasa
TOYKA, COTJIACHO JOKA3aHHOH TeopeMe, eAMHCTBEHHAs, CJIELOBA-

TeJIbHO,
f(x) = x.
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NMpumep. PaccmorpuM MHTErpajbHOe ypaBHeHHne BoabTeppa®
t
x(t) = )\J’ K(t, s) x (s)ds + f(t), (567.24)

rae K(t, s) u f(t) — samamHble HeIIpepPbIBHbIE PYHKITNN: QYHKITUA
f Ha oTpeske [a, b], a pyuxknua K ma xkBaapare @ = [a, b] % [a, b],
A — HEKOTOpOe YHCJIO.

Omneparop A(x), onpenensaeMblii GOPMYJIOH

Ax) A f K(t, 5) x (s)ds + f(), (57.25)

oro0pasKaeT MOJIHOE ITPOCTPAHCTBO HellpepbIBHLIX yHKIui C [a, b]
(cMm. ipumep B 0. 57.3) B cebsa. B camom nesie, mycth GyHKIIUA X(1)
HelpepbIBHA Ha oTpesKe [a, b]. Umeem

@) (¢ +80) —A@ @ 5,

< |)\|f | K(t + At, s) — K(t, s)|| x(s) |ds + |f(t + At) — f(1)| <
< M o (K; |At) [Sau}))] [ (8)|(b — a) + |f(t + &¢) - f(),

¢t O[a, b], t + At O[a, b], (57.26)

rae W (K, |At]) — moxyns HenmpepwiBHOCTH DyHKIuK K Ha KBajgpa-
Te Q. B cuny HempepbsIBHOCTY GYHKIIUHU X(S) Ha OoTpeskKe [a, b], oHaA
orpaHMuyeHa Ha HeM:

sup |x(s)| <+oo, (57.27)
[a, b]

a B cuiy HempepwsiBHOocTH (GyHKNuUu K(f, $) Ha KBaapare @, oHA
PaBHOMEPHO HeIpepPLIBHA Ha HEM:

lim w(K; |At|)=0. (57.28)

At -0
Haxomner, B cuiiy HelpepbIBHOCTHU GyHKIUH [,

Alim0 |f(t + At) — f(t)| = 0. (57.29)
t o
IToaTomy
Alim0 [A(x) (2 + At) — A(x) ()] =0,
t o

T. e. yukua A(x)(¢) HempepbIBHA Ha OTpe3Ke [a, b].
Taxum o6pasom, JeiicTBUTENBHO, ecanu x [ Cla, b], To u A(x) [
Uc [a, b].

* B. BoabTeppa (1860—1940) — UTAIbLAHCKHUI MaTeMaTHK.
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OmeHuM paccTosAHNE MexXAy obpasaMu ABYX (QMYHKIUN IpuU
oroopaskenun A. HamomMHMM, YTO paccTosHHEe B IIPOCTPAHCTBE
C [a, b] ounpenensercs mo hopmy.ie

pP(xq, x5) = I[nab)]< |, (£) = x5(t)], 2, O C[a, b], x, O C[a, b].
a,

IIycTs
c=max | K(t, s)|, (57.30)
Torza Q
AGED) A D] i M [ K () Le1(6) — a(60)ds| <
(57§30) A c(t —a) p(xq, Xy). (57.31)
IToaTomy
|A2(x1)(t) _Az(xz) (t)| (5;25) )\£ K(t, s) (A(xl)(s) _A(xz)(S))dS (57§30)

t t
< — < 2 2 — =
Al c“[ max lA(x,)(s) — A(x,)(s)|ds 550 A2 e2p(x,, x2)£ (s —a)dt

2,2 — 2
=M-(tz—al- p(xq, x5), a <t < b.

Amnayornuso

|AnGx,) () — An(xy) ()] < Arerli—a)”

)n
L2l oy, x,) <
Are™(b — a)”
< n!

p (xl’ xz)’ n= 1, 2, oo o

BriOpas n Tak, 4TOOBI < 1, mosyuyum, 4TO IJIS 3TOTO N

Aren(b — a)”
n!
orobOpaskenme A" OymeT CKMMAIOIMM OTOOPaKeHMeM ITPOCTPAHCT-
Ba C[a, b] B cebsa, moaTomy ypaBHeHUEe BoabTeppa (57.24) ipu jto-

6oM A nMeeT, 1 IIPpUTOM €JMHCTBEHHOE, HEIIPEPBIBHOE PEIIIEHNE.

VIIPA’JRHEHHE 10. TlpuBecTu IpuMep TAKOTO OTOOpakeHusa [ IIOJIHOrO
MeTpUUecKoro mpoctpaHcTBa X B cebsd, ¥ KOTOPOTO [Jid JIIOOBIX ABYX TOUEK
x U X, y Y semonnsaerca yeaosue p(f(x), f(y)) < p(x, y), HO HET HETIOABUK-
HOM TOYKH.

57.5. MonoAHeHue MeTpU4eCKmnX NPOCTPAHCTB

TlonHBIE MeTpUUECKMe IMPOCTPAHCTBa OJyarofapsa HAJIWUUIO Y HUX
MTOKA3aHHBIX BBINIE CBOMCTB UTPAIOT BasKHYIO POJIb B MaTeMaTHKe.
ITosToMy BecbMa CYIIIeCTBEHHBIM ABJIAETCSA TO 00CTOATEIHCTBO, UTO
BCSIKOE MeTPUYeCKOe IIPOCTPAHCTBO COJAEPKHUTCH, KaK 9TO Oymer
CKa3aHo, B IOJTHOM METPHUUYECKOM IIPOCTPAHCTRBE.
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OnpeaeneHue 8. MHoxcecmeo A mempuieckozo npocmpaHcmea
X Hasvleaemcs naomHblM 6 npocmpancmee X, ecau 3amblKa-

Hue A mHoxucecmea A coenadaem ¢ npocmpancmeonm X : A = X.
Hanpumep, MHOXECTBO PAIlOHAJbHLIX YMCEJ IIJIOTHO B MHO-
JKeCTBe JeCTBUTEJIbHBIX UCeJI.
OueBUIHO, YTO CBOMCTBO MHOXKECTBA OBITH IIJIOTHBIM B IIPOCTPAH-

CTB€ COXpPaHdAETCA IIPU M30MEeTPUYECKUX OTOGpa)ReHI/IHX 9TOro IIpo-
CTpaHCTBa.

Onpeaenenue 9. IToanoe mempuueckoe npocmpancmeo X Ha3vl-
eaemcsa NonoiHenuem mempuieckozo npocmpancmea X, ecau X
codepacumca 6 X* u naomno 6 nem: X 01 X*, X = X*.

Hanpumep, MHOKECTBO IeHCTBUTEIbHBIX UNCEJ ABJIAETCS II0-
OJIHEHWEM MHOXKECTBA PAIlMOHAJIbHBIX YKUCEJI.

OTMeTHM, UTO €CJIU METPUUYECKOe IIPOCTPAaHCTBO X' M30MET-
puuno mpocrpacTBy X m X mmeer momnoJHeEne X, TO W IIPO-
crpamcTBo X' mMeeT momojHeHne. YToObI yOeAUTHCA B 3TOM, [IO-
CTAaTOYHO IIPOM3BECTU OTOKAECTBJIEHNE COOTBETCTBYIOIUX NIPU
M30MEeTPUUYECKOM OTOOpaKeHWU 3sJieMeHTOB mpocTpaucTB X' um X
(cm. m. 57.1).

IloxkasxkeM, YTO IJiAd BCAKOrO HEMIOJHOTO METPUYECKOIr'o IIPO-
CTPAHCTBA CYIIECTBYET €0 MOIOJIHEHNE, T. €. IIOKAKEM, UTO BCAKOE
HEIIOJIHOE MEeTPUYECKOE IIPOCTPAHCTBO SABJIAETCA IIJIOTHBIM IIOJAMHO-
JKECTBOM B HEKOTOPOM IIOJTHOM METPHUUYECKOM IIPOCTPAHCTBE.
TEOPEMA 4. [lna 6cakozo mempuueckozo npocmpancmea cy-
wecmeyem ezo NONoJHeHUe.

AOKO3ATEeAbCTBO.

I. KoEHCTpyKIOuA HomOoOJHeHusa X° 3ajaHHo-
To MeTpUUYecKOro mpocTtpauncTBa X. [Be mocieno-
BarejapHOCTH {X,} U {y,} 9JeMeHTOB mpocTpaHcTBa X Ha30BeM

IKeusaJleHmHbvlMU, €CIIN
Tim_ p(x,, y,) =0 (57.32)

OKBHUBAJIEHTHOCTDb ABYX IIOCJIeJOBaTeJbHOCTEH {x,} 1 {y,} 060-
sHavaerca cumBojoM {x,} [{y,}; oHa ob6asaeT cleayOIIMA CBOM-
CTBAMU:

19, Beakasa nocnedosamenvrhocmu {x,} sKeusalenmua cama
ceobe: {x,} O{x,}.

20, Ecau {x,} O{y,}, mo {y,} Of{x,}.

30. Ecau {x,} O{y,}, a {y,} O{z,}, mo {x,} O{z,}.
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Hac 6yayT nHTEepecoBaTh TOJBKO QYHIAMEHTAJbHBIE IIOCIEL0-
BaTeJbHOCTHU IIpocTpaHcTBa X . IX MHOKeCTBO pacnajaeTcs Ha He-
IepeceKaoIecs KJIAaCChl SKBUBAJEHTHBIX MKy CO00M mocaeno-
BaTeabHOCTel. O603HAUNMM STH KJaccel uepes x°, y*, 27, ..., a ux
COBOKYIIHOCTh — uepes X", Ecau ¢GyHIaMeHTaIbHAA IOCIeNOBa-
TEJILHOCTH {X,} COZEPIKUTCA B KJacce X*, To OyaeM, KaK OOBIYHO,
9TO BalMCHIBATH CJeAyomuM obpasom: {x,} 0 x™.

II. Oupenenenue paccroaunua p(x', y) B X"
ITycts {x,} u {y,} — ABe dyHAaMeHTAIbHEIE IIOCJIEL0BATEIHHOCTHI

MeTpuuecKoro mpocrparctsa X. Torga uwmcioBas IocjaemoBa-
TeJIBHOCTD P{X,, J,} TaKKe QyHJAMEHTAIbHA, T. €. YJOBJIETBOPAET

ycaoButo Kormu (cMm. 1. 4.7). [leficTBUTENBHO, s JIOOBIX HOME-
poBnum

OTKYZa, B CUJIy CAMMETDPUY UHIEKCOB Il U M,

W3 pyHIaMeHTaIBHOCTH IOCIef0BaTeIbHOCTEH {xX,} 1 {y,} cie-
AyeT, 4To Ijis Jroboro yucia € > 0 cyijecTByeT Takoil HOMeD 7,
YTO JJIA BCEX HOMEPOB 1l > N, U M > N, BBIIOJTHAIOTCA HEPABEHCTBA

P(X,, U) <€/2, PYp» Yy) <E/2. (57.34)
N3 (57.33) u (67.34) nnan > n, u m > ng, moaydaem

px,> y,) — P, Y, < €

CrenoBaTesIbHO, YKCIOBAA IIOCJIENOBATENBHOCTD {P(X,, Y,)} ABIA-

erca QyHIAMEHTAJIbHOM, T. €. YA0BJIeTBOPAET ycaoBuio Koru, mo-
ATOMY CXOJUTCH.
ITycrs {x,} O x*, {y,} O y”. Ilonoxum, 1o onpeeseHuIo,

EY RS % dﬁf .

pi(x7 y7) = lim plx,, y,). (57.35)
B cuny nokasanHoro, yKasaHHBIN OpeneJ cymiectByeT. Ilokaxkem,
4uTO TaK onpegeneHHaa GpyHKnua P (x*, y*) He 3aBUCHT OT BEIOOPA
dbyHIaMeHTAIBHBIX IocaemoBarensHocreit {x,} O x*, {y,} O y" u
YIOBJIETBOPSAET AaKCHOMAM DPACCTOSHMS.

Iycrs {x,} O x*, {x,} Ox% {y,} Oy* {y,} Oy". Torna
P(x,, Y, S Py, 7)) +p(xs, o) + PW,» Yn)

U IO3TOMY

Ip(x,, y,) = p(x,, y)| < p(x,, X)) + PY,» Y)-
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B cuiy sKBUBaJIEHTHOCTH IIOCJIeqoBaTeabHOCTel {X,}, {x,} 1 cooT-
BETCTBEHHO {Y,}, {y,}, morydum (cMm. (57.32))

Jim_ p(x,, x,) = lim_p(y,, y,) =0
u, cjaemgoBaTesibHO,
lim_ p(x,, y,) = lim_p(x;, yp,).

IIl. IpoBepKa akcuoM paccToAHUA gas p(x*, y*).
IIycrs {x,} O x*, {y,} Oy, {2,} O 2". IIpexxme Bcero, Tax Kax
p(x,,y,)=>0,n=1,2, ..., To, nepeiiia K Ipefie]ly B 9TOM Hepa-
BEHCTBE IIpU n — OO, corJjacHo ompepeaenuio (57.35), momryuum
p(x%, y*) > 0.

Ecan p*(x*, y*) = 0, TO nliqm()() (x,, y,) =0, . e. mocaenoBaTENID-
HocTH {x,} U {y,} SKBUBAJIEHTHBI, YTO O3HAYUAET COBIIAJE€HUE BJe-
MeHTOB x* u y* : x* = y*. U paBeHncrsa p(x,, y,) = p(y,» X,), Hepeil-

1A K Ipejey upu n — o0, moxyaum P (x*, y*) = p*(y*, x¥), a us He-
paBeHcTBa P(x,, ¥,) < p(x,, 2,) + P(z,, y,) UMeeM

Pi(x", y*) < p(x%, 2) + P, ).
Urak, X* ABisAeTca MeTPUUECKUM IIPOCTPAHCTBOM.

IV. llocTpoenue mogmpocTpaHCTBA MPOCTDPaH-
ctea X', msoMerpuuHoro npocrtrpancrtray X.
IIycrs x [ X. CranmonapHas nocjiefoBaTeabHOCTb X, = X, n = 1,
2, ..., oueBUAHO, (pyHAaMeHTaNbHAsA. [locTaBUM B COOTBETCTBUE
raxgomy x [ X Touky x* [0 X* raxymwo, uro {x} 0 x*. Ecau npnu
VKAa3aHHOM COOTBETCTBHUHU TOYKE X COOTBETCTBYET TOYKA X, a TOU-
Ke y — TOoYKa Y, TOo, OUeBUHO, IIPU X * y OyaeM uMeTb x~ # y~,
npuuem P (x*, y*) = nl{mw p(x, y) = p(x, y), T. e. yKa3aHHOE COOT-
BETCTBUE OCYIIECTBJISIET B3aMMHO-OJHO3HAUHOE M30METPUUECKOe
COOTBETCTBUE MEXKIY MTPOCTPAHCTBOM X M HEKOTOPHIM ITOIMHOMKeE-
crBom X' mpocrpaHcTBa X .

Touky x* mpocTparcTBa X *, COOTBETCTBYIOIIYIO IIPA PACCMATPH-
BaeMOM COOTBeTCTBUM Touke X [1 X, OymeM AJis IIPOCTOTHI 0003HA-
yaTh TaK:Ke yepes X, a mpoctpaHcTBo X' — uepe3 X. MoKHO cum-
TaTh, UYTO MBI IIPOCTO OTOKAECTBUIN COOTBETCTBYIOIIME TOUKU IPO-
crpacTB X m X' (cM. 3amMeuanme mocJe ompeneneHus 2). B atux
0003HAUYCHNAX HMeeM U30MeTpuiecKoe BKarovenne X [ X ™.

V. lorasarteansrcTBo naorHoctu X B X'. Iloka-
sKeM, 4TO KaKJad TOYKa X° IpocTpaHCcTBa X * ABJIAETCS TOUKOM
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MIPUKOCHOBeHUA MHOecTBa X . I[JIs1 9TOro JOCTATOYHO IMOKA3aTh,
uTOo A a1060it Touku x* 0 X* cylecTByeT mocJiefoBaTeIbHOCTD
x,0X,n=1,2, ..., cxogamasdcda K x*.

IIycrs x* 0 X" u {x,} O x*, x, 0 X. Touxy npocrpancrea X, co-
IepsKalyo PyHIaMeHTaIbLHYIO IIOCIeI0BATeIbHOCTD, BCE UJIEHBI KO-
TOPOIi PABHBI OJHOI 1 TOH e TOuKe X,, OyaeM o003HAYaTh, COrJIac-

HO C/IeJIAaHHOMY BBIIIIE COTJIAIIIEHHIO, TaKKe 4epes X,. JlokaskeM, 4To
IIOCJIEA0BATEIBHOCTS {x,}, X, [ X ¥, cxogures k Touke x* [ X ™.

B ¢opmyie (57.35) paccrosinus p*(x*, x,) BOSbMeM AJA TOUKU
x, 0 X craruoHaApHYIO IIOCIELOBATENBHOCTD {X,, X5 «cv 5 X, «os)s
a mug Toukn X © — NaHHYIO IOCJIEL0BATEIBHOCTH {X,}, B KOTOPOl
IJis yRoOcTBa MHIEKC n 3aMeHuM Ha m: {x,} 0 x*. Torza

EYPR _1s
pi(x", x,) = ,,}lfnoo p(x,,, x,).
Bribepem npousBosbHO € > 0. U3 hyHIaMEHTATBLHOCTH IOCTIE-

ZOBaTeIbHOCTH {X,} CleAyeT, 4TO CYIIeCTBYeT TaKOi HOMep 7,
YTO JJIA BCeX HOMEPOB 7 > N, U M > N, BBIIOTHAETCA HEPABEHCTBO

p(x,,, x,) <&/2.
Ilepeiina B aToM HEpABEHCTBE K IIpeAeay IIPHU m — OO, IMOJYUNM
p(x", x,) <€g/2 <Eg,
T. €. nliqmoO p*(x", x,) = 0, 4TO O3HAUAET, UTO X" ABJIAETCA TOUKOIL

IPUKOCHOBeHuA MHOKecTBa X. UTtak, X = X
VI. flokxa3aTealbCTBO HNOJHOTH IPOCTPAaHCT-
Ba X" Ilycrs {x,} — pyHIAMEHTAIbHAS [IOCIEL0BATEIHLHOCTD TO-
yex mpocrpancrea X, x, 0 X u p(x;, x,) <1/n,n=1, 2, ....
Taxue TOUKH X, CYILIECTBYIOT B CHIIy IoTHOCTH X B X ™
ITocnenoBarensHOCTs {X,} (yHAaMeHTanbHadA. [lelicTBUTEND-
HO, 3aMeuas, 4To

P (x,, x,) < P(x,, x;) + P (xy, x,,) + p(x,,, x,) <

1 1

dp % %

BBIOEpEM HOMeED 71, TaK, YTOOBI /I BCeX HOMEPOB 1L > N, U m > n,
BBITIOJIHAJNNCH HEPaBEeHCTBA

wWlm

S =
A
colm
3=

wp %k €
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TOI‘JIa MJIdA YKa3aHHBIX HOMEPOB 6y,ueM nMEeTb

p(x,, X,) =P (x,, xE) <5 +5 +5 =g, (57.36)

T. . II0CJIeZIOBATEIBHOCTH {X,} — YHJaMeHTaIbHAad.

0O603HaUNM depes3 X* KJIacC 9KBUBAJIEHTHBIX IIOCIeL0BATEILHOC-
Teil, KOTOPOMY IIPUHA/JIESKUT IIOCIeL0BATEIBHOCTS (X, }. OueBUAHO,

* * * * * * ® % * ]-
Pi(xT, x,) S PR, x,) + P7(x,, X)) =P7(XT, X)) T
Ho u3 (57.36) npu m — ©© u n > n, NOJIyIUM

p(x%, x,) = n}ipoo p(x,,, x,) <E.
CiemoBaTeJsbHO,
nl{mm p*(x", x,) =0,
TIO3TOMY U
nl{mm p(x*, x,)=0.

TakuM o0pasoM, MbI JOKa3ajHW, UTO AaHHaA (pyHIaMEHTAJb-
Has I0CJIe[0BATEIBHOCTD {x,} cxogurcsa B X *. Ilonnora X ™ noka-
3aHa.

3aMeuaHue. BrOopuMeHeHNN K IPOCTPAHCTBY palllOHAJb-
HbIX unces X = @ I0Kas3aTeJIbCTBO TeopeMbl 1 JaeT MeToJ IIOCTPO-
eHHns MHOXecTBa X = R meliCTBUTENBHBIX YHCeJ UCXO/I U3 MHO-
sKeCcTBa paluoOHAJbHBIX YHCEeJI.

VIIPA’CRHEHHUE 11. JokasaTh, YTO C TOUHOCTHIO O M3OMETPUUECKUX IIPO-
CTPAHCTB IOIOJHEHNEe METPUUECKOr0 IIPOCTPAHCTBA eIUHCTBEHHO.

57.6. KoMnakTbl

ITo anasoruu co ciaydyaeM eBKJHAOBBLIX IIPOCTPAHCTB (CM. ompeje-
geune 29 B 1. 35.3) magum cJienyolree ompeneeHe.

OnpeaeneHue 10. MHoxcecmeo Mmempuieckozo npocmpancmaea
Ha3vleaemcs KOMNAKMOM, eCau U3 a100il nocaedosamenrbHOCMU
ez0 mouex MOMCHO 8bl0esumb Nnodnocnedo8amenbHOCmMb, CX005-
wWyrca Kk e2o moyke.

§lcHO, YTO KOMOAKT ABJIAETCA 3aMKHYTHIM MHOYKECTBOM B JIIO-
0oM cojepsKallleM ero MeTPUYeCKOM IIpocTpaHcTBe. JleficTBUTEIb-
HO, ecau E [0 X, X — MeTpruecKoe IIPOCTPAHCTBO, £ — KOMMOAKT U
X — ero TOYKa IIPUKOCHOBEHUS, TO CYIIIECTBYeT TaKas IOcJieIoBa-
TenbHOCTH X, U E,n=1, 2, ..., 4T0 nl{mw x, = x. CoryacHo ompefe-
JIEHUIO KOMIIaKTa, U3 9TOU IMOCJIeLOBATEIbHOCTY MOYKHO BBIJEIUTH
CXOIAITYIOCcA K HEKOTOPOI TOUKe KoMIlakTa E moamociaenoBaTesb-
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HOCTh. Tak KaK 3TOM TOUKON MOXKET SIBJIATLCA TOJBKO X, To X [1 E.
ITo 1 0O3HAYAET 3aMKHYTOCTh KoMIIakTa E B mpocTpaHcTBe X.

OueBUIHO TaKKe, UTO BCAKOE 3aMKHYTO€ TTOAMHOKECTBO KOM-
maKTa ABJAETCSI KOMIaKTOM.
VIIPA’CRHEHHE 12. [loxa3aTh, UTO ABa HENYCTHIX HeIMepeceKaloIuxcs
3aMKHYTBIX MHOMeECTBa METPHUUYECKOI'0 IIPOCTPAHCTBa, N3 KOTOPBIX XOTA OBI
OOHO ABJIAETCA KOMIIAKTOM, HAXOAATCA Ha IIOJIOKHUTEJIbHOM PACCTOAHNN (Ol'I-
pegeanTe IMOHATHE PACCTOAHUA MEXOAY ABYMA MHOMECTBaMU METPHUYECKOIOo
IIPOCTPAHCTBA).
Onpeaenenne 11. IIycmv E nodmHo}icecmeo mempuieckozo npo-
cmpancmea X u € > 0. MHoxecmso A 11 X Ha3vieaemcs -cemuio
oas mroxcecmea E, ecnu 0asa noboit mourxu x 1 E cywecmsyem
maxas mouka y 1A, umo

p(x, y) <Ee.

OnpeaeneHue 12. Muoxicecmeo E mempuueckozo npocmpancmea
X Ha3vieaemcs 8NOJHE 0ZPAHUUEHHbLM, eClU OJsi Hezo npu Jio-
oom € > 0 8 npocmpancmee X cyuecmeyem KOHeUHAS E-CEMb.
VIIPA’JKRHEHHE 13. [lokasaTb, YTO €CJIM MHOKECTBO BIIOJIHE OTPAaHUYEHO B
HEKOTOPOM METPHYECKOM IIPOCTPaAHCTBE, TO AJIA 3TOI'O MHOMECTBa IIPHU JIIO-
0om € > 0 cyiiecTByeT KOHEUHAS E-CETh, COCTOAIIAA TOJBKO U3 €T0 TOUEK.

Jlerxo y6eiuThCA, UYTO BCAKOE BIIOJHE OTPaHWUUYEHHOEe MHOMKe-
CTBO SIBJIAETCA OrpaHmMYeHHBIM. [lelicTBUTENILHO, ecau E — BmoJ-
He OTpaHMYeHHOe MHOYKEeCTBO, TO IJIA Hero, HampuMmep mpu € = 1,
CyIIleCTBYyeT KOHeUHAasd E-CeTh a4y, Ay, ... , A,. I[03TOMY, KAaKOBBI OBI

HU ObLnu Touku x; U E u x, [ E, 1y HUX CYIIeCTBYIOT TaKue A,
ua,,4dro p(xy, a”1) <1, p(x,, anz) < 1. CnegoBaTesbHO,

Py, X5) S P(xy5 @, ) +p(ay, 5 a,) +p(ay, , x5) <
<2+ max p(a;, a;))
i,j=1,2,...,n ]
U, TakuM obpasoM, nuameTp diam E mMHOo:KecTBa E He mpeBoCXo-

OUT KOHEUHOM BeJIUUYUHEI 2 + max p(a;, aj).
i,j=1,2,...,n

Ob6paTHOe HEBEPHO: CYIIECTBYIOT OrpaHMYEHHBIE MHOXKECTBA,
He ABJAIONINECS BIOJIHE OTPAHNUYEeHHBIMHU.

Mpumep 1. Paccmorpum MHOskecTBo E Touek e, = (0, O, ...
..., 0, 1, 0, ...) runsbepToBa mpocTpaHcTBa l, (cM. npumep 6 B
o), f x2 < +00, y KOTOPBIX N-5

n'=

KOOpInHATa paBHA eIUHUIE, a BCe OCTaJbHbIe paBHBI HyJi0. Oue-
BHUIHO,

m. 57.1), T. e. TOUeK (X4, ... , X,,

ple,e )=A2, n=m, n,m=1,2,..., (57.37)

111



U, TakuM oOpasoMm, diamE = ﬁ , cJegoBaTeJbHO, MHOXKECTBO K
OTPaHUYEHO.

Bwmecre ¢ Tem u3 BhIOJHeHUA ycaoBus (57.37) caenmyer, 4To
Ui MHOXKecTBa E HeT KOHeUHOI £-ceTU HU IPU KAKOM E£:

0<e<.2/2. (57.38)
B camom fene, ecoru GBI HaILIACh TaKad €-ceTh: A = {aq, Ay, ...
..y G}, TO IJIA KAXKJOTO €,, n =1, 2, ... , HamIescA GBI TAKOU dJIe-

MEeHT @; 93TOI €-ceTu, UTO
n

p(e,, ain) <E.
Tak KaK YHCJIO 9JIEMEHTOB £-CeTU A KOHEUHO, a YMCJIO 3JIEMEHTOB
MHOXKecTBa E GeckoHeUHO, TO HalifleTcsA HOMED iy, [AJIA KOTOPOTO

CYIIECTBYIOT II0 KpaliHel Mepe ABA TAKUX PA3JINYHBIX dJIEMEHTa €,
ue,, 9TO

p(e,, aio) <g, ple,,, aio) <eE.
IToaTomy

< - :
p(en, em) p(en’ a’lo) + p(alo’ em) <2 (57%38) /\/é ’

a 9TO MPOTUBOPEUHUT paBeHCTBY (57.37).
OrMeruM, 4TO U3 37€eMEeHTOB MHOKecTBa E = {e,} HelIb3sa cocra-

BUTH HUKAKON (QYyHIAMEHTAIBHON II0CJIe0BATEIBHOCTH, KPOME CTa-
IMOHAPHON ¢ HEKOTOPOro HOMEPa. ITO CPasy CJEAYyeT M3 BHITOJIHE-
HuA paBeHcTBa (57.37). IloaToMy mocsieoBaTeIBHOCTS {€,,} He cozep-

JKUT CXONSAIIUXCSA IIOAIIOC/IeI0BaTeJbHOCTel (TaK KaK BCAKAA
CXOJAIIASsCA IIOC/Ie[OBATEeNBHOCTh (YHIAMEHTAJbHAS) U, CIEH0Ba-
TEJILHO, MHOKEeCTBO F He ABJIsSeTCS KOMIAKTOM.

BmecTe ¢ Tem MHOMKecTBO E mpeacraBideT coboil 3aMKHYTOe
MHOJKECTBO: ecJii Obl HAaIlJach Kakasd-In00 TOUKA IPUKOCHOBE-
HUuaA x MHOKecTBa E, He cofeprkaliasica B HEM, TO HAILJIACh OBI I0-
CJIe[0BATEJIbHOCTD, COCTOSINAA U3 PA3JIUUHBIX TOUEK MHOKECTBa
E = {e,} u cxoxgamasaca K TOuKe x. ITa IOCJIeJ0OBATEILHOCT ObLIA
0bI QyHAAMEHTAJBHOM, UYTO MPOTUBOPEYNUT CKA3AHHOMY BBIIIIE.

Hrak, mHOXKecTBO E = {e,} ABIAETCA OrpPAaHUYEHHBIM BaMKHY-
THIM MHOKECTBOM, KOTOPOe He eCTh KOMIAKT. OTOT IPUMep MOoKa-
3BIBAET, UTO TEOpPEeMa O TOM, UYTO B KOHEUHOMEDPHOM IIPOCTPAHCT-
Be R™ CBOIICTBO MHOKECTBa OBITh KOMIAKTOM PaBHOCHJILHO OT'pa-
HUYEHHOCTH U 3aMKHYTOCTH MHOKecTBa (cM. Teopemy 3 B 11. 35.3),
He WMeeT MPSMOTO aHaJora B CJAydYae MPOU3BOJLHBIX MeTpUUe-
CKUX IPOCTPaHCTB. Kpome TOro, sTOT mpuMep IMOKAa3bIBAET, UTO
rujab6ePTOBO IPOCTPAHCTBO He M30METPUYHO HUKAKOMY KOHEUHO-
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MEPHOMY IIPDOCTPAaHCTBY, TaK KaK B IIOCJIEJHEM M3 OTPaHUYEHHOC-
TN U1 3aMKHYTOCTH MHOMeCTBa CJjieAyeT, UYTO OHO ABJIAETCA KOM-
IIaKTOM.

HpI/IMepOM BIIOJTHE OT'PaHNYEHHBIX MHOMECTB ABJIAIOTCA BCe
KOHEYHBbI€ IIOAMHOKEeCTBa METPHYECKUX IIPOCTPaHCTB, a TaKXe
BCe€ OIrpaHMYEHHBbIE€ MHOMECTBa B KOHEUYHOMEPHBIX €BKJIMIOBBIX
IIPOCTpaHCTBax.

VIIPAJKRHEHHE 14. [lokas3aTh, YTO BCAKOE OTpaHUUYeHHOE B R" MHOKECTBO
SIBJISIETCSI Y BIIOJIHE OrPAHNYECHHBIM.

HerpuBuajbHLIM IIPDUMEPOM BIIOJIHE OTDAHUYEHHOT'O MHOXKe-
cTBa B 0ECKOHEUYHOMEDPHOM IIPOCTPAHCTBE ABJIAETCA TaK Ha3bIBae-
MBI TUJIBOEPTOB KUPIINUY.

Mpumep 2. MHOXecTBO Q™ TOUEeK X = (Xq, ... , X,, ...) THJIb-
OeproBa IMPOCTPAHCTBA Iy, KOOPAUHATHI KOTOPBIX Y/ OBIETBOPAIOT
YCJIOBHIO

<t n=1,2,..., (57.39)

HaBBIBAETCA 2UNb0EPMOBbLM KUPNULOM.
NHorga ruap0epTOBLIM KUPINWUOM HA3hIBAIOT MHOMKECTBO Ta-

KHUX TOUeK X = (Xy, ... , X,, ...) U ly, 174 KOOPAMHAT KOTOPBIX BHI-

1
HOJIHAIOTCA HEPaBeHCTBa |x,| < 3o n =1, 2, ..., IOCKONBKY ¥

OOBIYHOTO KUPINYA IJWHA B IBa pasa O0JIbIe IMIUPUHLI, a [IIUPHU-
Ha B IBa pasa 0oJIbIle TOJIIUHBI. MBI OyIeM HPUIePKUBATHCA yC-
aoBus (57.39).

HokaskeM, 4TO TUIBOEPTOB KUPIHUY Q°° SBJISETCS BIIOJIHE OT-
paEnYeHHBIM MHOKecTBoM. KaxoBo 0bI HU ObLTIO € > 0, BeIbepeM n
TaK, YTOOBI

) 1 82
m=m+1 M
U 0003HAUMM uepe3 @" n-MepHBIN IIapaJljiefelule], ABIAITNICa
mpoeKIiueli ruabbepToBa Kupnuda @°° B R™, mHaue roBops, Q" — 9TO
MHOJKECTBO TeX TOUEK @, Y KOTOPBLIX BCe KOOPAUHATELI HAUNHAA C

(n + 1)-ii paBHEI HydIO: X = (X4, ..., X,,, 0, ..., 0, ...). MHOXecTBO Q"
£

orpaHuYeHo B R" 1 I0O3TOMY y HEro MMeeTcss KOHeUHAast 5 ~CeTh: A=

={a,, ay, ..., a,}. BeIOepeM IIPOUBBOJIBHO TOUKY X = (Xq, ..., X, ...) [

0 @ u 0603HaunM uepes x(™ ee MPOEKIINIO B IIPOCTPAHCTBO R™:
W= (xq, .00y x,,0, ..., 0,...). (567.41)
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£
Tax kax x [0 Q", To 411 Hee CYIIIECTBYeT TaKasa TOUKA 5 -ceTn A,

gTo
p(xM, a;)) <e/2, (57.42)
TOora
. () (n)
p(x, a;) < p(x, x™) + p(x™), a) 57,
(567.42)

S x E
< x2 +— < €
Vm;n” 2 (57.39) A p Z 1m2 T2 (57.40)

T. €. MHOKECTBO A ABJISIETCS E-CETHIO U AJId 'MIb0epTOoBa KUPIUYA.
Herpyamo ydoeauThbcsa, UTO U3 TOT'O, UTO THJIBOEPTOB KUPIIUY
3ajaeTcsa HecTporumm HepaBeHcTBamu (57.39), ciemyer, 4TO OH
ABJSAETCS 3aMKHYTBIM MHOKecTBOM. TakuMm oOpasoM, OH IIpej-
cTaBJiAeT co00i 3aMKHYTOE BIIOJIHE OTPAHUYEHHOE MHOYKECTBO.

AEMMA 5. Muoxecmeo 8nosHe 0zpAHuU¥eHO moz0a U MOJbKO
mozoa, kozda Kaxdas nocniedosamelbHOCMb IM0z20 MHOHNCECMBEa
codepixcum pyrnoamerRmaavbrHyo nodnocniedo6amerbHOCMb.

AokaszateAbcTBO. 1NIlyerse E — BHOJIHE OrpaHnueHHOE

TIOIMHOYKECTBO METPMUECKOro ImpocTpaHcTBa X M 3ajJaHa IIOCJIe-
noBaresbHOCTh X, 1 E, n =1, 2, ... . 3apuKcupyeM IIpou3BOIbLHO

€ > 0; A HEro CyIIecTBYeT %-CGTBA ={ay, ..., .}, 0, 0X,i=

€
= -CeTH, UMe-

=1, 2, ..., k, muoxxectrBa E. CorsiacHo oIrpeneJeHIo 5

€T MeCTO BKJIIOUeHle

k C g
E |:| igl U [ai, 0-

NIm

. 3 .
Iosromy HalifeTcs TaKkas TOUKA d;, B 5 -OKPECTHOCTH KOTOPO CO-
Zep:KuTca 6eCKOHEYHO MHOT'O UJEeHOB IIOCJIEeHOBATENbHOCTH {X,},

€

TOrZa cyllecTBYyeT U IoJIociefoBaTeJbHOCTh X, [ U Efli’ 3 %,
m

m=1, 2, ...; 1jia Hee
€ €

p(xn ’ xn )<p(xn ’ai)+p(ai’ xn )< é + é =s,
m Mo M1 e
T. €. JTAMeTP MHOKEeCTBA 3HAUeHUH II0CJIeq0BaTeILHOCTH He IIpe-
BBIIIIAET €.

BosbmeMm Temepbh € = 1 ¥ M3 3aJaHHOI IIOCJIEIOBATEIHLHOCTHU
BBIZIEJINIM IIOAIIOCJIEJOBATEIbHOCTD

X11> Xqgs eevs Xips oo s (57.43)
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aIuaMeTp MHOJKeCTBa 3HAUEHUII KOTOpOi He mpeBwimiaeT 1 (3mech

Xipm = %, B CMBICTE npeneiayInei 3anucu). VI3 mocaemoBaTesnb-

HOoCcTH (57.43) BBIZEINM IIOAIIOCIEA0BATEIbHOCTD
x21, xzz, cee o9 xzm, cee o

IraMeTp MHOKECTBa 3HAUEHUH KOTopoi He npeBsbimiaeT 1/p. Ilpo-
JIoJI3KadA 9TOT IIPOIlece, MOJIyUYUM II0CIeL0BaTeILHOCTD

X 15 Xpgs eees X .., p=1,2,...,

p p pm?

IrmaMeTp MHOXKEeCTBa 3HAUEHUI KOTOPOI He mpeBwIiaeT 1/p, u T. 1.
CocTaBuM AMaroHaJbHYIO II0CTIEL0BATEILHOCTD

. (57.44)

X110 Xa2s eees Xy

B cuny cBoero mocTpoeHmus, OHA ABJIAETCA IIOAIIOCJIEL0BATEIbHO-
CTBHIO Ka’KJOM 13 IIOCTPOEHHBIX BHIIIE ITOcJiemoBaTesibHOCTel. Ilo-
BTOMY, KaKO0BO ObI HU ObLIO £ > 0, BEIOpaB m, TakK, 4To0bI 1/m <&,
IOJIyYHM, UTO JJIA JIOOBIX M, > My U M, > N, BBIIOJIHAETCA Hepa-

BEHCTBO

1

p(xm1m1’ xmzmz) < mg <&

T. €. IOCJIefOoBaTeIbHOCTE (57.44) hyHIaMeHTa IbHAS.

2) IIycts muOMKecTBO E MeTpuuecKoro mpoctpanctBa X He
BIIOJIHE OTPAaHMYEHO. JTO O3HAUaeT, UTO CYIIlecTByeT Taxkoe € > 0,
YTO IJIs MHOKecTBa E B mpocTpaHcTBe X He CYIIEeCTBYeT KOHeU-
HOII €-ceTu. Bribepem nmpoussosbHO TouKy x; [ E. ITo npexmoso-
JKeHUIO, OHa He oOpasyeT s MHO:KecTBa E €-cetu. IlosTomy cy-
IecTByeT Takad TOuKa X, U E, uro p (x4, x,) 2> €. IlycTs B MHOXe-
cTBe E yxxe BEIOpaHBI TAKHE TOUKH X;, Xg, ... , X, UTO P (X;, x].) ZE,
i#j,i,j=1,2,...,n. Tak KaKk MHOXECTBO 9THX TOUYEK He SABJIIET-
cA €-CeThI0 AJA MHOMKecTBa E, TO B HeM CYIIIECTBYeT TaKasd TOUKa
(obosnauuMm ee x, , ), 9TO P (X;, X, , 1) =€, i=1, 2, ..., n. IIpomon-
JKas 9TOT IIPOITecC, MOJYUUM II0CTIeTOBATEJIbHOCTh TAKUX TOUEK
x,UE,n=1,2,..,ut0p(x,,x,)>¢& n=m,n,m=1,2, ...
fcHo, UTO 5Ta mMOCIe0BaATEJIbHOCTD HE CONEPIKUT (PYyHIaMeHTa b-
HOIi TToAIOC/IeJ0BATeIbHOCTH. [

AEMMA 6. IIonnoe 8nosiHe 02pAHUYEHHOE NOOMHONMCECME0 Mmem-
puueckozo npocmpancmaea A8AAemca KOMNAKmMoM.

AoKka3aTeAbcTBO. Eciu moamHOkecTBO E MeETPHUUECKOTO
IPOCTPAHCTBA BIIOJHE OTPAHUYEHO U HMOJIHO (0yAyYM ITOAMHOMKECT-
BOM METPHUUYECKOI'0 IIPOCTPAHCTBA, OHO CaMO SBJAETCA MeTpuue-
CKUM IPOCTPAHCTBOM, K KOTOPOMY 3[€Ch ¥ IPUMEHAETCS IIOHATHE
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MOJIHOTBI, CM. OmpefesieHne 5 B 1. 57.2), ToO M3 BCSAKOI IIOCJIENOBa-
TEJILHOCTH €r0 TOUYEK, B CHJIY €ro BIIOJIHE OIPAHMYEHHOCTH, MOXKHO
BBIIEJTUTEh (DYHIAMEHTAJIBLHYIO IOAIIOCIEIOBATEIBFHOCTD (JIeMMa 9), a
BCAKAA ero (PyHIAaMeHTAJIbHAA II0CIeI0BATEIbHOCTD, B CUIY €ro II0JI-
HOTBI, CXOIUTCSA K HEKOTOPOII ero TOUKeE, T. €. MHOXKECTBO F ABJIAETCA
KOMIaKTOM. [

TEOPEMA 5. Mempuueckoe npocmpancmeo sA6aAsemcs KOoM-
naxkmom mozda u moavko mozda, K020a OHO 6NOJHE 02ZPDAHUYLEHO
U NOJHO.

CAEACTBWE. Komnaxm sa6asemcs 0ZPAHUYEHHLM MHOMCECm-
80M 8 JLI000M codepicauiem ezo MempuiecKkom npocmpaHcmae.

AoKa3aTeAbCTBO. Eciu merpuuyeckoe npocTpaHcTBO X ABJIA-
eTcs KOMIIAKTOM, TO, KaKoBa Obl HU ObLIa (PYHIAMEHTAJILHAS IIO-
CJIe/I0BATEIBHOCTH {X,} €T0 TOUeK, U3 Hee, KaK M BOOOIIe U3 BCAKOM

[IOCJIEIOBATEILHOCTY KOMIIAKTA, MOJKHO BBIJEJIUTDH CXOIAIIYIOCS
IIOAIIOCIeI0BATEILHOCT. K IIpemesry 5TOM IOAIIOCIe0BATEIBHOCTH
OyIeT CXOAUThCA U BCA MIOCIE0BATEILHOCTH {X,} B CUIY CBOEH (DyH-
gamMeHTaabHOCTH. TeM caMBIM [OKA3aHO, YTO B IIpocTpaHcTBe X
cxomuTcs Jriodast pyHIaMeHTalbHAasA IOCJeI0BATeILHOCTD, T. €. YTO
OHO SIBJIAETCSA IOJHBIM METPUYECKHIM IIPOCTPAHCTBOM.

Hajiee, TaKk KaK BCAKAs IIOCJELOBATEIbHOCTh TOUEK KOMIIAK-
Ta X COHEPUT CXONAIIYIOCSA, a CJIeJOBaTeJIbHO, M (pyHIaMEH-
TAJIBLHYIO HOAIIOCJEeN0BATEIbHOCTh, TO, IIO JieMMe 5, KoMmakT X
BIIOJIHE OlPDAHUYEH.

O0paTHOe yTBepIKIeHNe ABJIAETCA YACTHBIM CJaydaeM JIeMMEI 6,
KOIZla HOAMHOMKECTBO METPUUYECKOr0 IIPOCTPAHCTBA COBIALAET CO
BCEM IIPOCTPAHCTBOM.

CilencTBHE BBITEKAET M3 TOI'0, YTO BCAKOE BIIOJIHE OrPDAHUYEH-
HOE MHOXKECTBO SBJIAETCS OrPAHNYEHHBIM.

TEOPEMA 6. J[na mozo umobbL noOOMHOMCECTB0 NOJLHO20 MempPu-
4ecK02z0 npocmpaHcmea Ovlio KOMNAKMOM, Heobxodumo u docma-
MOYHO, ¥Mo0bL OHO O0blLI0 3AMKHYMbBLM U 6I0JHE 0ZPAHUYEHHBLM.

AOKQA3ATEAbCTBO. [leficTBUTEIHHO, 3aMKHYTOE TTOAMHOMKECT-
BO IIOJIHOI'O IIPOCTPAHCTBaA TaKie ABJIAETCA IIOJIHBIM METPHYECKMIM
IIPOCTPaHCTBOM. HOBTOMy AO0CTAaTOYHOCTb YCJIOBHA 3aMKHYTOCTHU N
BIIOJIHE OI'DAaHMYEHHOCTH IIOJMHOMKEeCTBa IIOJTHOI'O METPHUYECKOI'O
IIPOCTPpaHCTBaA OJIA TOTO, ‘{T06]>I OHO ABJIAJIOCHh KOMIIAKTOM, Cpa3y
cJaenyeT U3 TEOPEeMEI 5.

Hao6GopoT, ecan mOJMHOMKECTBO ITOJHOTO METPUUECKOTO IIPO-
CTPaHCTBa ABJIAETCA KOMIIAKTOM, TO OHO 3aMKHYTO B 3TOM IIPO-
CTpaHCTBE, TaK KakK (Z—)TO OBLLJIO IIOKAa3aHO0 BBIIIIE, Cpa3y II0CJIe OIIpe-
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neneraua 10) oHO 3aMKHYTO B JIIOOOM cozep:KallleM ero MeTpudye-
CKOM IIpocTpaHCcTBe. Kpome Toro, m3 TOii Ke TeopeMbl 5 ciaenyer,
YTO OHO U BIIOJIHE OTpaHUYeHo. [

Teopema 6 ABJseTcsa 0000IeHHMEeM TeopeMbl 3 u3 I. 35.3: B
KPUTEPUU KOMIAKTHOCTU IIOAMHOYKECTBA IIPOU3BOJIBHOI'O IIOJIHO-
ro0 METPUUECKOI'0 YCJI0BHE OrPAaHUYEHHOCTH 9TOT0 MOAMHOKECTBA,
umMeBIee mecto mpu X = R", 3aMeHAeTCA YCJIOBUEM BIIOJIHE Orpa-
HUYEHHOCTH.

NMpumep 3. IN'manbeproB Kupnuy Q@ (cM. mpumep 2) ABJIA-
eTcsi KoMIaKToM. JleficTBUTeNbHO, THIB6EPTOBO IIPOCTPAHCTBO
ABJSAETCS MOJHBIM (CM. TpUMep B m. 57.2), a BbIIIe OBLIO ITOKa3a-
HO, YTO MHOKECTBO @°° BIIOJIHE OTPAHUYEHO U 3aMKHYTO (CM. TIPH-
Mep 2), I03TOMY TO, UYTO OHO ABJIAETCA KOMIIAKTOM, CPa3y CJEIYeT
U3 TeopeMsl 6.

OnpeaeneHue 13. Mempuueckoe npocmpancmeo HA3bl6aemcs ce-
napabeavHvlM, eCau OHO cO0epiHcum KOHeuHoe UAU CiemHoe naom-
Hoe 8 cebe MHOIHCeCmE0.
TEOPEMA 7. Fomnakm saensemcs cenapabeibHulm mempuye-
CKUM NPOCMparHcmeoMm.

AoxkasaTteAbcTtBo. Ilycts A, [0 X saBagerca KOHEUYHOI

1
- -CeThI0 KOMIIaKTa X,n=1,2,...,u

A= U A, (57.45)

Torga MHOKecTBO A KaK cueTHas CyMMa KOHEUHBIX MHOYKECTB
ABJISAETCS CUETHBIM MHOMKecTBOoM. OueBuaHO, A IpencTaBJIsIeT Co-
00if 1 Bcioay II0THOEe B X MHOXKecTBO. B camMoM neJie, KaKoBa ObI
Hu 6bL1a Touka X [ X u umciao € > 0, BEIOpPAB 7 Tak, 4ToOwI 1/n <€,
u Touky a [ A, rak, uToOwl P(x, a) < 1/n (BO3MOXXHOCTb TAKOTO
BbIOOpA caexyeT us oupepesnenud 1/n-cetn), monyuuM p(x, a) < €,
rgpe a JA, , T. e. cueTHOEe MHOKeCTBO A IJIOTHO B KoMmakTe X. O

AnajloTMYHO KOHEYHOMepHOMY ciydaio (cMm. m. 35.3) BBemeM
MMOHSATHE IIOKPBITHSI MHOMECTBA.

Ecau E — nodmHoxcecmeo Hexomopozo MHoOMcecmsea X, mo

ecaras cucmema muoxmecme E, 0 X, a O W (A — nexomopoe
mHodicecmeo undercos 0) maxas, wmo E U U E, nasvieaemes

noxkpvimuem mHoxecmea E.
Ecau nmokpertue {E,} MEHO:KecTBa X COCTOUT U3 KOHEYHOI'O, CO-

OTBETCTBEHHO CUETHOI'0O, MHOXMXeCTBa MHOMECTB Eq, TO OHO HAa3bI-
BaeTCA KOHE€YHblM, COOTBETCTBEHHO CUEMHbLM, NOKPbLMUEM.
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AEMMA 7. 3 6caKxozo nokpvimus cenapabenbHo20 MempuiecKko-
20 NMPOCMPAHCMBA OMKPLLMULMU MHONCECMBAMU MOMCHO Bblle-
AUMb KOHEYHOe UL CUuemHoe NoKpbimue.

AokasarteAbcTBoO. Ilyers {G,} — nokphITHE CenapabebHOTO
MeTPUYEeCKOTro IPOCTPaHCTBA X OTKPHITBIME MHOKecTBaMu G,
a 0%, {a,} — cueTHOE BCIOAY IJIOTHOE B IpOCTpaHCTBe X MHOe-
CTBO M {r,} — KaKuM-1160 06pa3soM 3aHyMepOBaHHOE MHOXKECTBO
BCeX panuoHaJIbHBIX yucesl. Tak Kak {G,} MOKPBITHE IIPOCTPAHCT-

Ba X, To mausa joboil Touku x [0 X cyiiecTByeT cojiepskaliee ee
mHOKecTBO GO U {G,} : x U Ga,. I3 oTKpBITOCTH MHOMecTBa GO,

cjenyer cylecTBoBaHMUe Takoro O > 0, uto
U(x,0) G%. (57.46)

B cuiry mnorHOCTH MHOXKecTBa {a,} B mpocTpaHcTBe X, HalmeT-
csl TaKoe 1, 4To
p(x, a,) <9d/2.
Bri6epem kaxoe-1160 palOHATBLHOE YKCJIO '), TAK, YTOOBI

p(x,a,)<r,<90/2, (57.47)
Torma
U(a,, r,) U Ga,.
B camom geie, eciau

yOUG@,, 7)), (57.48)
TO
<
p(y’ x) p(y’ an) + p(an’ x) (57<.47)’ 'm + m (5’;47)
(57.48)
T. €.

y O U(x, 0) (47'7'46) Ga,.

Takum oOpasom, Kaxmoll Touke x 1 X um KaIOMy TaKOMY
MHOKecTBY GO, U {G,}, uTo x [ GO, cooTBeTCTBYyeT Imapa HaTy-
panbHBIX uuces (m, n), 11 KOTOPOH

x (57D47) Ua,, r,) UGa,. (567.49)

Bribepem fus Kaskaoli U3 yKasaHHBIX OKpecTHOCcTel U(a,, r,,)
II0 OJHOMY cojJlepKalieMy ee MHOXecTBY G, u o6o3Hauum ero G, ,
(cpezu mMHOXecTB G, C PasHBIMU MHJEKCAMU MOTYT OKa3aTbCH
MHOXXecTBa G, C OAMHAKOBBIMU HHAEKCAMH, B TAKOM CJIydae BbI-
6epem onHo 3 Hux). Cucrema {G,,,}, KOHeYHAA MU CUETHASA, AB-
JIsieTCA TIOJCUCTEMOH NaHHOH cucreMbl {G,} U, B CHIy COOTHOIIIe-
HUA (57.49), 06pasyer MOKpBITHE ITpocTpaHcTB X. O
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AEMMA 8. B komnaxkme niob6as nocnedo8amenbHOCMb Henyc-
MmulX 3AMKHYMbLX MHONCECME, NOCAe006AMENbHO BJO0HCEHHbLX
Opyz 6 Opyza, umeem Henycmoe nepeceverue.
AokasaTteAbcTBO. Ilycrs X — KommakT u {F,} — Taxas mo-
CJIe0BaTEJNILHOCTD €er0 3aMKHYTBIX MHOMKECTB, UTO

F,O0F,0..0F,.... (57.50)
Bribepem B KasxgoM F, 110 TouKe X, :
x,0F,. (57.51)

N3 Toro, uto X — KOMIAKT, CJIEIyeT, YTO IOCJIE0BATEh-
HOCTB {X,} COIEPIKUT CXOJAILYIOCA IOAIIOCIEN0BATETHHOCTD {xnk}:

lim x, =x.
k - oo
Ha maoboro k=1, 2, ..., B cuny ycaoBuii (57.50) u (57.51),
BCe UJIEHBI IIOCJIe0BATEJIbHOCTU {xnk, Xn, .o ...} IpUHAIJIEKAT

MHOXKecTBY F, , a Tak Kak 9Ta II0CIe0BATEIbHOCTh CXOTUTCA K X
k
u F, — 3aMKHYTOE MHOKECTBO, TO X U F, mpu n000M 7, T. €.
xU n F
k=1 Ty
Ho, B cuny ycaoBusa (57.50), umeer MecTo paBEHCTBO

0,F, =,0.F,

k=1
H, CJIeLOBATEIbHO, X [ ngan’ O

AEMMA 9. ITycmv X — mempuueckoe npocmpancmeo u {G,},

n=1, 2, ..., — ezo0 cuemHoe NoOKpvLmue OMKPbLMbLMU MHONMECM-
samu:
= nL_JlG (57.52)
ITonoxcum
}‘det n
G, Gk, (57.53)
Fn=X\GZ, (57.54)

mozda {G,} 6ydem omkpbLmbLM NOKPbiMuem npocmpancmea X:
x= UG, (57.55)

mHoxHcecmea G, 6ydym nocredosamenvrHo codepramvcs Opyz 6

dpyze:
GioGg;0..0G, 06, ,,0.. (57.56)
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F, 6y0ym 3amxHYymbLMU MHONCECMEAMU, NOCIE006AMELbHO BJL0-
JcenHbimu Opye 6 dpyza:

F,0F,0..0F,0F, ,0..., (57.57)

C nycmuvim nepeceienuem.
NnF,=2. (57.58)

CAEACTBUE 1. Ecau 8 mempuueckom npocmpaHcmee nepeceue-
Hue a1000l nocnedo8amenbHOCMU HENnYcmulx 3AMKHYMbLX MHO-
Jcecma, nocnedosamenvHo 6J0MCeHHbLX Opyz 6 Opyza, He nycmo,
mo u3 2106020 CuemHozZ0 NOKPbLLMUSL 9MO20 NPOCMPAHCMER OMKPbL-
MbLMU MHOHCECMBAMU MOHCHO 6bl0eIUMb KOHEYHOe NOKpbLmue.

CAEACTBUE 2. Ecau 8 cenapabeibHOM Mempuveckom npo-
cmpaHcmee nepeceyerHue Jai000i nocaedosamenbHOCMU Henyc-
moulx 3AMKHYMbLX MHONCECME, NOCAEI08AMENbHO BJONCEHHBLX
Opye 6 Opyza, He nycmo, mo u3 Jab6020 NOKPbLLMUSL IM020 NPO-
CMPAHCMBA OMKDPLLMBLMU MHONCECMBAMU MOHCHO 8bLOCAUMDb KO-
HeuHoe noxpvimue.

AokasaTteAbcTBO. MHOkecTBa G, (cM. (57.53)) siBasiorest oT-
KPBITBIMI MHOKECTBAMU, TAK KaK OHU IIPEACTABJIAIOT CO00H CyMMy
KOHEUYHOII COBOKYIIHOCTH OTKPBITBIX MHOecTB Gy, Gy, ..., G,. Ilo-
sTOoMy U3 opmy.nl (57.54) cienyer, 4To MHOKecTBa F, ABIAIOTCA
3aMKHyThIMU. 13 popmys (57.53) ciaeqyioT TakiKe COOTHOIIIEHME

oS} . [eS) n o
UG, U UG, = UG
n=1 1k=1 n=1

n (57.53) n= n (57.52)

(aT0 o3Hauaer, uro cucrema {G,} 06pasyeT MOKPBITHE IIPOCTPAH-
crBa X) u BKaioueHus (57.56). s ompenenenus mMHoKecTB F,

(cMm. (57.54)) u BaoxeHuit (57.56) caenyror BKIOueHus (57.57).
Haxkomner,

W0 (57754 L0 XNG) =X\ UG, siss X \X=2.0
AokasateAbCcTBO cAepacCTBUG 1. Ecmm {G,} — cuerHOe

TOKPBITHE TPOCTPaHCTBA X OTKPBLITHIMY MHOKECTBAMU U Iiepeceue-
HUe JII000# Ioc/Ieq0BaTeIbHOCTH HEITyCThIX 3aMKHYTHIX MHOKECTB,
TIOCJIeIOBATEIBLHO BJIOXKEHHBIX APYT B ApPyTra, He IMyCTO, TO PABEHCT-
BO (57.58) BO3BMOKHO TOJIBKO B TOM CJIydae, €CJU CYIIeCTByeT Ta-

KOIf HOMep 71l = 1, YTO MHOK€ECTBO Fn0 ABJISIETCS ITYCTHIM: F"o = .

B cuny popmya (57.54), ato o3uHauaer, uto X = G;O, T. €. UTO

X= UG,
k=1
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Takum o6pasom, J11000e cueTHOE NOKpEITHE {G,} IPOCTPAaHCTBA
X copepskut KoHeuHOE {Gy, Gy, ..., G"o}' a

AOKQ3ATeAbCTBO cAeapacTBUa 2. Ecaum merpmueckoe
IPOCTPAHCTBO cenapabebHO, TO 13 JIIOOOTO ero MOKPBLITUS OTKPHI-
TBIMHX MHOMXeCTBaMU MOMHO, COIJIaCHO JIEMMe 7, BBIJEJIUTH CUeT-
HO€ IIOKPBITHE, a 13 HEeT'O II0 CJIeJCTBHUIO 1 — KomeuHoe. O

TEOPEMA 8. [[lna mozo umobb. mempuueckoe npocmpaHcmeo
6bL10 KOMNAKMOM, Heobx00umo u 0ocmamouro, ¥mobv. u3 Jb6o-
20 €20 NOKPbLIMUSL OMKDLLMbLMU MHOHNCECTNEAMU MOHCHO ObLIO Bbl-
Jerumbv KOHeUHOe NOKpbLmue.

AoKa3aTeAbCcTBO. HeobxogumocTs cpasy caeayeT U3 Teope-
MbI 7, JeMMbI 8 u ciaeacTBuA 2 jeMMbl 9. JloKaskeM moCTaTOu-
HOCTb.

Ilycrs u3 JIFOOOr0 IIOKPBITHA METPHYECKOro mpocTpaHcTBa X
OTKPBITHIMKM MHOKECTBAMN MOKHO BBIJEJINUTh KOHEUHOE IIOKPHI-
tue. [JomycTum, uro X He ABJIAETCA KOMIIAKTOM, T. €. UTO CYII[EeCT-
ByeT IocjegoBaTenbHOCTh X, [1 X, n =1, 2, ... , U3 KOTOPOIl HEJIb3A
BBIIEJIUTD CXOMAIIYIOCS IIOAIOCTIea0BaTeIbHOCT:. CiemoBaTesb-
HO, KakoBa ObI HU ObLiTa TouKa X [ X, oHA He ABJIsSETCA YACTUUHBIM
ImpejesoM IocjenoBaTeqbHOCTH {X,}. IloaToMy y Kammo# TOUKHM
x U X naiineTrca okpecTHOCTH (0603HauUMM ee uepes G,), comep:xa-

1asa JINITh KOHEYHOe MHOYKECTBO 9JI€EMEHTOB IIOCJIEIOBATEIHLHOCTH
{x,}. Takum ob6pasoM, Kaxmad Touka x [J X IpHUHANIEKUT COOT-

BeTCTBYIOIIIeMY OTKDBITOMY MHOecTBy (,, a 5TO O3HauaeT, UTO
CHCTeMa BceX MHOKecTB G, 00pasyeT IOKPHITHEe IPOCTpaHcTBa X:
U G =X.

x0Xx X%

CorslacHO IPEAIIOJ0KEeHNI0, U3 dTOT'0 MOKPBITUA MOYKHO BBIJIE-

JUTHh KOHEUHOe IMOKPBITHE IIpocTpaucTBa X. IlycTh ero o6pasyioT
MHOKecTBa

G ze, ey, G

xl’

. (57.59)

Kax0e MHOYKECTBO 9TOM CUCTEMBI COIEPIKUT JIUITh KOHEUHOE
MHO’KECTBO UJIEHOB IIOCJIeZoBaTeabHOCTH {X,}. CilenoBaTesbHO, U
BCE MHOXKECTBA ATOH CUCTEMBI COEPIKAT TOJHKO KOHEUYHOEe MHOMKe-
CTBO YJIEHOB PAaCCMATPHUBAEMOM ITOCJEeI0BATEIbHOCTH. JTO, OJHA-
KO, HEBO3BMOJKHO, TaK KaK, IOKPBIBas MPOCTPAHCTBO X, MHOKECT-
Ba (57.59) noyKHBI colepKaTh BCe 9JIEMEHTHI IT0CJIe0BATEILHOCTHI
{x,}, KoTOpBEIX GeckoHeuHO MHOTO. IlosTyueHHOE IIPOTHBOpPEYHE JO-

Ka3bIBa€eT, YTO MHOKECTBO X aBiasieTca KOMOaKTOM. [
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3aMeTHM, YTO TAK KakK [IJs BCAKOTO MOAMHOXKecTBa X MeTpHU-
YyecKOoro mpoctpaHcTBa Y MHOKecTBO G [ X orkpriTo B X TOrma u
TOJIBKO TOT/[a, KOI'/[a OHO ABJsEeTCA IepeceueHreM ¢ X OTKPBITOTO B
Y muoxecTBa, TO B ieMMe 7 1 B TeopeMe 8 paccMaTpruBaeMbIe TaM
MeTpHnUYeCKMe IIPOCTPaHCTBa X MOTYT ABJATHCA IIOAIIPOCTPaHCTBA-
MU JPYTUX METPUUYECKUX IIPOCTPAHCTB Y U DJIEMEHThI MOKPBITUI
{G,} mpocTparCcTB X MOTYT GBITH OTKPBITBIMK B Y MHOKECTBAMU.

TEOPEMA 9. /lna mozo umobvL cenapabenbHoe Mempuuieckoe
npocmpancmeo 06vlio0 KOMNAKMOM, Heo0xo0umo u 0ocmamoiHo,
umoolvL 110645 NOCaAe006AMENLbHOCMb €20 HeNnYCmblX 3AMKHYMbLX
MHOMNCeCma8, Nnociedo8amenbHo 80X eHHbLX Opyez 6 Opyza, umena
Henycmoe nepeceverue.
AOKA3ATeAbCTBO. Heo6X0qMMOCTh BBITIOJHEHUS YCJIOBUIA,
chopMyIUPOBAHHBIX B TeOpeMe, AJIA KOMIAKTOB COCTABJIAET CO-
Jep:KaHue JIeMMBI 8, a JOCTATOYHOCTh BHITEKAET U3 CJEACTBUA 2
JeMMbI 9 u TeopeMbl 8. O
TEOPEMA 10. [Jna 1100020 KOHEUHOZ0 OMKPLLMOZO NOKPbLMUSL
Komnakma cyuiecmayem makoe NOoAoHUMeabHoe Hucao (Ha3vl-
saemoe uucnom Jlebeza 0aHH02z0 NOKPLLMUS), YMO J1000€ NOOMHO-
Jcecmeo Komnakma, ouamemp KOmMopozo MeHblie 3Mmo020 YUCaA,
codepxcumcs no kpailHeil mepe 6 00HOM 3eMeHme NOKPbLMUS.
JokaspIiBaeTCs 9Ta TeoOpeMa aHAJIOTMUHO TOKA3aTeJIbCTBY IOH00-
HOM TeopeMHBI AJI KOMIIAKTOB, JIEMKAIUX B KOHEUHOMEDHBIX IIPO-
cTpaHcTBax (cM. 0. 35.3, Teopemy 5).

57.7. HenpepbiBHbIe OTOOPAXKEHNS MHOXXECTB

TEOPEMA 11. HenpepuigHblil 00pas3 KOMNaAKma s8as1emcs Kom-
naxKmom.

CAEACTBWUE. IIpu Henpepul8HOM OmMOOPA}CEHUU KOoMnakma o0-
pas kax0ozo ez0 3aMKHYMO20 NOOMHONECMBA SABIAEMCS 3AM-
KHYMbLM MHONCECTBOM.

AokaszateAbcTBO. IIyers f: X — Y — HemnpepsIBHOE 0TOOPA-
KeHHe KoMInakTa X B MeTpuduecKoe IpocTpascTso Y u {V,} — mo-
KpbiTHe obpasa f(X) mpocTtpancTBa X OTKPBLITHIMU B Y MHOKECTBa-
mu V,, a O UA. Torga gus axo6oro o O A muoskecrso Uy = f1(V,),
COTJIaCHO JIeMMe 3, OTKPBITO, & TaK Kak {V } — IOKPBEITHEe MHOXe-
crBa f(X), 1o {U,} aBnseTca nokpeITHeM KoMnakTa X. B cuiry Teo-
peMsI 8, 13 MOKPHITUA {U,} MOXXHO BBIJETUTh KOHEYHOE IIOKPBITHE
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U,,U,,...,U,, atorga mEO:KecTBa V,; = f(U,), Vo, = f(Uy)<...,V, =
= f(U,) 6yayT o6pa3oBLIBATh KOHEUHOE IIOKPEITHE MHOMXecTBa f(X).
Takum o6pasom, 13 JI0O0TO MOKPHITUS MHOXKecTBa f(X) OTKPHITHI-
MM MHOKECTBAMM MOKHO BBIJEJUTHL KOHEUYHOE IOKPBITHE, a 3TO
osuauaer (cM. Teopemy 8), uro MHOKecTBO f(X) ABIgETCS KOM-
IIaKToM. [J

CieicTBHE BHITEKAET M3 TOT'O, UTO BCAKOE 3aMKHYTOE IIOJMHO-
JKeCTBO KOMIIAKTA ABJIIETCA KOMIIAKTOM, X M3 TOT'0, UTO KOMIIAKT
BCErZa ABJIAETCA 3aMKHYTBIM MHOMKECTBOM.

TEOPEMA 12. HenpepvieHoe omobpaxceHue KOMNaKma pasHo-
MEPHO HenpepviLéro.

Jra TeopeMa SOKa3BIBAETCS JOCJIOBHO TaK JKe, KAK PaBHOMEpHAsA
HEIIPePHIBHOCTD HEIIPEPHIBHOT'O OTOOPaKEHMsI KOMIIAKTa, JIesKAaIlero
B KOHEUHOMEPHOM IPOCTPAHCTBE (CM. TeopeMy 5 B 1I. 36.8).

AHaJIOTUYHO KOHEYHOMEPHOMY CJIyYaio B3AUMHO-OJHO3HAYHOE
HeIIPePBIBHOE OTOOPasKeHMe OJHOT'O0 METPUUYECKOr0 IIPOCTPAHCTBA
Ha [Ipyroe Ha3bIBaeTCs zomeomop@uiamom (cM. ompeneseHue 5 B
n. 36.7), ecaiu o6paTHOE OTOOpaskeHre TaKyKe HellPpepPbIBHO.

TEOPEMA 13. B3aumno-00HO3HAUHOE U HenpepvleHoe 0moopa-
HCeHUEe KOMNAKMA A8AACMCA 20MeOMOPPOUIMOM.

Aoka3atTeAbCcTBO. Eciu f: X — Y — HempepbIBHOE B3aNM-
HO-ONHO3HAUHOE OoToOpaskeHme KoMmakTa X B MeTpUUecKoe IIpo-
CTPaHCTBO Y, TO JJisa JiF0OOro 3aMKHyToro muoxxkectsa F [1 X ero
obpas, f(F), T. e. mpoobpas F npu o6paTHOM 0oTOOpaeHnu [ 1, aAB-
Jserca KoMmnakToMm (teopema 11) u, ciegoBaTebHO, 3aMKHYTBIM
MHOeCcTBOM. Takum o0pas3oM, Ipu 0OpaTHOM OTOOpakeHHH [ 1
npoobpas KakJI0Tro 3aMKHYTOT0 MHOYKECTBa eCTh 3aMKHYTOe MHO-
3KeCTBO, a II09TOMY, COTJIaCcHO JieMMe 4, oToOpaskeHne f1 Hempe-
pBIBHO. O

TEOPEMA 14. Ecauf: X — R — HenpepvieHasa Odelicmaumeb-
HO3HAYHAA QYHKYUL, onpedenenHnas HA komnakme X, mo OHA
oepanuvena Ha X U npuHUMaem HA HeM Haubosvulee U HA-
UMeHbvlUlee 3HAUEeHUS.

AOKQA3ATEAbCTBO. [lelicTBUTENBHO, 00pasoM KoMmmaxTa X
npu orodpaskeHuu f ABaserca KoMmmakT f(X), JeKaiinii Ha YHUCJIO-
Boii ocu. Kak 1 BcaKuil KOMIIaKT, OH ABJIAETCS, BO-IIEPBLIX, OT'pa-
HUYEHHBIM MHOJKECTBOM, a BO-BTOPBHIX, 3aMKHYTBHIM. B cuiy 1mo-
clemHero, BEePXHAA U HUMKHUE I'PaHu KOMIIaKTa, OyAydYu ero Tou-
KaM¥ IPUKOCHOBEHUS, IPUHAAJIEKAT eMy. [
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57.8. CBs3Hble MHOXXeCTBA

BeeneMm Temeps MOHATHE CBA3HOCTH B METPUUECKUX IIPOCTPAHCTBAX.

OnpeaeneHne 14. Mempuueckoe npoCmMpPaHcmeo HA3bLEAeMCA
CBA3HBLM, €CAU ez0 Helb3s npedcmasumv 8 eude 00seduHeHUs
08Yx Henycmuvlx HenepeceKarnujuxcs 3aMKHYMbLX MHOMECms.

Ecau npoctpancTBo X HecBsa3Ho, T. e. X =AU B, rne AN B =,
A#* 3, B#* 3, Au B— 3aMKHyTbIe MHOXECTBa, TO, TaAK KaKk A =
=X \BuB=X\A, Aun B oIHOBPEMEHHO 1 OTKPbBITbIE MHOKe-
cTBA.

IIpumepoM CBA3HOTO MHOMKECTBA ABJIAETCA JIO00I IIPOMEKY-
TOK, KOHEUHBIH UJn 6eCKOHEUHBIN, UMCI0BOI ocu. [IpuMepom He-
CBA3HOTO MHOKECTBa ABJAETCA 00beJuHEeHE ABYX HellepeceKao-
IUXCS OTPE3KOB.

VIIPA’JRHEHHUA. 15. [lokasaThb, YTO BCAKOE JIMHEHHO CBSA3HOE B IIPOCTPAH-
crBe R" MHOKecTBO (cM. onpenenenue 27 B 1. 35.2) ABIAETCS CBA3HBIM.

16. Hoxasa’rh, 4To 06’Le,E[I/IHeHI/Ie ABYX CBA3SHBIX II€ePEeCEeKaIIUXCA MHOMKECTB
ABJIAETCA CBA3HBIM MHOMXECTBOM.

17. [lorkasaTh, 4YTO €CJIU MHOXKECTBO £ MeTPpUUECKOr'0 IPOCTPAHCTBA CBASHO U

EUE, U E, ro muOMecTBO E| TaKKe CBAZHO.

18. CBA3HBIN HenmyCTOI KOMIIAKT HA3bIBAeTCA KOHTUHYyMOM. [lokasars, 4TO
IepecedyeHye IIOCJIe0BATeILHOCTY KOHTHHYYMOB, ITOCJIEJOBATEIHLHO BJIOYKEH-
HBIX IPYT B APYTa, ABIAETCA KOHTUHYYMOM.

TEOPEMA 15. HenpepuviHblii 00pa3 Cc843H020 MHOMCECMEQ
CBA3eH.

AokaszateAnbcTBO. Ilycts f— HempepbIlBHOE OTOOpakeHUe
CBSI3HOT'O METPUUYECKOr0 IIpocTpaucTBa X HA MeTPUUYeCcKoe IPOCTPaH-
cTBO Y u iycTh Y = A U B, rie A u B — HellepeceKaloluecs 3aMKHY -
Tele MHOecTBa. Torma X = f1(4) U fY(B), rme f1(4) u f1(B) raxsxe
HeIllepeceKalolecsa 3aMKHYTbIle MHOMKecTBa (cMm. jJemmy 4). Tak
Kak X — CBS3HOE MHOYKECTBO, TO 3TO BOBMOKHO TOJBKO B TOM
ciaydae, KOTZa OfHO u3 MHOMecTB [ 1(A) uau f~1(B) mycro, Torza
MyCTO U OOHO M3 MHOKeCTB A mau B. 9To 1 0o3HAUaeT CBSIBHOCTDH
npocTpaHcTBa Y. O

57.9. Kputepumn ApueAd KOMNAKTHOCTU CUCTEM DYHKL U

Ecin samMbIKaHme MHOMKECTBA METPUUYECKOT'O IIPOCTPAHCTBA SABJISIETCA

KOMITaKTOM, TO CAMO MHOKECTBO HA3bIBACTCA NPeOKOMNAKMHBLM.
IIpegKOMIIAKTHOCTh MHOMKECTBA O3HAUAET, UTO U3 BCAKOU €ro

IOCJIeIOBATEJIbHOCTH TOUEK MOJYKHO BBIJEJIUTL CXONAIIYIOCA IIOM-
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IOCJIeJOBATEJIbHOCTh, HO, OBITH MOJKET, He K TOUKE CaMOI'0 MHO-
JKecTBa.

B cuny Teopemsbl 5, AJsa TOTO UTOOBI MHOMKECTBO, Je:Kalllee B
MOJIHOM METPHUYECKOM MIPOCTPAHCTBE, OBLIO MHPEIKOMIaKTHBIM,
Heo0XO0AMMO 1 JOCTATOUHO, YTOOBI OHO OBIJIO BIIOJIHE OT'PAHUYEHO.
ATo cienyeT U3 TOTO, YTO BCAKOE IIOJAMHOKECTBO BIIOJIHE OTPAHI-
YEeHHOI'0 MHOKECTBA TAaKJKe BIIOJIHE OrpPaHNYEHO. 3aZada O BbIsC-
HeHUU MPeJKOMIIAKTHOCTH TOTO WJIX MHOTO MHOJKECTBA, JerKalle-
ro B HEKOTOPOM 3aJaHHOM METPHUUYECKOM IIPOCTPAHCTBE, UACTO
BCTPEUAeTCs B MAaTEMATHUYEeCKOM aHajuse. IlosToMmy OOJIBIIION MH-
Tepec IIPeACTABIAIOT KPUTEPUH KOMIIAKTHOCTH HJIMN IIPEIKOM-
MaKTHOCTH MHOKECTB IJIA Pa3JINUYHBIX KOHKPETHBIX METPUUECKUX
IpPoOCTPAaHCTB. PaccMOTpHMM BOIPOC O IIPEAKOMIIAKTHOCTH MHO-
JKeCTB JJIS OJHOTO M3 BasKkHeWmux mpoctpaHcTB Cla, b], cocTos-
IIero M3 HEIPEPLIBHBIX HA OTpe3Ke [a, b] GyHKIUA, 113 KOTOPHIX
BBeJleHa MeTPUKa

p(f, 8) = max |f(x) - g(x)|, fOCla,b]l, g0Cla,b] (57.60)

(cMm. mpumep 4 B . 57.1 u mpumep B 1. 57.3).

Onpeaenenune 15. Cemeiicmeo S = {f} @pyuruyuit f, npunadnexca-
wux npocmpancmey Cla, b]l, Ha3vieaemcs pasHOMEPHO 02PAHU-
YeHHbLM, ecalU cyuecmeyem maxkas nocmosaunas ¢ > 0, umo 0asa
ecex f U S u ecex x U[a, b] 6otnonnsemes Hepagencmeo

|f(x)| <e. (57.61)

CorsacHo ompegeaenuio (57.60), 5To paBHOCUJIBHO TOMY, UTO
p(f, 0) < ¢, fO S, uro, B CBOIO OUepesib, PABHOCUIBLHO TOMY, UTO
MHOKEeCTBO S orpaHNYeHO B MeTpuUYecKoM npocrtpanctse Cla, b].

OnpeaeAeHnune 16. Cemeiicmeo S = {f} pynruyuii f O C[a, b] Hasbiea-
emcs pPABHOCMENnEeHHO HenpepvléHulM, ecau 0as kaxcdozo € > 0
cywecmeyem maxoe &> 0, umo dasa ecex f S u ecex x, U|[a, b],

xy, Ula, b], 0na xomopwLx |x2 - x1| < J, 8bLNONIHACNCA HEPABEHCME0

|f(x5) — f(xy)| <e. (57.62)

TEOPEMA 15 (teopema ApueAa®). [lna mozo umobvl. cemeiicm-
60 S = (f) HenpepvleHbLLX Ha ompeske [a, b] PyHKyuil 6bL10 nped-
Komnaxmuo 68 npocmparncmee Cla, b], Heobxodumo u docmamoy-
HO, Y¥mobbL 3mo cemeilcmeo 6bll0 PABHOMEPHO 0ZPAHUYEHHbLM U
pasHocmenenHo HenpepovleHbLM.

*Y, Apnena (1847—1912) — uTanbaHCKHUN MaTeMaTUK.
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AOKa3aTeAbCcTBO. HeobxoaumMocCTb, Eciu MHOMXeCTBO

S U C[a, b] upefKOMIIaKTHO, TO €r0 3aMbIKaHUE S ABJIAETCI KOM-
IIaKTOM, a CJeJOBAaTEeJIbHO, OTPAHUYEHHBIM MHOXKECTBOM (CM.
ciaencTBue TeopeMbl 5). IToaToOMy orpaHUYEeHHBIM MHOKECTBOM SB-
JseTcA U caMO MHOKeCTBO S, mHaue IOBOPSA, CeMeMCTBO S paBHO-
MepPHO OTPaHUYEHO.

KpoMme Toro, Tak Kak 3aMbIKaHHe S MHOKecTBa S ABIAETCA
KOMIAaKTOM, TO OHO BIIOJIHE OIPAHNYEHO; CJIeL0BATEeJIbHO, BIIOJHE
OrpaHUYeHO 1 caMO MHOKeCTBO S, a 3TO 03HAUaeT, UTO IJIA JI000-
ro € > 0 B mpoctpauctie Cl[a, b] A1a Hero cymecTByer KOHeUHAasd

% -ceThb. IIycTh ee 00pas3yioT QyHKITHU
f1(x), .o, £ (x). (57.63)

Kaxxnasa us uux, Oyaydu HelIpepbIBHOI Ha oTpeske [a, b], ABiser-
cAd HA HEM W PaBHOMEDPHO HEIPEPBIBHOIW, W TaK KaK (GyHKIUNA
(57.63) nuIbL KOHEUHOE MHOXKECTBO, TO CYII[eCTByeT Takoe O > 0,
uyTo muaa Beex x [ [a, b], x' U [a, b], 414 KoTopsIx |x' — x| < 8, u
Bcex i =1, 2, ..., n BBIIIOJHSAETCA HEPABEHCTBO

i)~ F)| < 5. (57.64)

B cuny ompenenenusa %-ce’rn, nas gobon Gyuxunuu f O S cy-

IIeCTBYeT TaKas QPYyHKIUA fio(x), UTO

Py fi) 5750) o |f(x) fio(x)| < g (57.65)
ITosTomy ecau |x' — x| < &, To mnsa moboit pyrarmuu f [ S numeem
f(x") = f(x)] < |f(x") - fio(x')| + |fi0(x') - fio(x)| + |fi0(x) - f(x)] <

" _ 2 1 _
<2max |f) - @) + |, &)~ f @] = Fe+ge=e
(567.65)

ITO U 03HAYAET, YTO CEMEMCTBO 5 PABHOCTENIEHHO HEIIPEPHIBHO.

AocCcTATOYHOCTb. IIycTh cemeiicTBO yHKIUHA S paBHOMEPHO
OrpaHMYEHO W PaBHOCTeNeHHO HempepbIBHO. [IpocTpancTBo Cla, b]
TIOJTHOE, TTI09TOMY, JIJIA TOTO UTOOBI IOKA3AaTh, UTO CEMEMCTBO S mpe]-
KOMIIAKTHO, JOCTATOYHO TOKAas3aTb, YTO OHO BIOJHE OrPAHUYEHO,
T. €. UTO JJIA MHOKecTBa S B mpoctpaucTse Cla, b] mpu a060om € > 0
CyIIlecTByeT KOHeuHas €-ceThb. IlocTpoum ee. IIycTh Bce QyHKIIUU
f O S ynosieTBopsoT ycaosuio (57.61), u A1a IpOU3BOJILHO (PUK-
cupoBanuoro € > 0 BpiOpamo 0 > 0 Tak, 4YTO IJIA JIIOOBIX TOUEK
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x O[a, b], x' O[a, b], a1a koTopeix |x' — x| < 3, BEIIOIHAETCA He-
paBeHCTBO

|f(x") ~ f(2)| < 5. (57.66)

BosbmeMm kKakoe-1u60 pasbueHwme {x; iZ2 orpeska [a, b] men-

KoCTH, MeHbIIel O, u pasbuenwue {y,}]_ ¢ orpeska [—¢, c] menkoc-
TH, MEHbIIIei €/5:
a=xy<x;<..<x;<..<x,=b,

x,—x,_,<90, i=1,2,...,n;

—c=Yo<Y; < .. <Y; <. <Yp=¢

yj—yj,1<§, i=1,2,...,m. (57.67)
UYepes Touku (x;, 0),i =0, 1, ... , n, npoBesem NpAMEIe, Iapa-
neabHble ocu Oy, a uyepes Touku (0, yj), j=0,1, ..., m, — mpda-

Mble, mapaJjiaenbubie ocu Ox. Torga moayuuTcsa pasbuenue T mps-
moyroabuuKa {(x, y) : a < x < b, —¢ < y < ¢}, B KOTOPOM JIeKaT
rpaduKm BcexX (PDYHKIIMHA ceMeMcTBa S, Ha IPSAMOYTOJbHUKHU C
IIMHAMY CTOPOH, MapaJLIeJbHbIX ocu OX, MEHbIITUMY O, U IapaJ-
JeJbHBIX ocu Oy, MeHbIIINMU £/5.

PaccmoTpuM MHOKeCTBO A Bcex HeIPephIBHBIX HA OTpesKe [a, b]
byHKIIUI, Tpad@UKaMu KOTOPBIX ABJIAIOTCS JIOMaHbIe, BEPIITHUHBI
KOTODBHIX JIeXXaT B BeplIMHax (x;, yj) MIPAMOYTOJbLHUKOB pPas-
6uenus T. MHoXKecTBO A, OUEBUAHO, KOHEUHOE, TaK KaK KOHeU-
HBIM ABJIAETCSI MHOMKECTBO BCeX BepIIHH (x;, yj), i=0,1,...,n,
ji=0,1,...,m.

HokasxeM, 4TO MHOKECTBO A SIBJISIETCA £-CETHIO JIsT MHOMKECT-
Ba S. Bribepem mpousBoabHO dyuKIM0 f [ S. s sToit pyHKIIUN
u Jus Kaxgoro x;, i = 0, 1, ..., n, o6o3HauuMm depes (x;, yj,) 6JIu-

L
Kalnyio K Touke (x;, f(x;)) Toury Buja (x;, yj), JIeKAIIYIO Ha IIPs-
MOM X = x;; TOrAa
3
If(x)—y; | <z. (57.68)
i J; 5
ComocraBuM (QYHKIUU [ HEIPEPHIB- y
"y QyHKIuo f, [ A, rpapuxom roro- ¢
o y |
poil ABIAeTCA JIOMaHAs, IIPOXOASAIas ! » /
Jepe3 BePIIUHEI (X, y]-O), (x4, yf1)’ cees 0 /_ >
(X35 Yj)s wee s (X5 Y5 ), T. €. (puc. 11)
12 n

folx;) = Yi: (57.69) Puc. 11
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OneHuM pasHOCTB 3HAUEHUI PYHKIIUN f( AJIA COCETHUX BEPIINH:
|f()(xi) - f()(xif 1)| <
< |folx) = £y | + [F(xc) = Fe, - DI + [Fe; 1) — Foloe; - ) <

(57.66), (57.68),
(57.69)
€ € € 3
<5+5+5—58. (57.70)

B cuny nuneiiHocTH QyHKIUHU f, Ha oTpeske [x; _ ;, x;], Ana
o601t Touku x U [x; _;, x;] uMeeT MecTo HepaBeHCTBO

7o) = Folre )| < |fole) = Folx, | 50 5 (BT.TD)

Teneps onenum paccrosanue p (f, f,) Mexay pyaknuamu f u f,
B npoctpanctse C [a, b]. Hasa kaxgoit touku x U [a, b] HaligeTcs
coflep Kalluil ee OTPE3OK [x; _ 1, X;], a IJIA KaXKA0¥ TOUKH STOTO OT-
pe3ka mmeem

|F(xx) = Fo(0)| < [F(c) = Foe; — D + [ £ - p) = Foloe,_ )l +

€ € 3

< z+z+:e=¢
(57.66), 5 5 5
(57.68), (57.69),

(57.71)

+ |f0(xi—1) - fo(x)|

Orcroza
P(F, fo) 5750y IaX |f(2) — fo(x)| <&,

T. €., JeHCTBUTEIbHO, MHOMECTBO A ABIAETCA E-CEThIO JJIA S. [
Teopema Apiiesa obo0I[aeTcsa HA Caydail OTOOPaKeHUs KOM-
IIAKTOB B METPUUYECKNE IIPOCTPAHCTBA.

§58

/AVIHENHbIE HOPMUPOBAHHbIE
1 MOAYHOPMUPOBAHHBIE NPOCTPAHCTBA

58.1. AHenHbIe NPOCTPAHCTBA

OnpeaeAenuve 1. Muoxecmeo X = {x, y, 2, ...} Ha3vi8aemca Oeil-
cmeumenbHolM JUHEUHbLM npocmpancmeom (UaU 6eKMOPHHLM
npocmparncmeom Hald nosem 0elicmeumesbHbLX LUCeL), eCau:

Kaxcdoil ynopsadouenroii nape (x, y) anemenmos x 1 X uy 0 X
nocmaeJsnen 8 coomgemcemaeue eQUHCMBEHHbLIL dleMeHm nPOCMPAH-
cmea X, HA3bl8AEMbLL CYMMOLL X U Y U 0003Ha1aembLil X + Y
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rKaxcdomy anemenmy x 1 X u waxcOomy OeiicmeumenbHoMy
yucay N nocmasjen 8 coomeemcmeue eOUHCMBEEHHbBLI dJeMeHm
npocmpancmea X, Ha3bl8aeMmvlii npousgedenuem N Ha X U 000-
3Havaembvlil Ax.

ITpu samom evinonnaomcs credyoujue epynnovl AKCUOM:

l.a)x+y=y+x 0asa awoberx x 1 X uy X;

O)x+Wy+z)=(x+y)tzoraawoux x 1 X,y XuzlX;

B) 8 X cywecmayem ajleMeHm, HA3blBACMbLIL HYJLe8blM U 000-
snauaemwtii 0, maroit, umo x + 0 = x dasa arwodozo x 0 X;

T) 0na kasxcdozo x [1 X cywecmayem anemenm MHOMECMEaA
X, Ha3vieaemMbvlil NPOMUBONOJONCHbLM dJleMeHmy X, 0003Hauae-
MbLil yepes —x u makxoit, umo x + (— x) = 0.

2.a) 1x = x dna nwobozo x 1 X;

0) A(Lx) = (AW) x 0ara 06020 x U X u awobvix deiicmaumediv-
HbLX Yucea N u |;

B) (A + W) x = Ax + Ux da arw6ozo x 1 X u nwobvix delicmau-
menbHblX Yuces A u |

T)A(x +y) =Ax + Ay 0aa awbovix x 1 X, y 1Y u awbozo deii-
CcMeumenbH0oz0 wucaa A.

s xaxkmoii mapsl asemMerToB x 1 X u y Y anement x + (—y)
Ha3bIBAETCA PA3HOCMbIO JJeMeHRmoé X U Yy u o003HaUaeTCa yepes
x—y.

Ecau B mpuBeZeHHOM OIIpefesieHUU NefCTBUTEJIbLHOTO JUHEeH-
HOTO MPOCTPAHCTBA BCIOAY B3aMEHUTh IeNCTBUTEJNbHBLIE YHCJIA
KOMIUIEKCHBIMU: A, U [1 C, TO moTyuynTCs onpeneeHne KOMNIeKC-
H020 AUHEIH020 NPOCMPAHCMEQ.

Ecnn xy u a — 3aflaHHBIE 3JIEMEHTBI JMHEHHOTO IIPOCTPAHCTBA,
TO MHOKECTBO BCeX TOUEK X 9TOT0 IIPOCTPAHCTBa BUJA X = X, + at,
—00 <t < 400, HaszpIBaeTCA NIPAMOM, IPOXOAAIIEH uepes3 TOUKY X,
B HaIpaBJIEHUU BEKTOpA 4.

NMpumepsbl. 1. MHOXKECTBO BCeX [IeHCTBUTEJbHBIX (KOMII-
J€KCHBIX) YmceJ o0pasyeT IelCTBUTEeJbHOE (KOMILIEKCHOE) JIM-
HeWlHOe ITPOCTPaHCTBO.

2. IIycts E — wmexoropoe MHOKecTBO. CoBokymHOCTh F(E)
Bcex pyukmuii f : E — R (coorBercTBenuo f : E — C) mpu ecrect-
BEHHOM OIIpPeIe/IeHNMN HX CJAOKeHHUA U YMHOMKEHUS Ha IeNCTBU-
TeJbHOE (KOMILJIEKCHOE) UMCJIO:

1+ 1) () E 100+ 1,0, AN E AP,
f1 0O F(E), fz UOFE), fUFE), \URumnuAUOC

ABJAETCA HAEHCTBUTEIbHBIM (KOMILJIEKCHBIM) JIMHEHHBIM IIPO-
CTPaHCTBOM.
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3. MHoXecTBO BceX MHOTOUYJEHOB OT ONHOM IIepeMEeHHOM C
IeACTBUTEJbHBIMY (KOMILJIEKCHBIMU) KO3(hhUIIMeHTaM ABJISIETCA
JVUHENHBIM IeHCTBUTEJIbHBIM (KOMIIJIEKCHBIM) ITPOCTPAHCTBOM.

4. MHOXeCTBO BCeX MHOIOUYJIEHOB CTeIleHel, He ITPEBBIMIAIO-
IUX 3aJaHHOr0 HATYPAJIbHOTO YKCJA N, OT OJAHOMN IMepeMeHHOI ¢
NeACTBUTEJbHBIMY (KOMILJIEKCHBIMY) KO3(hPUITMEeHTaM! ABJISIETCA
IEeNCTBUTEIbHBIM (KOMIJIEKCHBIM) JUHEHHBIM IIPOCTPAHCTBOM.

5. IIpocTpaHCTBO BCEBO3MOKHBIX UHCJIOBBLIX IIOCJIEIOBATEJIb-
HOcreit {x,}, x, U R (wnu x, J C), n 0 N, npu ecTeCTBEHHOM OIIpe-
IeJIeHUU ONepalluii MX CJIOKEHHA WM YMHOMKEeHUS Ha Yucjo (CM.
. 4.8) Takike ABIAETCA JUHEHHBIM IIPOCTPAHCTBOM.

Ecnu X — nuneiinoe npocrparcteou x, U X, k=1, 2, ..., n,
TO BCAKUI 2JIeMeHT BuAa Ay x; + ... + A, x,, rne A\, — meiicTBUTeIb-
HBIEe YUCJIA B CIyYae MeHCTBUTEIbHOTO IPOCTPAHCTBA U KOMILJIEKC-
Hble — B CJyd4ae KOMILJIEKCHOT'O IIPOCTPAHCTBa, Ha3bIBaeTCHd JU-
HellHOll KOMOUHAUUECTL J/LeMEHINO08 X1, ... 5 X,.

Onpeaenenne 2. Muoxcecmeo X', codepicaweeca 6 JAUHEUHOM
npocmpancmee X (OelicmeumenvbHOM UAU KOMNJIEKCHOM), HA3bl-
saemcs nOONPOCMPAHCMBOM 3IM0Oz0 NPOCMPAHCMEA, eCIAU 8Ce
JUHellHble KOMOUHAUUU dNeMeHmo8 MHoxdecmea X' codepicamcs
8 HeM.

Wuaue rosops, MmHOKecTBo X' [ X ABJIsIeTCA MOAIIPOCTPAHCT-
BOM mpocTpancTBa X, €CJu JJIis JIOOBIX ABYX sjieMeHToB x 1 X' u
y 0 X' u m106b1x unces A [ R, pu 0 R (coorBerctBerHo A L1 C, u [ C)
MMeeT MeCTO BKJIIOUeHNe

Ax +px O X',

OueBUHO, UTO HOAIPOCTPAHCTBO X' JUHEHHOTO IIPOCTPAaHCTBA
X, B CBOIO Ouepenb, SBJIAETCS JUHEHHBIM IIPOCTpaHCTBOM. Eciu
X — snmHeliHOE MPOCTPAHCTBO U X [] X, To COBOKYIHOCTH BCEX dJIe-
MeHTOB IIpocTpaucTBa X Bumga AX, I'ie A — BCEBO3MOXKHBIE YKCJIA,
CJIYKHUT MPUMEPOM HOAMPOCTPAHCTBA MPOCTPaHCcTBa X.

MHokecTBO GYHKIINIH, JefICTBUTEIHLHO3HAYHBIX U HEIIPEPHIB-
HBIX Ha HeKoTopoM MHOKecTBe E [ R", ssBisieTcs MOLIPOCTPAHCT-
BOM IIPOCTPAHCTBA BCeX JNeCTBUTENHLHO3HAUHBIX (DYHKIIUIT, ompe-
JeJeHHBIX Ha E.

JJIeMeHTHI JUHEHHBIX MMPOCTPAHCTB OOBIYHO HA3BIBAIOTCA MOY-
KamMu NN 6eKMopamu.

OnpeaeAenue 3. Koneunasa cucmema 6eKmopos Xy, ... , X, JUHell-

HOZ0 npocmpaHcmea X (0eacm6umeﬂbuozo uju }COJVLTLJLeI{CHOZO)
Ha3vieaemces JUHEUHO 3a8UCUMOlL, eCcau cyuiecmeyronm marxue
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yucaa Ay, ... , A, (coomeemcmeenno deiicmeumenvhble UL KOMIL-
JleKCHble), He 6ce PABHbLe HYLI0, LMO

Ax;+ ... +Ax,=0. (58.1)
B npomuenom cayuae, m. e. xKoeda u3 pagencmea (58.1) cnedy-
em, umo 6ce 4ucaa Ay, Ay, ... , A, pa6HbL HYLI0, CUCTNEMA 6EKMO-
po8 xq, ... , X, HA3bLBACMCA JUHEUHO He3a8UCUMOIL.

Onpeaenenue 4. Cucmema eexkmopos xy, a 0 W (WA — nerxomopoe
MHONCECMB0 UHOCKC08) AUuHellH020 npocmpancmea X HA3bL8aen-
ca AUHEIHO He3a8UCUMOIL, ecau JNi00as ee KOHewHas nodcucme-
MA X 5 Xgyy oeer Xq JAUHEIHO He3a8UCUMA.

VIIPAMKHEHHA. 1. [Jokas3aTh, UTO €CJIM CHUCTeMa X, O O N, nuneiino Hesa-
BucuMa, 10 X, * 0 nusa seex o [ .

2. llorkasaTb, 4TO, AJS TOTO UTOOBI KOHEUHASA CHCTEeMAa BeKTOPOB ObLiIa JINHEeTH-
HO 3aBUCUMOM, HEOOGXOIMMO U JOCTATOUHO, UTOOBI [0 KpaliHell Mepe OQUH U3
HUX SABJIAJICS JUHEHHON KOMOMHAIIMEH OCTaIbHbBIX.

OnpeaeneHune 5. CosoKynHoCmb 8CE603MONCHLY JUHCUHbLX KOMOU-
Hayuil aJ1eMenmos, NPUHAOLeHAUUX HeKomopomy 3a0aHHOMY MHO-
Jcecmey, Ha3vléaemces JUHELHO 000104K0il 9moz0 MHONCECMEa.

JIuneiinaa 060I0UKA BJIEMEHTOB X, Xy, ... , X, 0003HaUaeTCA
L(xq, X95 «vv 5 X,).

Onpeaenenune 6. IIpocmpancmeo (OeiicmeumenvHoe UaU KOMN-
JeKCHOE), 8 KOMOPOM UMeemcs cucmema n JAUHEHO He3a6UCU-
MblX 8€KMOpO08, JUHEHOU 000J04KO0l KOMOpPbLX OHO ABAALEMC,
Ha3vL6aemcs n-mepHbLM.

Bceakaa ynopadouenHnas cucmema nN-AUHEUHO He3A8UCUMbLX
8eKmopo8, JAUHeilHOl 000J0UK0l KOMOpuLX SA8AAemcs Nn-MepHoe
npocmpancmeo, Ha3vléaemcs ezo 6a3ucom.

WNuade ropops, BEeKTOPHI €y, €y, ... , €, 00pasyoT 6asuc n-mep-
HOTO mpocTpaHcTBa X, eciiu:
1) BexTODEHI €4, €4, ... , €, TUHEHHO He3aBUCUMBI;
2) nnsa kasgoro x [ R" cyIecTBYIOT TaKue YUCTa Ay, Ag, «ov 5 A,
uTo
x=MAe;+Ae,+...+Ae,. (58.2)

dNeMeHmbl N-MepH0z0 NPOCMPAHCMEA HA3bLLEAOMCS N-Mep-
HblMu 8exmopamu (coomeemcmeeHHo OellcmeumelbHblMU ULU
KOMNJACKCHbLLMU).

Kaxncdoe n-meproe npocmpaHcmeo HA3vbl8aemMca KOHeLHOMep-
HbLM.
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VIIPA’JKRHEHHA. 3. [lokasaTb, UTO B -MEPHOM IIPOCTPAHCTBE KaKJas CUC-
TeMa JIMHEeHO He3aBUCUMbBIX BEKTOPOB, JIMHEHHON 000JIOUKOI KOTOPBHIX SAB-
JIsIeTCs BCe TIPOCTPAHCTBO, COCTOUT U3 71 BEKTOPOB.

4. [lokasaTh, 4YTO KaKAas CUCTeMa U3 N JIUHEeHHO He3aBUCUMBIX BEKTOPOB B
Nn-MePHOM IPOCTPAHCTBE ABJSIETCA €ero 6a3MCOM.

IIpumMepoM n-MepHOro AeHCTBUTEIBHOIO IPOCTPAHCTBA ABJIAETCS
n-MepHOe apudMeTUUecKoe BeKTOPHOE IIPOCTPAHCTBO (CM. 1I. 35.4).

AHaJOTUYHO 3TOMY IIPOCTPAHCTBY MOKET OBITH ITOCTPOEHO
KOMIIJIeKCHOe apudmMeTnuecKoe n-mepHoe mpoctpaHcTBo C". Ero
TOYKaAMU HA3bIBAIOTCA YIIOPAJOUEHHBIE CUCTEMBI I KOMILJIEKCHBIX
qucesr: X = (X, ... , X,), X; UucC,j=1,2,..., n.Ilpu srom ecau x [1C",
AOC, To

def
Ax = Axq, .oy Axy)
uana x = (xq,...,x,)0C"uy=(y,...,y, IC"
def
xt+y = (x; Yy, x,ty,).

BasucoM B 9TOM IPOCTPAHCTBE ABJIAIOTCA BEKTOPEI e, = {0}, ..., 8L},

re 8! — TaK Ha3BIBAEMBIH CUME0L Kponexepa™;

5i — 1, ecan i'=].,
J 0, ecam i#j.
n
OueBHUAHO, YTO X = (X, ..., X,) = > X, T. €. BBIIIOJHAETCA
i=1

ycaoBue (58.2).

Hpyrum npumMepoM KOHEUHOMEPHOTO JUHENHOTO IPOCTPAHCT-
Ba ABJISIETCS IPOCTPAHCTBO /' MHOTOUJIEHOB, UMEIOIIUX JeHCTBHU-
TeJIbHBIE KO3((PUI[MEeHThl W CTEIIeHH, He IPEeBBIIIAoIie HEKOTO-
POTO HEOTPUIIATEIBHOTO IIeJIOTO M.

IIoCcKONBKY CTelleHb HYJEBOTO MHOTOUJIEHAa paBHa —o© (cM.
m. 5.3), oHa MeHbIlle JI000r0 HeOoTPHUIlaTeJIbHOro Yucia. IloaTomy
HYJIEBOM MHOTOWIEeH HNPUHAMJIEIKUT JI000MY IIPOCTPaHCTBY /7, n =
=0,1,2,....

OueBugno, uro P = L(1, x, x2, ..., x™), T. e. IPOCTPAHCTBO /"
MHOTOUYJIEHOB CTelleHeli, He IIPEBLIIIAIOIINX 1, ABJAAETCA JUHeIi-
HOII 000JI0YKOIl cTeneHHbIX QyHKIMH 1, x, x2, ..., x".

ITokaxxem, uTo oHo sBadAeTcA (n + 1 )-mepHBIM. Kakaniii ero
DJIEMEHT UMeeT BU[I

p(x)=a,+a;x+...+a,x"

* JI. Kporexkep (1823—1891) — Hemenxuii MaTeMaTHK.
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T. €. ABJIAETCS JUHENHOW KoMOuHanueli n + 1 creneneil mepeMeH-
HOII x, T.e. GyHKIUH x, = 1, x, x2, ..., x". JlokakeM, 4TO 3TH
dyurmuu obpasyoT 0asuc B mpocTpaHcTBe . Ilas sToro Hamo
y0eInUTHCA, UTO OHU JIMHEHHO He3aBUCUMBI. IlycTh B IpoCTpaHCT-
Be /" HeKoTopasa JUHeNHas KOMOMHAIIUS paccMaTPUBaeMbIX CTe-
meHel paBHA HYJIIO:

a,tax+..+a,x"=0, (568.3)

T. €. MHOTOUJIeH p(x) = a, + a,x + ... + a, X" TOXKJIeCTBeHHO PaBeH

HYJIIO 1, cjieqoBaTeJIbHO, BO BCE€X TOUKAaX YKUCJIOBOU OCU IpumHUMAa-
eT Te XK€ 3HAYEeHUud, 4YTO " Hy.YIGBOfI MHOTOUYJIEH:

Po(x) =0+ 0x + ... + 0x",

a B aToM cJuayuae (cMm. 1. 13.2) Koa(ppuImeHTs 3TUX MHOTOUJIEHOB

PaBHBEI, T. €.
ay=0,a,=0,...,a,=0, (58.4)

4TO 1 03HAYAeT JUHeHHYI0 He3aBUCUMOCTh cTeneHeli 1, x, x2, ... , x".

OTMeTHM, UTO M3 TOTO, UTO ABA MHOTOUYJIEHA, MPUHUMAIOIIUX
OIVHAKOBbIE 3HAUEHMSA Ha KaKOM-HUOYIb WHTepBaJie UMCIOBOI
ocH, UMEIOT OAMHAKOBLEIe Koa(pduimenTsl (cm. 1. 13.2), caenyer,
4uTO cTeneHu 1, x, x2, ... , x" TUHeHO He3aBUCUMBI Ha JI0OO0OM IPO-
MeXKYTKe UHCJIOBOI 0CH, He BEIPOKIAIOIEMCSA B TOUKY.

Bmopouem, TO, UTO M3 BBIMOJHEHUs ycaoBuA (58.3) HA HEKOTO-
pOM TIPOMEKyTKe UMCJIOBOI OCHU, He BBLIPOKIAIOIIEMCS B TOUKY,
caenyioT paBeHcTBa (58.4), Jerko MOKasaTh M HEMOCPEICTBEHHO.
JlJis 3TOTO MOYKHO, HanpuMep, npoau(GepeHIInPOBaTh TOXKIECTBO
(58.3) n pas; Torma moayduM

otkyzna a, = 0.

Eciu y:xe mokasaHo, UTO AJid HeKoToporo k, 0 < k < n, umeioT
MeCTO paBeHCTBa d, , ; = ... = a, = 0, To ToxgecTBO (58.3) npuHNU-
MaeT BU[

ap+ax+ ... +a,xk=0.
IIponuddepernuposas ero k pas, nonyuum a, = 0. Takum obpa-
30M, BHIIOJIHAIOTCSA BCce paBeHCTBA (58.4).

Byznem roBoputhb, 4TO BEKTOPHL Yy, ... , Y, JTUHEHHOTO IPOCTPaH-
ctBa X BEIPAXKaIOTCA Yepe3 BeKTOPHI X, ... , X, TOTO Ke IPOCTPaH-
CTBa C IIOMOIIbIO MATPHUIIBI (aij), i=1,2,...,n,j=1,2, ..., n,
ecyn

y=a,x;+...+ta,x,i=1,2, ..., n.
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Ecnu BeKTOpHI X4, ... , X, 00pasyoT 6a3uc IPOCTPAHCTBA U MaT-
puiia (al.j) HEeBBIPOXKIEHHAs, T. €. det (aij) # (0, TO BEKTODPHL Y;, ... », Y,
Tak:Ke 00pasyoT 6asuc.

B camom gmeue, ecin

ANy, + ... +Ay, =0,

TO

AN(aqgxy + .o +aq,x)+ oo +HA (a0 .t a,,x,)=0,

nn®n
T. €.

M\aq + .o F a0 )% o+ (Naq, .o+ A a,)x, = 0;

n—-nn

OTCIOJla, B CHJIY JUHEHHOU He3aBUCHUMOCTH BEKTOPOB X{, ..., X,,

cJenyer, 4To
Aag+ ...+ Aa,,=0,

omIpeneJnuTeIb dTON OJHOPOIHON CHUCTEMBI JIMHEHHLIX YPaBHEHUHA

OTHOCHUTEJIbHO HEeU3BECTHBIX Ay, ... , A, IIO YCJIOBUIO He PaBeH Hy-
Jamo: det (aij) # (. CiiemoBaTeJbHO, 9Ta CUCTEMA MMEET eJUHCTBEH-
Hoe pelteHne A; = A, = ... = A, = 0, uTo 03HauaeT JUHeHHYIO He3a-
BHCHMOCTE BEKTODPOB Yy, ... , Y,. [I09TOMY OHU ABIAIOTCA 6a31COM
paccMaTpHBaeMOTO IIPOCTPAHCTBA.

B wacTHOCTH, €CIU BEKTOPHI Yy, ... , Y, BEIDAXKAIOTCA depes Oa-
8UC X;, ..., X, C IIOMOIbIO TPEYTOJIBHO! MATPHUIILI, T. €. MATPU-
IBI (ai].) BHUA

Dan 0O ... 0 [
gt @22 - 0 ¢ (58.5)
D ------------------ |:
Ca, @, .. a,, [

(T. e. ecau j > i, 70 a;;= 0) ¢ AUATOHAIBHBIMY DJIEMEHTAMHU Qyq, ...
..., @,,, He PaBHLEIMU HYJIIO, TO BEKTODHI YJ;, ... , Y, TAKKe ABJIA-
1oTcA 6a3MCOM, TaK KaK B 9TOM ClIydae
det (a;) = aq1a55° ... > a,, = 0.
B xauecTBe npuMepa paccMoTpuM (1 + 1)-MepHOe IPOCTPAHCT-
BO /" MHOTOUJIEHOB CTelleHeli, He IPeBBLIIAIOIINX HATYPAJIbHOTO
ymciaa n. Kak GbL10 BhllIe IOKas3aHo, crenenu 1, x, x2, ..., x" 06-

pasyioT 6a3uc 3TOro IpoCTpaHcTBa. PaccMOTPUM IIPOM3BOJIBHYIO
CUCTeMY MHOTOUJIEHOB

p(x)=a,+a,x+ ... +a,xP0P, E=0,1,...,n,
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rZie MHOTOUJIEH p,(x) ©MeeT TOUHO cTelleHb k: a,, # 0, k=0, 1, n.
Torga oueBUIHO, UTO 3TH MHOTOUJIEHBI BEIPAsKAIOTCA Yepes cTele-
Hu 1, x, x2, ..., X" Cc HOMOIIBIO TPEYTOJLHOM MaTpuIlsl (58.5), xu-
aroOHaNbHBEIE 3JIEMEHTBI (), KOTOPOi He paBHEI Hymi0. IlosTomy
Kakaasd yKasaHHasd CHUCTeMa MHOTOUJIEHOB JUHENHO He3aBUCUMA
u obpasyeT 6asuc B IpocTpaHcTse O,

OTMeTHM ellle, UTO TAaK KaK JUHeliHad 3aBHUCHMOCTh MHOTO-
YJIEHOB 03HAUYaeT HaJNUNe COOTBETCTBYIOIUX JHUHEHHBIX COOTHO-
IMIeHUH MeKAY UX Kod(pPUuiimeHTaMu, TO OHA He 3aBHUCUT OT TOTO,
Ha KaKoM IIPOMe:KYyTKe (He BBIPOKAAIOIIEMCS B TOYKY) UMCJIO-
BOM OCU MEHSIOTCS apryMeHTBI 3TUX MHOTOYJIeHOB. IlosTomy Jsiu-
HeliHas 3aBHCHMOCTL MHOTOUJIEHOB B IPOCTpaHCTBe /" paBHO-
CHUJbHA UX JUHEHHONH 3aBUCHMOCTH Ha JIO00M M3 YKA3aHHBIX IIPO-
MeKYTKOB.

B KauecTBe KOHKPETHBLIX HPUMEPOB PACCMOTPUM HEKOTOPhIEe
YacTO BCTPeUAIuecsa B aHaJIN3€e CHellnalbHble MHOTOUJIEHBI.

NMpumepsbl. 6. MHOrouJIeHBI

1 dr(x2-1)"

PO(x) = 1’ Pn(x) = 2np1 dxn ’

n=1,2,...,
Ha3bIBAaIOTCA MHOTOuwIeHamu Jlesxauapa.
Jlerko y6eguTHLCS, YTO

1 pdrade L O_ (2n - 1)
2npt O dxr 0 n!

P (x)= x"+ ...,

rIe MHOroroure o003HAUaeT 4jIeHbl 00Jiee HU3KOr0, YeM 71, IIOPAIKA
mHorounesna P,(x). CiemosarensHo, moauHoM Jlexxarapa P, (x) ume-

eT cTelleHb 71, I03TOMY nosuHoMEI Jlexxkarapa Py(x), P(x), ... , P, (x)
obOpasyioT 6asuc B IpocTpaHcTBe /7. 9TO, B YaCTHOCTU, O3HAUAET, UTO

BCSIKMII MHOTOUJICH CTEIEeHH, He IPEBLIIIAIOINeH 71, ABISIeTCA X JIK-
HeTHOM KOMOMHAIUeN.

dn(x2 - 1)
Br160p K0ahIUIIMEHTOB onp1 ¥ TPOMBBOAHBIX —————"— IpU
ompeneaeHun moauHoMOB JlekaHapa o0BbACHAETCA TEM, UTO IPU
TakoM BbIOOpe 1y Bcex n = 0, 1, 2, ... BBIIOJHSAETCA yCJIOBUE
pP,(1)=1.
7. MHoroujIeHbI
1
Ty(x)=1,T, (x)= a1 COS (n arccos x), n=1, 2, ...,

Ha3LIBAIOTCA MHOTOUJIeHaMHU UeObIIIEBA.
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IIpesxne Bcero ybemumcs, urto T,(x) ABIAeTCA MHOTOUJIEHOM
creneru n. I3 popmynsr Myaspa (cm. n. 23.1) caengyer, uTo

cos nd +isinnd =(cos $ +isin )=
- 01 14 o 2 2 -2 ain2
=cos" ¢ +iC; cos" "1 ¢ sin ¢ +i% CZ cos” 2 ¢ sin? § +
303 -3¢ «ind 404 —4 4 aind
+i3C3cos" "3 ¢ sin® ¢ +i*C; cos” 4 ¢ sin* ¢ + ... .
IIpupaBHseM JeiCTBUTEIbHBIE YACTH IIOJYUYMBIIErOCsd PABEHCTBA
_ — (2 -2 ¢ ain2
cos nd =cos™ ¢ — C2 cos™ % ¢ sin® ¢ +
+ C4cos" 4 ¢sintp—..., (58.6)
B 3aBUCUMOCTH OT YETHOCTH 7l IIOCJEeIHUM CJIaraeMbIM OyaeT Ju0o
sin” ¢ (ecam n verHoe), su6o C? ~1 cos ¢ sin” ~1 ¢ (ecau n Heuer-
Hoe). 3aMeTHM, YTO B IIPaByI0 4YacThb paBeHcTBa (58.6) BxomAT
TOJIBKO CHHYChI B UETHBIX CTEIIEHAX U II0TOMY, IPUMEHUB MOJI-
cTaHoBKY sin?¢ = 1 — cos? ¢ musa KakJOro caaraemMoro IpaBoi
YacTH, HOJYyINM
-2 in2k b — -2 — eoc? -
C2k cos™~ 2k ¢ sin?* ¢ = C2% cos™ ~ 2k ¢(1 — cos? ¢)* =
=(-1)*C2k cos" ¢ + ...,
rIie MHOTOTOUME 03HAYAET, YTO B OCTAJBHBIX CJIAraeMbIX oS ¢ mMe-
eT MEeHBIITYI0, YeM N, cTelleHb. B pesysbrare us (58.6) Oynem umerb
— 2 4 —
cosnp=(1+Cz2+C;+..)cos" ¢ +...=
=2n-lcos" ¢ +..., (58.7)
TIe cIpaBa MHOTOTOYME O3HAUaeT JIMHEHMHYI0O KOMOMHAIIUIO CTeIle-
Hell KocuHyCcoB cos™ ~1 ¢, cos” =2 ¢, ..., 1 (MBI BOCIIOJIE3OBAJIACH TEM,
YTO CyMMa OMHOMUATIBHBIX K03(hMUIMEHTOB, CTOAIMX HA YETHBIX

MecTax, pasHa 2" ~ 1), Ilonoxkus B paBencrse (58.7) ¢ = arccos x,
a cIIe[0BaTeIbHO, cos ¢ = x 1 pasmenus o0e YacTu paBeHcTBa Ha 2"~ 1,

OJIyYUM 7 cos n arccos x = T, (x), rae, B CUIy NOKA3aHHOTO,

n -
B IIPABO¥ YaCTU CTOUT MHOTOUJIEH CTEIEHU 7 ¢ KO3(DDUIMEHTOM,
pasHBIM 1, npu x". Urtak, T, (x) — MHOTOUNIEH cTeneHu n. Iloaro-
My, COTJIACHO JOKa3aHHOMY BblIlle, MHOTOUIeHEl YeOrrmeéna T (x),
T,(x), ..., T, (x) obpasymoT 6a3uc B mpocTpaHcTse /.

Ecau Y u Z mogmMHOKecTBa JUHENHOTO IIpocTpaucTBa X, TO Ue-
pes Y + Z o6o3HaUYaeTcss MHOKECTBO BCeX 9JIEMEHTOB X TPOCTPAaH-
crBa X, IIpeficTaBUMBIX BBUuge x =y + 2,y Y,z 0 Z.

MuoskectBo Y + Z HaswIBaeTca (ajnredpamdeckoit) cymmoil
mHuoxucecme Y u Z.
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Eciu mMHOKecTBa Y W Z ABJAAIOTCS TMOAIPOCTPAHCTBAMU IIPO-
crpaHcTBa X, TO MHOYKECTBO Y + Z TaKKe ABJISAETCA HOAIIPOCTPAHCT-
BoM npocrpaHctsa X. [leficrBuresnsro, nyte x; Y +Z, x, 1Y + Z
1 A, A, — unciya. CorjaacHo onpeseeHUI0 CYMMBI MHOKECTB, dJIe-
MEHTBI X; U X, IPEJCTAaBUMBI B BUJE X; = Y; + 21 U Xy = Yy + 2y,
Yi» Yo OY, 24, 25 U Z. TloaTOoMy Ajx; + Agxy = Ay (y; + 27) +
+ MYy + 25) = Ay; + Ayy,) + (A2 + Ay2,). Tak kak Z u Y — mog-
IIPOCTPAHCTBA, TO A Yy, + Ay, LY, Aj2; + A2, U Z. B cury onpenese-
HUA CyMMBI Y + Z, oTciofa cienyer, 9To Ay x; + Ayx, 1Y + Z. 910 1
03HAYAET, UTO MHOYKECTBO Y + Z sBJseTcA mognpocTpancTsoM. Cym-
MYy IBYX IOAIPOCTPAHCTB Y U Z HA3BIBAIOT IPAMOU u nmmyT Y [ Z,
ecyiz iepeceuenre Y N Z mogupocTpaHCTB ¥ M Z COCTOUT TOJBKO
U3 HyJeBoro sJyemenTa. I[Jid 9TOro HeOOXOAWMO U JOCTATOUHO,
uyTOOBI KasKABINA sjieMeHT X [ Y + Z OBl efMHCTBEHHBIM 00pa3oM
mpeactaBUM BBugze x =y +z,y 1Y, z [ Z.

B camom gene, ectu YNZ={0}ny, + 2, =y, + 25, THE Y1, Y, U Y,
2,290Z, 10y, —yy=25— 2;. Tak Kaxk Y u Z — moAIpOCTPaHCTBA,
Toy, — Yy, 1Y, z,—2,0Z, 1.e. anemenr y, — y, = 2, — 2; IpUHa-
JJIEXKUT OLHOBPEMEHHO K Y U K Z U II09TOMY PaBeH HYJIIO: Y, — Yy =
=2, — 2z, = 0. Orcroza cienyer, 4TO Y; = Yy, 21 = 2.

C apyroii ctoponbl, ecamn x 1Y NZ, x= 0, Tox=x+0=0+ x,
T. €. 9JIEMEHT X UMeeT He eJUHCTBEHHOE IIPeICTaBJIEeHUE B BULE X =
=y+z,rpneylY,z0OZ.

Onpeaenenne 7. Omobpaxcernue f auneilHozo npocmpancmaea X 8
JUuHellHoe npocmparncmeo Y Ha3vléaemcsa JUHelHbLM omoopaice-
Huem (UnU, Y¥Mo Mo e, AUHEUHbLM ONepamopom), eciu 0 ak-
ovix dsyx anemenmos x 1 X, y 0 X u nwbvix wucen A u | cnpased-

JUBO DABEHCME0
fAx + Wy) = Af(x) + pf(y).

Jluneilinblie omepaTopbl, MHOKECTBA 3HAUEHUI KOTOPLIX COJZep-
JKaTCs B MHOYKECTBAX e CTBUTEIHHBIX MU KOMILJIIEKCHBIX YUCEJI,
Ha3BIBAIOTCA QYHKUUOHALAMU.

MuoKecTBO JHHEHHBIX omeparopos f : X — Y, orobpakaro-
mUX JUHENHOe MPOCTPaHCTBO X B JWHEHHOE IIPOCTPAHCTBO Y,
obosuHauaercsa uepes L(X; Y). Jlerko HemocpeacTBEHHO IIPOBe-
puThL, uTo MHOKecTBO L(X; Y) mpm ecrecTBeHHOM OIpejeeHnn
CJIOYKeHUA ero 3JIEMEeHTOB M YMHOMKEHUA MX Ha YMCJIO, T. €. IpU
OIlpeJleJIEHNY STUX omepanuii mo opMmyiam

(fy + F2)(x) = F1(x) + fa(x), f; D (X5 Y), f, U (X5 Y),
M) S AF@)), FO QG Y), A\ DRuwm A0 C, x X,
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o0pasyeT Tak:ke JHHEHHOe IIPOCTPAHCTBO (IefCTBUTEJIbHOE, ecC-
au mupoctpaHcTBa X u Y ObLIM AeHCTBUTEJIbHBIMU JUHEHHBI-
MU IIPOCTPAHCTBAMU, U KOMILJIEKCHOE, CJIM OHM OBIIU KOMILIEKC-
HBIMH).

Onpeaenenne 8. Ecauf: X — Y, X u Y — JuHeliHble nPOCMPAH-
cmea, mo muoxcecmso {x : f(x) = 0} 0 X nasvieaemces a0pom omo-
Opaxcenus f u o6osnavaemcs yepes ker f*:

ker f < (x : f(x) = 0).

OrMeTHM, UTO HYJIb BCerJa BXOAUT B AAPO JHUHEHNHOro OTOO0-
pakenus. [eiicrBurenbuo, ecau f : X — Y — JauHeiliHoe oToOpa-
JKeHmue, TO HYJb IIpocTpaucTBa X oToOpakaeTcs B HYJIb IIPOCTPAH-
cTBa Y:

f(0) = f(0- 0) = 0f(0) = 0,
T.e. 0 Oker f.
AEMMA 1. Ina mozo umobvL nuHneiiHoe omoopaxenue f: X —Y
JUuHelinozo npocmparncmea X 6 AuHellHoe npocmpancmeo Y Obt-
J0 83AUMHO-00HO3HAYHbIM omoopadxcenHuem X 6 Y, m. e. OvlLlo
uHBeKyueil, Heodxo0umo u docmamouHo, ¥moovl ezo 10po cocmo-
SN0 MOJALKO U3 HYJLe6020 dJleMeHma:

ker f=0. (58.8)

AOKOA3ATEABCTBO HEOBXOAMMOCTW. Brllle ObLJI0 IOKA-
3aHO, UTO JII000I JUHEHHBIN omepaTop [ IepeBOIUT HYJIb B HYJIb.
IlosTomy eciau f — wmHBEKIUA, TO He cylecTByeT x = 0 Takoro,
uro f(x) = 0. 9To u o3Hauaer, uro ker f = 0.

AOKOA3ATEABCTBO AOCTATOYHOCTMW. HYCTL BBIIIOJIHAET-
ca ycaosue (58.8) u f(x) = f(y). Torma, B cusy JUHENHOCTH OTO-
opasxenud f, umeeM f(x —y)=f(x) - f(y) =0, . e. x —y Uker f, un
Tak Kak ker f =0, to x — y = 0. CiiegoBaTenabHO, X = . ITO 1 O3HA-
vaer, uTo f — WHBbeKIus. [

IIpuMmepoM JUHENHBIX B3aMMHO-OJHO3HAUHBLIX OTOOpPaKeHUH
SABJIAIOTCA MPAMOe U odpaTHOe npeobpasoBanusa @ypbe B COOTBET-
CTBYIOIIUX JUHEHHBIX IIPOCTPaHCcTBaxX GpyHKIuii (cM. JeMMbI 3 u 4

B II. 56.5).

AEMMA 2. A0po 6cakxozo nuHeliHO0z0 omobpascenus 00HO020 JAu-
HellH020 Nnpocmpancmea 8 0pyzoe A6aaemca noonpocmpancmeom
omoopaiaemozo npoCmMpParHCcmaa.

* Or anrJ. kernel — sapo.
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AokaszatTeAbCcTBO. Eciu f— auHeiiHoe oToOpakeHUe JH-
Helimoro mpocrpaHcTBa X B HEKOTOPOE APYIroe JHHEHHOe IIPo-
CTPaHCTBO, TO AJIA JIOOBIX dJIeMeHTOB x, [l ker f, x, U ker f u sio-
ObIX unces A, A, UMeeM

FA 2, + Agxy) = Ay f(x) + Aof(x,) = 0

U, cJIeoOBaTeJNbHO, A, X, + Ayx, [l ker f, a aT0 1 03HAUaeT, 4YTO AXPO
ker f aBisercs moampocTpaHcTBOM HpocTtpancTsa X. O

Onpepenenne 9. Ilycmv X u Y — JuUHellHble npoCmMpancmea.
JuneiiHoe 83aUMHO-00HO3HAUHOEe omoOpadceHUue NPOCMPAHCMEA
X Ha npocmparcmeo Y Ha3vl8aemcs U30MOPHHbLM omobpadice-
HUeM ULU USOMOPPUIMOM JUHEIHbLX NPOCMPAHCME.

Ecnu 0na auneiinvix npocmpancme X u Y cyujecmayem u3o-
mopgroe omoobpaxernue X Ha Y, mo OHU HA3bLEAIOMCSL USOMOPGP-
HbLMU.

JBa n30MOPGMHBIX IPOCTPAHCTBA MOTYT OTJIUYATHCA JIUIIb IIPU-
POJZIOi CBOUX BJIEMEHTOB, & He CBOMCTBAMY JIMHEMHOT'O IIPOCTPAHCT-
Ba KaK TaKOBOI'0, IO9TOMY B AaJibHEIIIIeM YacTo MbI He OyaeM pas-
JnYaTh N30MOP(QHBbIE JUHEHHbIE TPOCTPAHCTBA.

VIIPAJKHEHHE 5. Jokasath, UTO BCe Nn-MepHbBIE JUHEHHBIE NeHCTBUTENE-
HBIe IPOCTPAHCTBA U30MOPGMHBI MEXKIY COOOIL.

Onpeaenernue 10. JTuHeiiHoe npocmpancmeo, He AB8AAI0ULeecs Ko-
HeYHOMEPHBLM, HA3bL8AemCa 0eCKOHeYHOMEPHBLM.

OueBUAHO, UTO JHHENHOE IIPOCTPAHCTBO SABJAETCSI OECKOHEU-
HOMEPHBIM TOT[a M TOJLKO TOTAA, KOT/a OHO He MMeeT KOHEUHOTO
baswuca.

IIpumepom 0GECKOHEUYHOMEPHOI'O IPOCTPAHCTBA SABJIAETCS JIU-
HeMHOe IIPOCTPAHCTBO BCEX MHOI'OYJIECHOB OT OJHON IIepeMeHHO.
IelicTBUTEIBHO, 5TO IPOCTPAHCTBO 3aBEJOMO HE MMEET KOHEUHOI'o
b6asuca: ar0bada IMHeHaA KOMOMHAIINA 3aaHHOA KOHEUHOM CHCTe-
MBI MHOT'OYJIEHOB ABJIAETCA MHOI'OUJIEHOM CTEIIEHU HE BBIIIIE CTEIle-
HU CTapIllero MHOTOYJIeHA U3 YKA3aHHOMN CUCTEMEI, 11 IIO9TOMY MHO-
TOYJIEHBI 6OJIBI_T_[I/IX CTel’IeHefI HEe MOTryT GBIT]: IIOJIy4Y€Hbl YKa3aH-
HBIM CIIOCOOOM.

IToupiTKa 0600IMUTL HMOHATHE 0asuca B caydyae OECKOHEUHO-
MEPHBIX MIPOCTPAHCTB IPUBOAUT K GECKOHEUHBIM CyMMAaM, T. €.

(oo}
pAaxam BUga 21 A,e,. Jlna Toro 4To0BI MMEJIO CMBICJ TOBOPHUTE 00
iz

UX cCyMMe B IpocTpaHcTBe X B HEM JOJKHO OBITH OIIpeesIeHo II0-
HATHUE CXOAUMOCTH II0CJeI0BaTeIbHOCTelH. PaccMOTpeHNIO OSHOTO
TAKOT0 BHUJAa IIPOCTPAHCTB IIOCBAIIEH I. 58.2.
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Onpeaenenue 11. Ilpoussedenuem Z = X X Y JAuHellHblX npo-
cmpancme X u Y Ha3vieaemcs AuHeillHoe npocmpancmaeo Z, aje-
MEHMAMU KOMOPO20 ABAANMCA dlemenmbvl 2 = (X, Yy) meopemu-
KO-MHONMeCm8eHH020 npoussedenus muHoxecmse X u Y (m. e.
MHOMHCECMB0 B8CeB803MONCHbLX nap (x, y), 20e x U X, y 0 Y (cm.
m. 1.2), 0na womopwix onpedenena JNuHellHas onepayus Az, +

+Ny2y, 21 = (x4, y) U Z, 2, = (x5, y,) U Z, Ay u Ay — uucaa (deiicm-
guMeNbHble ULU KOMNILEKCHbLE), O (popMmy.re

def
Mzy g2y = (Agxy + Agxg, Ay + Ay,).

BrIDOSHUMOCTD aKCUOM JIMHEITHOT'O IIPOCTPAHCTBA IIPU TAKOM
oIlpeJleJIeHNY JUHEUHON ollepaliuy JIETKO YCTaHABJIMBaeTCA HEIo-
CPEeICTBEHHOU ITPOBEPKO.

AHaJOrMYHO MOHATHUIO IIPOU3BEJEHUA ABYX JIMHEHHBIX IIPO-
CTPAHCTB OIpefesdeTcs IMOHATHE IIPOU3BeleHUd n JIUHEeWHBIX
IIPOCTPAHCTB JIJs JI000T0 HATYPAJIBLHOTO 7.

OTMeTHM OAUH HYKHBIM AJIA SAJbHEHIIero TUII 0TOOpasKeHui

IIPOU3BENEHNN JUHENHBIX ITPOCTPAHCTB.
OnpeaeAenune 12. Omobpaxcenue z = f(x, y), x 1 X,y 0 Y, 2 02Z,
npouseedenus X XY auneiinvix npocmpancme X u Y 6 AuHeilHoe
npocmparncmeo Z Ha3bvieaemcs OuauHeillHvim (UAU OUSUHELHOTL
gopmoit), ecau npu QurcuposarHuu 00HOU U3 NEPeMeHHbLX X, Y
OHO JIUHEILHO OMHOCUMeAbHO OpY2zoil nepemenHol.

Taxkum obpasom, ecnu z = f(x, y) — OunamHeHHOE oTOOpaKe-
HUe, TO JAJIA JIOOBIX Yuces A; U Ay, JeHCTBUTEJbHBIX MJIHM KOMII-

JIEKCHBIX, UMEIOT MECTO PABEHCTBA
fA 1 + Aoxg, Y) = A (g, y) + Apf(xy, ), ¢, U X, x, X,y 0OY,
flx, Ay + Agys) = Af(x, yq) T Aof(x,y,), xUX,y, 0Y,y, 0Y.

Orcroza ciaefyeT, 9YTO JJIA JTIOOBIX duces] Ay, Ay, My, Hy

FA20y + Mgy, MYy + Hala) = Al F(y y1) + Aghly £y, y1) +
+ A Mo (15 Yg) + Aglof (g5 Ys)- (58.9)

Ecau X = Y u orobpaxkenwue f(x, y), x U X, y U X, apndaerca
OuaImMHEeNHON (Qopmoii, To oTobpakenue f(x, x), obo3Hauaemoe
f(x), HaspIBaeTCsa K8AOPAMUUHOIL (POPMOil, COOTBETCTBYET HAaHHOMK
OUJIMHENHOI.

Mpumepsbl. 8. CranapHoe npousBenenue (x, y) B n-MepHOM
JUHEHHOM mpocTpaHcTBe R” ABiAeTcA OUMIMHEHHBIM OTOOpaKeHM-
em R*" X R" B R.

9. BexTopHOE MpOM3BeIeHe TPEXMEPHBIX BEKTOPOB ABJIAETCS
OouInHeNRHBIM oToOpaskeHeM R3 X R3 B R3.
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n
10. Bununueiinaa gopma A(x, y) = ' 21 a;xy;, X = (%15 +ev 5 X)),
=
Y=Y -+ » Y,), ABIACTCA OUIMHEHHBIM (])To6pa>ReHneM R"XR"BR.
Bununeiiabie oToopaskernusd f : X X Y — Z o0pas3yioT JUHENHOe
IIPOCTPAHCTBO IIPU €CTECTBEHHOM OIpefieIeHUN JUHEeHHBIX oIepa-
Uil HaJ 9TUMU OTOOpaKeHUAMU: eclu f; : X XY = Zufy: X xY —
— Z — nBa OMJIMHENHBIX 0TOOpasKeHusd, To A ooeix x 1 X,y Y
1 JMI00BIX Uncel Ay, A, OuIuHeiiHOe oTo6paxkenue A, f; + A,f, ompe-

nenserca paBeHCTBOM (A;f; + Ayfy)(x, y) def A f(x, y) + Aofo(x, y),
T. €. COTJIACHO O0IIleMy HIpPaBUIy apupMeTHUYeCKUX AelicTBuil Haln
dyaxmuamu. ITo amamornu ¢ OUIMHEHHBIMH OTOOPAKEHUAMU
BBOAMTCA IIOHATUE MYJIbTUIMHEHHBIX OTOOpasKeHMi: eciaum X,

Xy, ..., X,, Y — JMHe#lHbIe IIPOCTPAHCTBA, TO OTOOpPaKeHUE
flxy, %9, ooy x,), x; U X, i=1, 2, ..., n, npoussegesusa X, X
X Xy X ... x X B Y HasblBaeTCA MYJbMUJLUHEUHbLM, €CIA OHO

JIMHEHO OTHOCHUTEJIbHO KasKJOi IepeMeHHON X;, KOrjJa OCTalb-
Hble n — 1 IepeMeHHBIX (DUKCUPOBAHHI.

58.2. Hopma 1 noAyHopma

Onpeaenenune 13. Jluneiinoe npocmpancmao X (OeiicmaumenvHoe
UNU KOMNAEKCHOE) HA3bL8AeMCes NOAYHOPMUPOBAHHbLM, €CAU HA
MHOJ}Cecmee e20 mouek onpedesena 0eilcmeumenvHas GYHKUUL,
Ha3vleaemas NoLYyHopMmoil, obosnavaemas ||x||y uau ||x||, x O X,
u umenwas credyoujue ceolicmaa:

19 (meorpumarensHocTs). Jua ecex x 0 X svinonns-
emcsa nepasencmeo ||x|| > 0.

20 (ogHOpOAHOCTSB). Jaa eécex x U X u ecex uwucen A
umeem mecmo paserncmso ||Ax|| = |A| ||x]|.

3" (mepaBeHCTBO TPeyroabHUKaA). Juaecexx1X
uy O0Y evinoansemes nepasencmeo |x +y| < x| + ||y

W3 ceoiicTa 2° moyHOpMEI caenyet, uto |0]| = O (smecs B me-
BOM yacTHW PaBEHCTBAa CTOUT HYJb IPOCTPaHCTBA X, a B IPaBOU —
HYJIb MHOKECTBA e CTBUTeIbHBIX uuces). B camom gene, Gukcu-
pys IIPOM3BOJIBHO 3jieMeHT x [1 X, mosyuum

|0l = 1|0« x[ 5 0[] = 0.

ITonryHOpMA, YAOBJIETBOPAIOIIAA YCIAOBUIO:

40 (meBbipomaenHoOCTH). Ecau ||x| =0, mox =0 na-
3vi8aemcs HOPMOLL.

JInHeliHOE IIPOCTPAHCTBO, B KOTOPOM 3aJilaHa HOpMa, Ha3bIBa-
eTcs HOPMUPOBAHHBLM.

Coryacuo ompegesennio 13, HopMa ABJIAETCA U MOJYHOPMOI.
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W3 csoiictBa 3° MOJYHOPMBI JIeTKO CJIeLyeT, UTO IJIsA JI0OBIX
JBYX 9JE€MEHTOB X W Y JIMHENHOTO HOJYHOPMHPOBAHHOTO IIPO-
CTPAHCTBA BHIMOJHAETCS HEPABEHCTBO

=l =yl < llx ~y

. (568.10)
B camom pmeite,

=l =lGe =) + ol < e =yl + Ny,
IIO3TOMY

Il = llyl < lx-y
Amnanoruuno

lyll = llxc| < lly — x| 5 lx -y
W3 mociegaux AByX HepPaBeHCTB U cJeayeT HepaBeHCTBO (58.10).
OTMeTHM, UTO BCAKOE IIOAMHOYKECTBO JUHEMHOIO ITOJYHOPMU-
POBAHHOTO (B YaCTHOCTH, HOPMUPOBAHHOTO0) ITPOCTPAHCTBA, ABJISIO-
meecs MOAIIPOCTPAHCTBOM JIMHEHHOTO IIPOCTPAHCTBA, B CBOIO Oue-
penb, ABISETCS JUHEHHBIM MOJYHOPMUPOBAHHBIM (COOTBETCTBEHHO
HOPMUPOBAHHBIM) IIPOCTPAHCTBOM.
VIIPAXKHEHHE 6. BoiacHuTs, OyZyT Ju BeIpaxkeHma  sup |f®()l,
as<t<b

b
i |F")(t)|dt HOPMOii; MONYHOPMOI; AIA KAKUX (DYHKIWI; 1A KAKUX 71.
a

58.3. Nprmepbl HOPMUPOBAHHBIX
M NOAYHOPMUPOBCHHBIX NPOCTPAHCTB

1. MHOXeCcTBO [eliCTBUTENbHBIX UNCEJ X MHOMKECTBO KOMILIEKC-
HBIX YHCeJ, €CJIN B HUX 34 HOPMY B3STh aOCOJIOTHYIO BEIUUUHY
yuces, o0pas3yioT JuHeHHbIe HOPMUPOBAHHbBIE ITPOCTPAHCTBA.

2. Eciiz B meficTBUTEIbHOM JIMHEMHOM 71-MEePHOM ITPOCTPAHCT-
Be R" HOpMYy BeKTOpa X = (Xy, ..., X,) Ll R" onpenenuTs Kak ero
JiuHy (cM. 1. 18.4)

Izl = x| = JxZ+ ... + x2,

TO OHO OyZeT JUHeHHBIM HOPMUPOBAHHBIM IPOCTPAHCTBOM U OY-
IeT 0003HaUaThCsS TEeM sKe CUMBOJIoM R™.

DyHKIUA
x| = Jxf + ... + x2,

rae 1 < m < n ABJISETCA IIOJIYHOPMOI.
3. KommekcHoe apudmernueckoe n-MepHoe mpocTpancTBo C*
(cM. 1. 57.2) OygeT HOpMUPOBAHHBIM, €CJIU MOJIOMKUTH

def

||x” = /\/|x1|2 .t |xn|2’ X = (x19 cee sy xn) ucr.
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4. B geficTBuTeIbHOM apudMETUUECKOM 72-MEPHOM IIPOCTPAaH-
cTtBe R"” MOXHO BBECTHU HE TOJIBKO HOPMY, COBIIQAOIYIO C AJIMHOMN
|x| ero sanemenToB x = (x4, ... , x,) x 0 R". Hanpumep, 0JI0KuM

lxcll, < (2,7 + ... + |2, )12, 1< p < +oo,

x| = max |x].
l]ee i=1,2,..,n &
OueBuaHO, AJMHA BeKTOpa (CM. mpuMep 2) COBIamaeT ¢ HOPMOI
| x| ,, HASBIBAaEMOIl KBanpaTwuHOl. IIpOBEPUM BBHIIOJHEHUE AKCH-
om HOpM A4 |x|,, 1 < r< +oo. IIpu r = 1 no cBoiicTBy abcomIoT-

HOM BeJIMUUHBI YNCeJI

n n n
e+ yli= $ x+ul < 3 bl + 3wl = el + ol

IIpu 1 < p < +°° mpuMeHMM HepPaBEeHCTBO MMWHKOBCKOTO (CM.
m. 30.8%):

x; + ,PDUP<
|x; + y;P 5

1

lx+ul,= 55

n

i<
L /p n /p

<85 IxlpB” + B3 lulr2” = lxl, + Iyl

Insa | x| umeem

|2+ yllo = . max |xi + yi| < max (|xi| + |yl|) <
=1,2,...,n i=1,2,...,n
< . | =
< _max e+ max oyl = lxle + vl

OcrasbHble cBoficTBa HOpM s || x|, 1 < r < +00, npoBepsioT-
cd eirie npoire. OTMeTuM, 4TO PYyHKITHT

Il §m = (acy [P+ oo+ [, P)P, 1< p <+ o,

(m) —
ll” =, max x|

npu 1 < m < n ABIAAOTCA IIOJYHOPMAaMMU, HO HE HOPMAaMMH.

VIIPAXKHEHHE 7. lokasats, uTo ||x||., = plingo I, x I R.

Onpeaenenue 14. [Jse nopmot ||x|| u ||x|* 6 auneitnom npocmpan-
cmee X HA3bIBAIOMCA IKEUBALCHMHbLMU, €CAU CYULeCmeyiom
makxue nocmoanhwvie ¢; > 0 u cy > 0, umo 0na ecex x 1 X evinon-

HAEMCS HepaBeHCmB0
eq[xl<]xl* < e5 [ x]. (58.11)
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HpI/IMepOM 9KBHUBaAJIECHTHBIX HOPM B JVHEeNHOM IIPDOCTPaHCTBE

n n
apnsorea HopMmel x| = [y x2 u [x[; = Y |x][. Boxee roro,
i=1 i=1
UMeeT MecTo cJeJyiolliasd TeopeMa.
TEOPEMA 1. B KoHeuHOMEPHOM JAUHELHOM NPOCMPAHCMEe 6Ce
HOpMbL IKEBUBALEHMHDYL.

AokaszaTeAbcTBO. Ilyeth X — KOHEUHOMEPHOE [IeHCTBU-
TeJIbHOE JIMHEHHOE IIPOCTPAHCTBO (Caydail KOMILIEKCHOTO IIPOCTPAH-
CTBa paccMaTPUBAETCs aHAJIOIuYHO). CaenoBaTeIbHO, B HEM CYII[ECT-
Byer 6aguc {e,, ..., e,}, cocroamuii u3 HeKoToporo unucna n L N ero

DJIEMEHTOB, U AJis Joboro x [1 X umeercsi, M IPUTOM €JUHCTBEH-

HOe, pasJIoKeHue
x=xe;t...1tx.e,.

ITycts | x|| — HexoTopas HopMa B mpocTpancTBe X . ITokaskeM,
YTO OHA DKBUBAJIEHTHA KBAaJPATHUHON HOpMe

x|lo= Jx2+ ...+ x2.
” ”2 1 n

ITocKoaBKY ABEe HOPMBI, KaXKJasd U3 KOTOPBIX S9KBUBAJIEHTHA TPETh-
eil, TaKKe SKBUBAJEHTHBI MEXJIy cO00il, M3 9TOro u OyAeT CJIeJo-
BaTh, UYTO BCEe HOPMBI JIIOOOI0 KOHEUHOMEPHOrO IIPOCTPAHCTBA 9K-

BUBAJICHTHBI.
def
IIpex/ie BCero saMeTuM, 4to ¢; = |ey| + ... + le,| > 0, Tax

Kak JJudA Bcex k=1, 2, ..., n ©MeeT MecTO HepaBeHCTBO ¢, # 0, u,
ciefoBaTenbHo, e, | > 0. lasee, ns oueBnAHOrO HEPABEHCTBA
|, | < Jxef+ oo+ x2 = x|, BE=1,2,...,n,
TIOJIYYUM, UCIIOJIL3YsI CBOHCTBO HOPMBI, HEPABEHCTBO
lacll = llxreq + oo+ xpe, | < foeqf flegf + oo+ |, [ e, ]l <
<legll + oo+ llenl llxlly = eyl

Hrak, cymectrByer Takoe ¢; > 0, uTto ana aoboro x [ X

=]l < ey llxll.

JlokaxxeM Teleps, UTO CYI[eCTBYeT TaKoe ¢, > 0, uro

=]l > e [lx]],-

ITockoabKky B caydae x = 0 9TO HepaBeHCTBO OUEBUIHO BBIIIOJIHSI-
eTcs IpHu J1000M ¢, > 0, ero ocTaTOUYHO AOKA3aTh JIUIIb I X # 0.

144



Bri6epem 6asuc {e;, ..., e,} B mpocTpaHcTBe X Tak, YTOOBI OH CO-
CTOSJ U3 eMUHUYHBIX B CMBICJIE KBaIPATUYHOM HOPMBI BEKTOPOB

leglly = .. = lle,ll = 1.
9To Bcerza BO3MOMKHO, TaK KaK eclu {e;, ..., e,} — KaKoii-To 6a-

3WC JIUHEHHOr0 IIPOCTPAHCTBA, a — Kakas-i1mbo HOpMa B 3TOM
TIIPOCTPAHCTBE, TO

0 81 en E
dledl” 7 leall 5

Takke Oyger ero 6a3mcoM, IprUUYeM HOPMAa BCEX eT0 3JIeMEHTOB 0y-
meT paBHa 1:

€k
w ‘=w”ek”=1, k=1,2,...,n.

IIpocTpancTBo X C¢ BHIOpAaHHBIM 0a3mMCOM MOKHO paccMaTpHU-
BaTh KaK apuMeTUIecKoe 77-MepHOe IIPOCTPaHCcTBO (cM. 1. 35.1).

Jl15 3TOT0 JOCTATOYHO KaXKAOMY ero BeKTOpYy X = xye; + ... + x,e,
CONIOCTAaBUTh YIOPAJOUYEHHEIN Habop n uucen (x;, ..., X,) — ero
KOODAMHAT OTHOCUTEJIBHO YKasaHHoro 6asuca. IIpm aTom KBagpa-

THYHAas HOpMa | x|, sABIseTCS AIMHON BeKTOpA X:

), = Jx? + ... + x2 =|x|.

Enunnunas chepa S 1= {x : x{ + ... + x2 = 1} aroro npo-
CTpamCTBa ABJAETCS, KaK m3BecTHO (cM. mi. 35.2 u 35.3), KoM-
naxkToM. PaccMoTpuM Ha Hell PYHKITUIO

1

def
fx) = [x|.
W3 nepaBeHcTBa

1) = )| = lllell = [lylll < [|x - yll <
e llx-ylo=c lx-yl,x0X,y0OY,

cienyeT, 4To 9Ta (PYHKIUA HelIpepbIBHA HA BCeM IpocTpaHcTBe X
U, clIeoBaTeIbHO, Ha cepe S L.

Tak Kak mus mo6oi Touku x 15"~ 1 umeem |x|, =1, To x %0,
IO3TOMY, B CUJIy cBoiicTBa 4° HOpMBI, PYyHKIuUA [ yAOBIETBOPAET
Ha cdepe S~ ! mepasencrsy f(x) = |x| > 0. Corsmacuo Teopeme
BeitiepmiTpacca, BcsAiKkaa HenpepbIlBHAA HAa KOMIIAKTE (QYHKIIUA IO-
CTUTaeT Ha HeM CBOEro MUHUMAJBLHOrO 3HaueHHA. IIycTh (QPyHK-
nusa f JoCTHTaeT cBOoH MHHHMYM Ha cepe S" ~ ! B HeKoTODOIi TOU-
Ke x, 08"~ 1. Tlonosxum

def .
c; = min, f(x) = f(xq) > 0.
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Torga pis aro6oro x 1 .S" 1 6yzem umeTsb

]l = 7Gx) > f(xxg) = 5.

Teneps, 3aMeTHUB, YTO AJA Kaxgoro x [ x, x # 0, Touka Tl te-
2
SKHUT Ha cepe S~ 1:
x 1
= ), =1
Hllxllz [l Il

X
U, CJIeIOBATEJBHO, IJIsS Hee HW H 2 Cq, MIOJIYIUM
2

Il = <l 25 | = | | V<l > €2 Dl

£l > ¢, Jxl, x0X, x=o.
DxBuUBaseHTHOCTH HOPM ||x|| 1 | x|, mOKazama. O

Mpumepsbl. 5. Ilycts cHoBa 1 < p < +00, PaccMOTpUM JIH-
HeiiHOe IOJANIPOCTPAHCTBO BCeX IIOCJIe[oBaTelIbHOCTEH X = (Xq, ...

vee sy X5 o02), X, U R (nm x,, 0 C), cocTosiee 3 TaKUX II0CJIeJ0Ba-
TeJbHOCTe, I KOTOPBIX

def  x /
I=l, = B3 IxlPf” < +oo. (58.12)

®yuxinusa |x|, asnsercs Hopmoit, UTO TPOBEPAELTCS AHAIOTHUHO
KOHEUHOMY cJIydaio (cM. mpuMep 4), Tak KaK, B YaCTHOCTH, Hepa-
BeHCTBO MIHKOBCKOTO CITPABE/JINBO U A1 OeCKOHEUHBIX CYMM.

B TomM ciydae, Korga Bce BJIEMEHTHI PAaCCMATPHUBAEMBIX
HOoC/Iefl0BaTeIbHOCTell — JeHCTBUTENbHbIe YMCIA, UX ITPOCTPAH-
CcTBO ¢ HOpMOIi (58.12) obo3HaUaeTcA uepes lp.

CooTBeTCTBYIOIIlee METPUYECKOE IIPOCTPAHCTBO B caydae p = 2
OBLIIO paccMOTpPeHO B mpumepe 6 m. 57.1.

6. JIuHeliHOEe NIPOCTPAHCTBO BCEX OrPAHWUYEHHBLIX HOEeUCTBU-
TeJBbHBIX (DYHKIIUH, OITpeie e HHBIX HA ITPONU3BOJIHFHOM MHOKECTBE
E, apnsaoleecs TOAIPOCTPAHCTBOM mpocTpaHcTBa F(E) Bcex mei-
CTBUTEJAbHBIX QyHKIUH f: E — R (cMm. m. 57.1), nupeBpaiaercsa B
HOPMUPOBAHHOE, €CJIN B HEM BBECTU HOPMY I10 (hopmMyJie

Il < sup |7(t)
tOFE

. (58.13)

0O603HaYMM 2TO IpocTpaHcTBo yepes B(E)*. B Tom ciydae, Korga E
SABJSAETCS METPUYECKHM MPOCTPAHCTBOM, IOAIIPOCTPAHCTBO IIPO-

* B — mepBasa OykBa aHTIuiicKoro ciosa bounded — orpaHMYeHHEII.
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crpauctBa B(E), cocrosliee n3 HENIPEePLIBHBIX Ha E QyHKIUH f,
oboszHauuM uepesd C(E), a Hopmy (58.13) B aTOM mpocTpaHCcTBe Oy-
meM oGosHauaTh Takske u gepes |fl|..

Ecau E aBnserca kommakToMm B R”, To (cMm. Teopemy 3 B 1. 19.5)
17l = sup [f®)] = max [£(2)].

B uwacTHOCTH, 9TO BepHO a5 mpoctpaHcTBa Cla, b] dyHKIMIA,
HeIIpephIBHBLIX Ha OTpesKe [a, b] UMcIoBOIi TPSIMOIA.

7. IIycth pukcupoBamo umeao p, 1 < p < +00, PaccMoTpum
MHOKeCTBO PYHKIIU f, 3aJaHHBIX HA HEKOTOPOM KOHEUHOM WJIU
0ECKOHEUHOM IIPOMEXKYTKE C KOHIIAMA X =a U X =b, -0 < g < b <
< +00, 15 KaKI0H 13 KOTOPBIX CYIIIeCTBYeT MpaBUIbHOE pasbue-
HUe 9TOT0 IpoMexxkyTKa (cM. 1. 55.1) u uHTErpas

b

[ 1f0)|Pdx

a
CXOIUTCS. OTO MHOKECTBO 00pasyeT, Kak JIeTKO MPOBEPUTh, JIH-
HeMHOe IIPOCTPAHCTBO U 0003HAYAETCA RLp = RLp(a, b)*.

B ciyuae, Korjga paccMaTpuBaeMbIil IPOMEKYTOK ¢ KOHIIAMY &
u b ABisgeTcs oTpe3KoM [a, b], —° < a < b < +00, TO COOTBETCT-
ByloLIee MpoCTPancTso RL, Oyzem 0003HAUYATh RL [a, b].
ITonosxxkum
defp® 1/p
111, | I leax] . (58.14)
ITorkasxem, uto (58.14) sABIAeTCA HOJIYHOPMOI B RLp(a, b). U3
dopmysr (58.14), ouesunmo, cpasy caenyer, uto ||f|, > 0. IIpu
arom u3 ycnosus ||f|, = 0 me cnexyer, uto f = 0. B camom zeue,
mycTh —00 < @ < b < +00; pacCMOTPUM, HAIpUMeD, PYHKI[HUIO
1 opu x=a,
f(x)z{o mpu x U (a, b].
flcwo, uto |f,| = 0, Ho GyHKIUS f He PaBHA TOMIECTBEHHO HYJIIO
Ha oTpeske [a, b] u mosTOMY He ABJAETCA HYJEM JUHEHHOT0 IPo-
crparcrsa RL [a, b].
IIpoBepuM OMHOPOAHOCTHL BhIpaskeHudA (58.14): maa Bcex f [
U RL,(a, b) u m06oro A U R (uim A [ C) umeem

1/

b 1/p b p
Infll, = [ ey leae] " = N[ Irceeat| = a] £,

* R — nepsasa 6ykBa pamuauu B. Pumana (B. Riemann), a L — nepsasa
oyksa pamuanu A. JleGera (H. Lebesque).
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HoxaxxeMm nysa (58.14) HepaBeHCTBO TpeyroJbHUKAa. s JI0OBIX
fURL,(a, b) u g U RL,(a, b), coriacHo HepaBeHCTBY MIUHKOBCKO-

r'o JJIs UHTerpayios (cM. m. 28.2%), moaydum

b 1/p
If -+ gll, = [ 7)) + elear] <

1/

b 1/p b p
<[1 lrwlpa] " 4] 1 lawrar] " = Ifl, + le]

Urax, peficrsurensho, ||f|, asrsercs momymopmoit (ue simsio-
mieiica HOPMOI) B IMHEMHOM mpocTpaHcTBe RL » (a, b).

p*

8. PaccMoTpUM MHOKECTBO BCEX HEIIPEPLIBHBIX HA OTPE3Ke
[a, b] dyuKnuii. OHO ABJIAeTCA JUHEHHBIM ITPOCTPAHCTBOM. MBI
yoKe 3HaeM, 4To B HeM MO)KHO BBectu HOpMYy ||f| ., onpesenennyo
B nipuMepe 6 sToro myHKTa. MOKHO B HEM PacCMOTPETh U IIOJY-
HOpPMY (58.14), mpuueM B 3TOM IIPOCTPAHCTBe moJayHopMa (58.14)
ABJIAETCS yiKe HOPMOH.
HeticTBuTeIbHO, eciu GYHKITUA [ HeIpephIiBHA Ha oTpesKe [a, b]
u ||f||p =0,1 < p < +0o0, u, crefoBaTeNbHO,
b
[ f()lPdt =0,
a
TO 13 HEOTPUIATEILHOCTH 1 HeIpephIBHOCTH QyHKINH |f(x)|?, x [
O[a, b] cremyer (cM. cBoiicTBo 90 mATerpana B m. 24.1), uro f(x) =0
Ha [a, b].
IIpocmpancmeo Henpepvl8HbLX Ha ompe3ke [a, b] pynryuil ¢
Hopmoii (58.14) o6osnauaemcs wepes CL [a, b].
Ilomo6HBIM Ke 00pa3oM CTPOATCA aHAJOTHMUYHBIE IPOCTPAHCTBA
Ias GYHKIIUH, 3aJaHHBIX HA IPOMEKYTKaxX APYTUX TUIIOB, B TOM
ypcjie 1 Ha 0ECKOHEUHBIX IIPOMEKYTKAaX, HAIIPUMED, IPOCTPaH-

CTBa
CL,(a,b), —c0<a<b<+00, 1<p<+oo,

KOTOpbI€ COCTOAT M3 HEeIPEPLIBHBIX (DYHKIUH, 3aJaHHLIX HA WH-
TepBaie (a, b), 1 OJisg KOTOPLIX KOHeueH uHTerpai (58.14).

Eciu omHO ¥ TO Ke MHOKeCTBO (GYHKIIUH MPUHAIIEKUAT pas-
JUYHBIM JTUHEHHBIM HOPMHUPOBAHHBIM UJIU MOJYHOPMUPOBAHHBIM
mpocTpaHcTBaM (HanpuMmep, mpocrpauctBa Cla, b] u CLp[a, b] co-
CTOSAT M3 OJHUX U TeX Ke PYHKIUI), TO 4acTO ObIBAET II0JEe3HBIM
OIIEHUTDH OAHY HOPMY (HOJYHOPMY) 3TUX (PYHKIIHI uepes APYTryio.
TeopeMbl, BLIPAXKAIOI[HE II0JO0OHLIE OI[€HKN, HA3LIBAIOTCA OOBIUHO
meopemamu 8J0HCHUS.
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IlosicuuMm cKaszanHOe Ha npumepe, choOpMyIUPOBAHHOM B BUIE
JIEMMBI.
AEMMA 3. ITycmov -0 < a <b < +00, 1 <p <+ o, Ecau f [
0 RLp[a, b], mo

1
p 1 1
<(b-a)? =4 == .
Il <@-a)lfl, 5+7=1, (58.15)
a ecau fU RLp[a, b]N B [a, b], mo
171, < &= ) /7| fl| - (58.16)

AoKas3aTeAbcTBO. IIpuEuMas BO BHUMAaHUE, YTO IOJIYHOPMA
|71, ompenensiercs mo hpopmy.re (58.14), moryumM, HCTOMBIY s He-

paBeHcTBO ebiepa (cm. 1. 28.2%),

b

I, =1 17l - 1dt <
<[r rat]’” bd Y9 b~ a)a 1.1 _4
<|[lrolat] * | fax] " =0 -, o+ =1,

Tem camMbIM (58.15) mokazano. HepasencTro (58.16) Tak:xe cpa-
3y BbITEeKaeT u3 omnpeneneHuit (58.13) u (58.14) cooTBeTcTBYyIO-
X HOPM:

b i/p P [1/p
I, =g 1firae] " < (sup lfolears -

b P
— 7l atE" = @ - ayofl... o

3ameuanue. OrmeruM, yTO HEpaBeHCTBO (58.15) cripaBes-
JIMBO OYeBUAHBIM 00pasoM u 6es mpeanonokenus, uro f U RL [a, b],
rtak Kax ecu f [ RL [a, b], 7o ||f|, = +00 (cm. (58.14)), u moaTomy He-
paBeHCTBO (58.15) BBITIONHSAETCS OUEBUIHBIM 00pasoM. AHAJIOTMYIHO
HepaBeHCTBO (58.16) TpuBmuasbHO B cayuae, Koraa f [ Bla, b], Tak
Kak Toraa |f||. = +°°; KoHeuHO, KaK 06LIUHO, 37eCh IpeAIoara-
eTcs, UTO AJIs PACCMaTPUBAEMBbIX (YHKIIUI CYIECTBYET MPABUIb-
Hoe pasbueHue oTpeska [a, b] (cm. m. 55.1).

VIIPA’JKHEHHE 8. O6osuauum uepes CL,[a, b] mOAMHOMECTBO IPOCTPAH-
crBa CLy[a, b], cocTodAIee 13 HeIPepPLIBHO Au(depeHnupyeMbIX Ha OTpe3Ke
[a, b] Gyuruwmit. lokasars, uro MHOKecTBO C1Ly[a, b] aBnseTcs NMHEHHBIM
HOPMUPOBAHHBIM IIPOCTPAHCTBOM, €cJIX TTof HopMoit dyrknuu f U C'Ly[a, b]
IIOHKMAThL ee HOpMY B mpoctpancTse CLy[a, b].
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58.4. CBOMCTBO NOAYHOPMUPOBAHHBIX MPOCTPAHCTB

B monyHOpMUpPOBaHHBIX IIPOCTPAHCTBAX MOMKHO BBECTHU TOHSTHE
CXOIAIIEeNCS IOCIeJOBATEIFHOCTY U ee IIpejiea.

Onpeaenenue 15. Ecau nociedosamenvHocms {x,} 3/1eMeHMO8E no-
JLYHOPMUPOBAHHO020 (8 LACMHOCMU, HOPMUPOBAHHOZ0) JUHEILHO-
20 npocmpancmea X maxosa, umo cywecmeyem saemenm x (1 X
maroii, umo lim_ |2, — x| = 0, mo nocredosamenvrocms {x,} na-

3vL8a0m cxodaueiics no noiyHopme (coomeemcmeeHHo No HOp-
Me) K dJleMeHmy X U Nuym x = limoo x,.
n -

BBogsa B kaxkoM-1100 JIMHEHHOM IIPOCTPAHCTBE (PYHKIIUHA pas-
JINYHBbIE MOJYHOPMEI (B YACTHOCTHM, HOPMBI), OyAeM IMOJydaTh pas-
JIMYHbIE TOHATHUSA CXOLUMOCTH IOCJeJ0oBaTeJIbHOCTEeN (GYHKI[UIA.
Hampumep, cxomumocTs B cMbIcyae HOPMEI (57.13) o3HauaeT paBHO-
MEPHYIO CXOJMMOCTh; CXOAUMOCTh B CMBbICJTE TMOJYHOPMEI (57.14)
ABJsSIETCA yiKe CXOAMMOCTBIO APYTOT0 POia: OHA HasbIBaeTCs cxodu-
MOCMbI0 8 cpeOHeM, NI, IOAPOOHEee, B CMBICJE P-CPeJHEro (MHOT-
Aa TOBOPAT M IPOCTO O CXOAMMOCTH B CMBICJIEe IpocTpaHcTsa L ).
Ms! y2Ke BCTPeUanCh C YaCTHBIM CJIYUYaeM CXOAUMOCTH TAKOTO PO-
ma opu p = 1 (cMm. gemmy 2 B 1. 55.2, cieicTBue TeopeMbl 2 B
. 56.7 u meTpuky (57.2)) u mpu p = 2 (B caIeACTBUU U3 TeopeMsbI 12
o. 55.9). Ilpu p = 2 cxXoAMMOCTH B CpeJHEM Ha3bIBAETCA TaKiKe
CXOAUMOCTBIO 8 CMbLCE cpedHez0 K8adpamuiHozo.

Hepasencrsa (58.15) u (58.16) Mexkay pasJInUYHBIMU IOJIYHOP-
MaMu QYHKIIUIH TO3BOJAIOT YCTAHOBUTH CBA3b MEKAY PasIUUHbI-
MU BUJaMHU CXOAUMOCTEN (DYHKITIA.

Hanpumep, mycTs mocnefoBaTelbHOCTh (QYHKNuUi f,, n =
=1, 2,..., u QyHKIUa f TAKOBEI, YTO:

1°. ITocnedosamenvrocms {f,} cxodumces pasnomepro Ha om-
peske[a, b] k¥ pyuryuu f.

20. ITpu 6cexn=1,2,...,f,—fO RL [a, b]N RL [a, b].

Torga mocienoBaTenbHOCTS {f,} cXoauTCA K QyHKINH f HA OT-
peske [a, b] 1 B cMbIcse p-cpegHero, 1 < p < +00,

B camom gmesne, B cusy paBHOMEPHOUM CXOAMMOCTHU TIOCJIELOBA-
TenpHOCTH {f,}, IOCIEAOBaTEILHOCTS {f, — f} orpanmyena u, cie-
nosarensHo, f, — f U Bla, b] N RLp[a, b]. IlosTomy, corjacHo
(58.16), cupaBeAIMBO HEPABEHCTBO

17, = fl, < & - a)?|f, = fll-
PaBHOMepHaA CXOAMMOCTD IIOCIEL0BATEIBHOCTH {f,} K GyHKINH f
Ha oTpeskKe [a, b] o3Hauaer, uyTO

tim_|f, - fl.. = 0.
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CiemosaTeabHO,

Tim_ [f, ~ 71, =

VIIPAJKHEHHE 9°. TloCTPOUTHL NPUMEP IOCJIEN0BATEILHOCTH HEIPEPhIB-
HBIX HEOTPUILIATEJIbHLIX Ha OTPe3Ke MYHKIU, CXOqAIIelica B cpeJHEM, HO He
CXOnsAINecsa HU B OSHOM TOUKe.

CJIe,Z[yeT O6paTI/ITB BHMMaHHNE HA TO, UYTO B IIOJIYHOPDMMPOBaH-
HOM IIPOCTPAHCTBE Y CXOIAINeiica IoCJIefoBATEJbLHOCTH Hpene,
BOOOIIle TOBOPsi, He eqUHCTBeH. IIpu sTom ecJu lim x,=amu

lim_x, = b, To MONTyHOPMa PasHOCTH ABYX npe,ueJIOB ‘paBHA HyIIO:
||a b|| = 0. Do cpasy ciefyeT U3 HepaBeHCTBA
la = bl < lla—x,] + [,

Bepwo u obparroe: ecmu a = lim x, u [la = b = 0, To u b =
n -
= limOO x,. B camom fiesre, 13 HepaBeHCTBA
n —

lc, = b = llx, — @) + (@ =) < | x, - all + |la - b =[x, - al

BEITEKaeT, uro ecau lim |x, —a| =0, Tou lim |x, —b[|=0
n oo TN n . oo n

Harnsapmo HeeIWHCTBEHHOCTH IIpefiesia B IOJIYHOPMHUPOBAH-
HBIX (PYHKIIMOHAJIBbHBIX IMPOCTPAHCTBAX MOKHO IPOUJIIIOCTPUPO-
BaTh Ha mpuMepe mpoctpaHcTBa RL[a, b]: mociiemoBaTeIbHOCTH
byrrnuii f (x)=1/n,a<x<b,n=1, 2, ..., cxoqurcs 10 IOJY-
HOpMe 3TOT0 IIPOCTPAHCTBA U €€ IpefeaMU ABJISIOTCA, HAIpU-
mep, pyurmuu f(x) = 0 Ha oTpeske [a, b] u pynknua g: g(x) =
nmpua < x < bwug)=1.
Onpeapenenne 16. Ilycmv X — JauHellHOe NOLYHOPMUPOBAHHOE
(6 wacmuocmu, HOpMUPOBAHHOE) npocmparcmeo. Mmuoxecmeo
E [0 X nasvieaemcs 02paHuyeHHbIM UAL, NOOPOOHEe, 02PAHUYEH-
HblM N0 nonryHopme (coomeemcmeeHHO No HOPMeE), eCaAl cyu,ecm-
syem maxas nocmosHuas M > 0, umo daa ecex x [l E 8blnonns-
emca nepasencmeo ||x| < M.
AEMMA 4. Ecau nocnedosamenvrocms {x,} cxodumca no noiy-
Hopme 68 X, mo OHA 02PAHUYEHA.
AokasateAbcTBO. Ilyeth x = l:imOO X,; B CUIy CXOAMMOCTH

n -

II0CJIeJOBATENbHOCTH, CYIIIeCTBYeT TaKoe 1, YTO eCJu 7 > I, TO
|x, — x| <1 u, cniegosarensHo,

e, || = llCxc,, = 2) + x| < e, = |l + (2] < [lc]| + 1.
Monoskum M = max {[x, |, [x,], ..., HxnoH, |x| + 1}; Torna, oue-
BUJHO, I Bcex n = 1, 2, ... cipaBeAynBo HepaseHeTso |x, | < M. O
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s TuHeHHOro IPOCTPAHCTBA C IOJYHOPMOM MOYKHO OIpese-
JIUTH MOHATHE HEIIPEePLIBHOCTY €r0 OTOOpakeHusa B APYroe I0JIy-
HOPMHPOBAHHOE IIPOCTPAHCTBO.

Onpeaenenune 17. Omoopasxcernue f : X — Y noayHopmupo8aHHozo
(8 wacmHocmu, HOPMUPOBAHHO020), npocmparncmaea X 6 NOJLYHOp-
MuposarHHoe (HOPMUPOBAHHOE) Npocmpancmeo Y HaA3bleaemcs
HenpepvleHbLM 6 mouke x, 1 X, ecau 0na nrwboit nocaedosameo-

Hocmu {x,}, cxodaweiica K x, no noarynopme (Hopme) nPOCMPAH-

cmea X: limOO x, = x,, nocredosamenvrocms {f(x,)} cxodumca x
n -

f(x,) no noryropme (Hopme) npocmpancmea Y: nlimoo f(x,) = f(xy).

B ciryuae HOpMHPOBaHHBIX IIPOCTPAHCTB HEIIPEPBIBHOCTEL OTOOPA-
JKeHMs B CMBICJIE HOPDM PaBHOCHUJILHA €r'0 HEIIPEPhIBHOCTH B CMBICJIE
METPUK, IIOPOKIEHHBIX 9TUMI HOpMaMu (cM. jJeMMmy 6 B 1. 58.5).

B TepMuHax HepaBeHCTB HEIIPEPLIBHOCTE B TOUKe X, OTOOpaxe-
HUS f TOJYHOPMUPOBAHHOIO IIPOCTPaHCTBa X B IOJYHOPMUPOBAH-
HOe IIPOCTPAHCTBO Y (POPMYJIUPYETCS CIAEAYIOIUM O0pasoM: MIJs
sgro6oro € > 0 cymecrsyer Takoe 0 > 0, uto 11 Beex x [ X, ns Ko-
TOPBIX |x — x| < 3, BEImONHAETCS HepaBeHeTBO |f(x) — f(x)|| < €.

IKBUBAJIEHTHOCTh ABYX C(OPMYJIMPOBAHHBIX BBIIIE OIIpeje-
JIEHUH HENPepbhIBHOCTU MOKA3bIBAETCA IIO TOH JKe CXeMe, UTO U B

caydae, korma X m Y — MHOMKECTBA AeHCTBUTEILHBIX YKCEJ (CM.
m. 5.7).

AEMMA 5. ITorynopna ||x| asrsemcsa nenpepvienoii Qynryueil
HA NOLYHOPMUPOBAHHOM npocmpancmee X.
AokaszaTeAbcT1BO. IlycTts 3amansl sjmeMmenT x [1 X u uwmcio
€ > 0. Torga #us Bcex TaKUX X, 4To ||x — x,| < €, B cuay Hepasen-
crBa (58.10), umeen || x| — [xll] < [x — x| <&, T. e. yeaosue ne-
IIpepbIBHOCTHY (pyHKIMY Ha X BBIMOJHAETCA IPU BeIGope & = €. O
Onpeaenenue 18. ITycmov X u Y — auHeilHble NOAYHOPMUPOBAH-
Hble (8 wacmHocmMu, HOPMUPOBAHHbLE) npocmpancmaea. Omobpa-
scernue f, usomophro omobpaxawuee npocmparncmseo X Kaxk Ju-
HellHoe npocmpancmeo Ha npocmpancmao Y (cm. onpedenerue 9)
u marxoe, umo 0aa nwbozo x 1 X cnpaseduso pagencmaeo

lllx = 1)l
Ha3bl8AeMCA UI0OMOPPHBIM 0MOoOpaXceHuem Uuau U30MOPHUIMOM
JUHEUHbLX NOJYHOPMUPOBAHHBLX (HOPMUPOBAHHBLX) NPOCMPAHCME.

Ecau 0na JuHelHblX NOLYHOPMUPOBAHHLLX (HOPMUPOBAH-
Hblx) npocmpancme X u Y cywecmeyem u30omop@hroe omoopa-
senue X Ha Y, mo OHU HA3bLBAIOMCS USOMOPPHLLMU.
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Hanpuwmep, ecau (a, b) — KOHEUHBIN MHTEPBaJ, TO COOTBETCT-
BUe, IPU KOTOPOM KasKI0H (QYHKIMY II0JYHOPMUPOBAHHOI'O IIPO-
cTpaHCTBa RLp[a, b] craBuUTCA B COOTBETCTBHUE €€ CYy KeHHUe Ha WH-
TepBai (a, b), ABIsIETCSA JUHEHHBIM OTOOpPaKeHNEeM IPOCTPAHCTBA
RL a, b] Ha mpocTtpancTBo RL (a, b) (cropberuueii), COXpaHsIo-
UM moayHopmy. Ilocaentee cieqyeT U3 TOro, YTO 3HAUEHUE WH-
Terpajia OT @ M0 b oT (PYHKIIMKM He 3aBUCHUT OT 3HAUEHUI 9TOH
(GYHKIIMY UM OT X OTCYTCTBUS B TOUKAX X = a u X = b. apo oro-
OpasKeHUs COCTOUT He TOJbKO M3 HYJIA, a U3 BCEBO3MOMKHBIX
(yHKIIMI, paBHBIX TOMKIECTBEHHO HYJI0 Ha MHTepBaJse (a, b) u
IPUHUMAIOITNX HA eTo KOHIIaX IIPOM3BOJIbHLIE 3HaUeHUA (0TCI0AA
CJeIyeT, UTO 3Ta CIOPBHEKIUS He ABIAeTCA OuerIiueii).

Cy:xenue Ha mHTepBasa (a, b) HeIpPepbIBHLIX Ha OoTpeske [a, b]
dyHruUMil oToGpaxkaeT HOpMuUpoBaHHOe mpocTpancTBo CL [a, b] He
Ha IPOCTPAHCTBO, a TOJHLKO B IPOCTPAHCTBO CLp(a, b) (He KamKIyIo
HeIpephIBHYIO HA MHTEepBaJe (a, b) PyHKIINIO MOYKHO IIPOJOJIKUTE C
COXpaHEeHMEM HeIPepPhIBHOCTU Ha OTPe3OoK [a, b]), HO 3aTo B aTOM
cJIyuae yKasaHHOe CYsKeHUe SABJIAeTCA B3aUMHO-OJHO3HAYHBIM OTO-
OpakeHueM (MHBEKIIMEI), MOCKOJBKY OHO COXPaHsSEeT 3HaueHUe
HOpPMBI). OHO ABIAETCA N30MOPGHBIM 0TOOpaKeHeM IPOCTPAHCTBA
CLp[a, b] Ha ero oOpas B IpOCTPaHCTBE CLp(a, b) (BcAKasA MHBEKITUS
ABJSAETCSA OMEeKI[e IIpy OTOOparKeHn MHOXKeCTBa Ha 00pas).

JBa n30MOpMhHBIX TOJTYHOPMUPOBAHHEIX (HOPMHPOBAHHBIX) IIPO-
CTPAHCTBa MOI'YT OTJIMYATHCA APYT OT APYyra TOJILKO IIPUPOAOL CBOMX
2JIEMEHTOB, a He CBOcTBaMU IIPocTpaHcTBa. IloaToMy B JaibHeHIIIeM
MBI 4acTO He OyJeM pasiudaTh M30MOp(MHEIE ITOJIYHOPMUPOBAHHBIE
(xI0pMUpOBaHHBIE) TPOCTPAHCTBA, COCTOAIINE M3 PA3TUUYHBIX 9JIEMEH-
TOB: 9JIEMEHTHI TAKMX ITPOCTPAHCTB MOJKHO «OTOKIECTBIIATEY .

Ilosacuum sTo mogpobHee. Ilyets X u Y* nuHelHBIEe TOTYHOP-
MUpPOBaHHEIE IpocTpaHeTBa, Y U Y™, af: X — Y — usomopdHOE
oTobpaxernue. Paccmorpum muoxectBo X=X U (Y*\ Y), moay-
yalorieecsa 13 mMpocTpaucTBa X mpucoefnHeHNEeM K HEMY MHOMKe-
crBa Y\ Y. Takum o6pasom, X* \ X = Y*\ Y. Oupegenum gia
3JIEMEHTOB MHOKecTBa X * OIlepaluy CJIOKEHUS U YMHOMKEHUA Ha
4HCII0, a4 TaKyKe HOPMY — OHH OyAyT cHaG:KaTbcsa mHAeKcoM X .
Ilnsa ymobeTBa BBegeM oToOpaxkenme F : X* — Y, zagmaBaemoe
dopmyoit

dgf{ f(x), ecrmx 0 X,
F(x) = ; (568.17)
x, ecamx 1 X\ X.

fAcHo, uTo F ABAseTCA B3aMMHO-OLHO3HAUHBLIM OTOOpasKeHHEM
(buexmmeii) mEOKecTBa X "Ha Y ™.
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Teneps aus m06b1x x [ X, y 0 X ™ u m100bIX unces A, |l IOJIO0MKAM
def
Ax + Hy) o = F1[AF(x) + uF(y)l,

def
[l o = 1FG) -

Taxk, onpejeJeHHOe IPOCTPAHCTBO X~ ABJISeTCA JUHEHHBIM IIOJIY-
HOPMUPOBAHHBIM (HOPMUPOBAHHBIM), M30MOPGHBIM ITPOCTPAHCT-
BY Y u cogep:xamum X B KadecTBe CBOero IOAMHOKecTBa. 110
yTBepsKAeHIEM «OTOXKIeCTBIM B IPOCTPAHCTBE Y * MHOKeCTBO Y C
M30MOP(HBIM eMy IPOCTPAaHCTBOM X» U IIOHMMAETCS PacCMOTpe-
HIe YKa3aHHOIO BBIIIe IpocTpaHcTBa X~ (CPABHUTE C OTOMKIECTB-
JIeHHEeM M30MeTPUUYECKNX MeTPUYEeCKuX MPOCTPAHCTB I. 57.1).
VIIPAJKRHEHHA. 10. Ilycte X — JnuHellHOe IIOJYHOPDMUPOBAHHOE IIPO-
crpancTso. Daementsl x [1 X u y [ Y nasniBatorcs skeusasenmmuvLmu, ecin
| — y| = 0. OBosHauMM Yepes X MHOKECTBO, SIeMEHTAMH KOTOPOTO ABJIAIOTCA
KJIacchl SKBHBAIEHTHBIX d1eMeHToB mpocrparersa X. Ilyers ¥ 0 X, § 0 X,
x U x,y Uy, N — uucno. Onpegenum x + J Kak aJeMeHT MHOKeCTBa X, co-
mepaxamuit x + y, a AX — KakK 2JeMeHT U3 5(, comepokaruii Ax. ITomoxxum
%[ ¢ = %] x- Moxasars, uro ranmbIe ONpeseeHNA KOPPEKTHEL, T. €. He 3aBH-
cAT oT BEIGOpa meMerToB x [ %, y (] JJ, m uTo X ABIAETCA JTHHEHHBIM HOD-
MUPOBAHHBIM IPOCTPAHCTBOM C HOPMOiH [ X| ;.

11. Toxazarsb, 4o GYHKIUKA X + y U AX HEIPEPHIBHLI HA BCSIKOM JIMHEHHOM
MOJIyHOPMUPOBAaHHOM TIpocTpaHcTBe X (X U y — BJIeMeHTHI 9TOTO IIPOCTPAH-

CTBa, a A — III/ICJIO), nHa4vYe roBOpdA, UYTO onmepanumn CIOKEHUA M YMHOMXEHUA
Ha YMCJIO HEeIIPEPBIBHBI B YKa3aHHOM IIPOCTPAaHCTBeE.

58.5. CBONCTBA HOPMUPOBAHHBIX MPOCTPAHCTB

B nuneiinoM HoOpM U pPpOBaHHOM IIpocTpancTBe X MOXKHO €C-
TECTBEHHBIM 06Pa30M BBECTU PACCTOSHMIE MEKAY DJIEMEHTAMU 9TOTO
npocTpaHcTBa. IMeHHO: cIIpaBeIJINBO CJAEAYIOIIee YTBEPIKAEHNE.
AEMMA 6. JIuneilHoe HoOpMUuposaHHOe npocmpancmeo X sA6J4s-
emcs MempuiecKum npocmparHcmeom ¢ Mempuroil

p(x’ y)= ”x_y”’ (5818)
npu amom cxodumocms nocaedogamenbHocmeil 8 nNPocMpaHcmae
X no amoit mempuke cognadaem co cx00UMOCMbI0 NO HOpMe.
AOKQA3ATeAbCTBO. ®yuknuda P(x, y), oupeneaeHHas Gopmy-
goi (58.18), melicTBUTENIBHO SABJIAETCA PACCTOAHMEM: CBOMCTBA

paccrogHus (cM. m. 57.1) BBITeKalOT U3 CBOMCTB HOpMbI 10—40
(mpoBepbTe 9T0). Bropoe yTBep:KIeHNE JeMMbI OUeBUAHO. [
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Byaem roeoputs, uto mempuka (58.18) nopoxicdaemcsa s3adan-
Holl Hopmoil npocmpancmea X. Hanpumep, MeTpUKa, ITOPOKAeHHAS

HopMmotit |x|| = ,/x? + ... + x2 B apudMeTHUECKOM JUHEHHOM TIPO-
CTPAHCTBE N-MEPHBIX BEII[eCTBEHHBIX BEKTOPOB X = (X1, Xg, «.v  X,),

ABJIAETCA METPUKOH eBKJMAOBa IpocTpaHcTBa R™, ompeneleHHONR
dopmyoii (35.1).

He BcaKoe MeTpHYeCKOe IIPOCTPAHCTBO ABJIAETCS HOPMHPOBAH-
HBIM, HaIIpUMep IIPOCTPAHCTBO, COCTOSIIEe M3 ABYX TOUEK X U Y
(mBoeToume) ¢ MeTpUKO P(x, y) = 1, He ecTh JUHEHHOE, a TOITOMY
He HOPMUPOBaHHOE TPOCTPAHCTRO.

ITocimemoBaTebHOCTH TOUEK HpocTpaHcTBa X, (hyHAaMEHTAJb-

Has OTHOCUTEJNHLHO MeTpuku (58.18) (cMm. m. 57.2), Has3bpIBaeTCA TaK-
JKe PyHOAMeHMmAaLbHOl 0MHOCUMeNbHO HOPMbl, 3aJaHHON B IIPO-
crpaucTBe X.
VIIPA’JRHEHHE 12. [Jokas3aTb, 4YTO MHOKECTBO B JIJMHEHHOM HOPMUPOBAH-
HOM IIPOCTPAHCTBE OTPaHUUEHO 10 HopMe (cM. onpesenenue 16 B m. 58.4) Tor-
la U TOJBKO TOrZa, KOIA OHO OIPAHMYEHO KAK MHOMKECTBO METPUUYECKOTrO
IPOCTPaHCTBA B cMbIcae MeTpuku (58.18).

Mpumep. PaccMOTpUM IPOCTPAHCTBO [, IOCIEAOBATEIBHOC-
Tell OefCTBUTEJbHBLIX urces] ¢ HopMmoii (58.12). O6o3HauuM uepes
e, TOCIe0BaTeNbHOCTb, ¥ KOTOPOIl n-ii UjleH paBeH eJUHUIlE, a
BCe ocTasibHble — HyJau. OUueBUIHO, UTO IIPU 11 = M

le, —e,ll =@+ 1)l/p=21/p,

IlosToMy mociemoBaTeJbHOCTh dJIeMeHTOB e, = 1, 2, ..., mpo-
CTpPaHCTBa lp He MOKeT colep:KaTh PyHIaMeHTaJbHOI, a cIemgoBa-
TeJIbHO, U CXOAAIIeNCA MTOAII0CIeI0BATEILHOCTH.

ITocnenoBareIbHOCTH {€,} OTPaHUYEHA, TAK KaK JJIA BCEX 7l NMe-
eM |e || = 1. Ona oGpasyer saMKHyTO® MHOMECTBO B L, TaK KaK MHO-
2KecTBO {e,} He NMeeT IpeeJbHbIX TOYeK B [, (B IPOTHBHOM ciyuae
B Hell HaIILIach ObI CXOAAIIASACS MOAIIOCIEeI0BATEILHOCTD).

Takum 06pasoM, B 0eCKOHEUHOMEPHOM JIMHEHHOM HOPMHPOBAH-
HOM IIPOCTPAHCTBE MOI'YT CYIIIeCTBOBATHL OTPaHMYEHHBIE IIOCIe0BA-
TeJIbHOCTH, U3 KOTOPBIX HEJb3s BBIAEJUTDL CXOAAIIYIOCHd, a TaKiKe
OrpaHMUYeHHLIE 3aMKHYTbIe MHOYKECTBA, Y KOTOPLIX HE M3 BCIKOMI
IIOCJIeIOBATEIBbHOCTH UX TOUEK MOXKHO BBIJIEIUTH CXOIAIIYIOCH.

3ameuanue 1. Eciu B auHeiiHoM mpocTpaHcTBe X BBeIEHBI
JIB€ HOPMEI 3JIEMEHTOB (O (2), mpuyeM OHU SKBUBAJIEHTHBI
(cm. onpenenenue 14 B m. 58.3), To mocrenoBaTeabHOCTS X, [1 X,

1) por-
@,

n=1,2,..., cxogurca K saemenTy x [1 X B cMbICIIe HOPMBI
Jla 11 TOJIbKO TOI'IA, KOTa OHA CXOAUTCS K X B CMBICJIE HOPMEI
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IlelicTBUTEIBHO, B CUJIY BSKBUBAJIEHTHOCTH HOPM M) g
(?), cymrecTByIoT Takue mocToAHHBIE ¢; > 0 u ¢, > 0, YTO BHI-
IOJTHAIOTCS HePaBeHCTBA

¢y [, = x[® < lxc, = [V < e [, = x]|P.

W3 5TUX HepaBeHCTB Cpasy U clelyeT 9KBUBAJEHTHOCTE CXOJUMOC-
Teil IIOoCJIeJOBATEIBHOCTH {X,} K X B cMbIcie HOpM || « [V u || « [P,

W3 noxaszaHHOil B 1. 58.3 SKBUBAJEHTHOCTU BCEX HOPM B KOHEY-
HOMEPHOM IIPOCTPAHCTBe (Teopema 1) cieZyeT, UTO CXOAMMOCTH IIO-
cllefloBaTeIbHOCTeil ero TOUeK IO BCeM HOPMAaM SKBHBAJEHTHEI.
CxonumocTs [0 KBaapaTuuHoil HopMme | x|, paBHOCHIBHA MOKOOD-

IuHaTHOI cxogumocTu (cM. . 18.1 u 18.4), mosTomMy CX0ANMOCTh
IIOCJIEOBATEJILHOCTYA TOUYEK B KOHEUHOMEPHOM IIPOCTPAHCTBE IIO JIIO-
00ii HOpMe PABHOCUJILHA CXOAMMOCTU UKCJIOBBIX IIOCJIEIOBATEILHOC-
Teli KOOPAUHAT PAcCMATPHUBAEMBIX TOUEK OTHOCUTEIBLHO IIPOM3BOJIb-
HOro Oaswuca.

BamMmeuaunue 2. OTMeTuM, UYTO B caydae, KOTa MOJyHOPMA
He ABJISIeTCA HOPMOM, Ja)ke TaKasa IpocTasa PYHKINA, KaK JHHeH-
Has HAa KOHEYHOMEPHOM JMHENHOM IIOJYHOPMHPOBAHHOM IIPO-
CTPaAHCTBE, MOKET OKa3aThbCs He HelpepulBHOII. PaccmoTrpum, Ha-
npuMep, AByMepHoe apudpmMeTHUecKoe MPocTPaHCTBO X BEKTOPOB

x = (x4, X,) ¢ mosyHOpPMOIi ||x|| = |x,|. TO meficTBHTENBHO HOMTY-
HOpMa, Tak Kak |x| = |x;| > 0. Kpome Toro, ansa mo6oro uucia A
umeeM Ax = (Ax;, Ax,) 1 moatomy |[Ax| = [Aax,| = |A| [x;| = |A] [|x]|.

Haxonen, ecau y = (y;, Y,) TaKKe ABIAETCA JIEMEHTOM U3 X, TO
x+y=(x; +y; X, +y,); crenoBaressHo, ||x + yl| = [x; + y| < x| +
+ |y, = ||x| + |y|l. Takum o6pasom, Bce cBolicTBA HONIYHOPMEL BBI-
HOJTHEHEI.

IToxaxxem, uTo MuHelHaa QyHKNuUA f(x) = X, He HelIpepbIBHA

Ha X. JleficTBUTeNbHO, AJA HmociemoBaTeabHocTu x(™ = (1/n, 1)
aobasa Touka Buja x = (0, x,) (X, IPOU3BOILHO) ABJIAETCA ee IIpe-

IeJIOM B CMBICJIE PACCMATPUBAEMOM ITOJYHOPMBI:
. - 1

lim [x™ - x| = lim = =0.
n - oo n-oon

B wacraocTHu, Touka O = (0, 0) sBIAeTCcA TpenesoM MOcJemoBa-
reapHOCTH {Xx(M}. OmHAKO

lim f(x™) =1 = 0 = f(O).
9To u O3HauaeT, 4YTo QYHKNuUA f(x) = x, He ABIAETCA HelpPePHIB-
HOii IIo mosryHOpPMe ||x|| = |4
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IToguepkHeM elrle, YTO B KOHEUHOMEPHOM ITPOCTPAHCTBE BCH-
Kad JuHelHaa GyHKIUA OyeT HelIpePhIBHA OTHOCUTEIHHO HOPMBI
3TOro mpocrtpaHcTBa. elicTBuTesbHO, TycTh X — nN-MEpHOEe JIU-
HeliHOe HOPMHPOBAHHOE IIPOCTPAHCTBO U [ — JIWHEHHBIN (PyHK-
nuonaix Ha X. ITycts {e;, ..., e,} — 6asuc B X u, ciegoBaTeIbHO,

10001 ssmemenT x [ X mpencTaBUM UM IIPUTOM €IHMHCTBEHHBLIM 00-
pasoMm B BujJe X = x,e; + ... + x,e,. IlockonbKy [ — nuHeHHBIH

(QPYHKIIMOHAJ, TO
f(x) =f(xie; + ... + x,e,) = x,f(e]) + ... + x,f(e,) =
=ax;+...+ta,x,

rae a, = f(e,), k=1, 2, ..., n, — OuUKcUpOBaHHBIe N4 f Uucia.
BemomuHaas, 4TO CXOAMMOCTE IIOCTIENOBATEJILHOCTH TOUYEK IIO JIIO-
00li HOpMe B KOHEUHOMEPHOM IIPOCTPAHCTBE SKBUBAJIEHTA €€ IIO-
KOOPAMHATHON CXOAMMOCTH, Cpa3y yoe KJaeMcs, UTO U3 MOJIyUeH-
HOII popmysl f(x) = ayx; + ... + a,x, NefCTBUTEIbHO CIelyeT He-
MIPepPLIBHOCTL QYHKIUH f.

AEMMA 7. Hopma sasasemcs HenpepvléHOll (QPYHKUUell Ha JU-
HellHOM HOPMUPOBAHHOM NPOCMPAHCMEE 6 CMbiCAe MempuKu
(58.18).

B cuny paBencrsa (58.18) sT0 cienyeT 13 TOTO, YTO HMOJIYHOP-
Ma HeIIpepbIBHA IO HMOJIyHOpPMEe (cM. jeMMy 5 B . 58.4).

OnpeaeneHue 19. JIuneiinHoe HOPpMUPOBAHHOE NPOCMPAHCME0 HA-
3vl8aeMmcsa NOJLHbIM, eClU OHO AB8AACMCA NOAHLLM MempPuiecKum
npocCmMpancmeom 8 CMulcle Mempuku, nopoxcdaemoii HOPMOIL
0aHnHO0z0 npocmparHcmea.

IlonHoe nuHellHOe HOPMUPOBAHHOE NPOCMPAHCME0 HA3bLEA-
emcsa 6AHAX08bLM NPOCMPAHCIEOM.

JIuneiinoe HopMuUpoBaHHOe mpocTpaHcTBO C [a, b] HempepwIB-
HBIX Ha oTpesKe [a, b] dyHKIU ¢ HopMmoii (58.13) aBiasaerca 6aHa-
XOBBIM IpocTpaHCcTBOM. MBI B 3TOM ybemmauch B m. 57.1, Korma
paccMaTpuBaJi MeTPUUECKOe IPOCTPAHCTBO HeIIPEePhIBHBIX HA OT-
peske [a, b] dyHKIUi ¢ paccToaHueM (57.1), KoTopoe KaK pas IIo-
po:xnaercs HopMmoii (58.13). MbI Bumesnn, 4To IMOJHOTA IPOCTPAH-
ctBa C [a, b] cremyeT 3 TOTO, UTO CXOMMOCTH IIOCJIEAOBATEIIHHOC-
TH B 9TOM HPOCTPAHCTBE O3HAYAET €€ PABHOMEDPHYIO CXOJMMOCTH
Ha oTpeskKe [a, b].

TEOPEMA 2. Bcakoe nuneiinoe HOPMUPOBAHHOE NPOCMPAHC-
80 codepicumcs U NJAOMHO 8 HEKOMOopom OAHAX080M NPOCMPAH-
cmse.
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AokaszateAbcTBO. Coryacuo Teopeme 4 1. 57.5, 1ocTaTOYHO
IIOKAa3aTh, UYTO Ha IoHoJHeHHe X * JMHeHIHOr0O HOPMHPOBAHHOTO
mpocTpaHcTBa X, pacCMaTPUBAEMOT'0 KaK METPUUYECKOe C MeTpPH-
Koi (58.18), MOKHO TPOJOJKUTE ¢ X ajnredbpanmyecKue oreparuu
¥ HOPMY. 9TO MOKHO CIeJIaTh C IOMOIIBIO IPeeILHOTO ITepexoa.

IIycTs, Hanpumep, x 0 X*uy 0 X*. B cuany muoraoctu X B X ¥,
CyIlecTBYIOT IocnefoBateapHocTu x, 1 X ny, 0 X,n=1, 2, ...,
TaKue, 4TO

nl{mm x,=x, nl{mm Y, =Y.

IToxaxeM, 4TO IIOCJIENOBATEILHOCTD {X, + y,} cxonurca. [eii-
CTBUTEJILHO,

PO, + Yo X+ Y) = [, + y,) — (5, + 1,) [ <
<G, =2 )+ 1y, = vl = PCxss 2,) + 0,5 Y1)
W3 cxomumocTy mocienosaTenbHOcTel {x,} u {y,} ciemyer, 4TO
oHU GYyHZaMeHTalTbHBIE, I0BTOMY IIOCJEJ0BATEIbHOCTE {X, + y,}

Tak:Ke (byHIZAMeHTaJbHAs U, CJIef0BaTeIbHO, B CHIY IOJHOTHI X °,
CXOIAIIAACH.
ITomoxkuM, 110 OIIpeeIeHIIO,

x+y= nlamoo (x,+y,)
AHAJOrMYHO ¢ MOMOIIBLIO IIPEIeJbHOTO Iepexoaa oIpeaesieTca 1
Ax, x O X*:
def ..
Ax = lim Ax,,
n —» oo

rge lim x,=x,x0X" x, 00X, n=1,2,....

n - oo

Jlerko mpoBEepHUTH, UTO ONpeae/ieHHbIe TaK ajJredpandecKue ore-
paruu x + y, AX [IJiA 3JIeMeHTOB MOmoIHeHus X * He 3aBUCAT OT BHIOO-
pa mocjenoBaTenabHOCTEH {x,} 1 {y,} Takux, 9To X, — X, Y, — Y, X, U
UX,y,0X,n=1, 2, .... Takwxe serxo y6efuTscs, 4To B CIydae,
KOI'ZIa 9JIeMEeHTBI IPUHALJIeKAT NCXOAHOMY IIpocTpaHcTBY X, ompe/e-
JIEHHbIE HAMHU ajiredparmyecKre OIepariy COBIANAlOT C 3aJaHHbIMU.

Onpegenum Temeps HopMmy A x 0 X ™. Ilycrs x, 0 X, n =
=1,2, .., u limoo x, = x. IlokaxxeM, 4TO uKCIOBas IOCTIESOBA-

n -
TesbHOCTD {||x,||} dynnamenranbuas. B camom nese, us HepaBeH-
ctBa (58.10) Ay Bcex HATYPAJBHBIX L I M TMEEM
[l = Nl | < Ml = 2,1 = PG,y 2,)- (58.19)

ITocsrenoBaTe bHOCTS {X,}, OyAydIU CXOAAIIEHCHA, ABNATCA U QPYH-
JTaMeHTaJbHOU, MOATOMY 13 HepaBeHcTBa (58.19) cienyer, uTo u
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4ucsIoBas ImocJenoBaTenbHoCTh {||x, ||} dyHmamenrtanbHa, a 3Ha-
YUT, CXOMUTCH.
ITomo:xum, mo ompeneseHUIO,

Il = lim_ x|,

Tax onpenenennas Hopma |x||, x 0 X*, e saBucur ot BbI6opa I10-
cnepoBatensHocTu x, U X, n=1, 2, ..., Takoii, uro x,, — x. Jler-
KO ITPOBEPUTH TaK:Ke, UCIOJIb3Yys MpeAeabHbIN Iepexol, YTO IS
dyarnunu |x||, x O X*, seimonaaAroTca cBoiictsa HopMbl 19—40 u
uTo B ciayuae x [ X MbI IIoJIy4aeM IMPexXHI00 HopMmy. O

B xauecTBe IpuMepa OTMEeTUM JUHEHHOe HOPMUPOBAHHOE IIPO-
CTPaHCTBO CLp[a, b] HenmpepBLIBHBIX Ha OTpe3kKe [a, b] GyHKIUA ¢
"HOpMoO#T (58.13). Ora HOpmMa mpu p = 1 HOpPOKIAET METPUKY
(57.2). Mo»kHO TOKa3aTh, UYTO METPUUECKOE IIPOCTPAHCTBO HeIlIpe-
PBIBHBIX (QYHKIIHIT ¢ MeTpukoii (57.2) He aBasgerca moauabiM. Co-
IJIacHO JOKAa3aHHOM TeopeMe, paccMaTpUBaeMoe JHUHeHHOe HOp-
MUPOBaHHOE IIPOCTPAHCTBO HEIPEPLIBHBIX Ha OTpesKe [a, b] PyHK-
MU MOYKHO JOIIOJHUTH A0 IIOJHOTO MPOCTPAHCTBA. JTO DAHAXOBO
IPOCTPaAHCTBO obo3Hauaercs L[a, b].

Onpeaenenue 20. Cucmema anemenmos x,, o O A (A — nexomo-

poe MHONMcecm80 UHOeKCo8) LUHellH020 NOAYHOPMUPOBAHHOZ0 NPO-
cmpancmea X HaA3vl8aemcs NOLHOL 6 IMOM NPOCMPAHCMEe, ec-
au 0as Kaxcdozo anemenma x 1 X u n106ozo yucaa € > 0 cywecm-

6YIOM MAKUE INEMEHMbL Xy 5 ... » X 0aHHOI cucmembl U maxKue
n
Yucana Ay, ... , A, ¥MO0 6bLNONHAEMCA HEPABEHCMEO
||x—()\1xa1+ +)\nxan)|| <E. (58.20)

ChopmyaupyemM sTO ompefiesieHHe HECKOJHBKO HHAauUe, BBeASd
IpeBapUTEJLHO eIlle OJJHO IOHATHE.

Onpeaenenune 21. Muoxcecmseo A 1 X naszvieaemcs niomuvlm 8

nosyHopMuposarnuom npocmparncmae X, ecaiu 0as 1100020 djieMeH-
ma x 0 X u arwbozo € > 0 nHaiidemcs makoii aremenm a A, umo

x —al <.
Eciu X — HopMmMumpoBaHHOE MW, CJIeJOBaTEJIbHO, MEeTPUUYECKOoe
IPOCTPAHCTBO, TO ompeneseHue 21, B cuny (58.18), mpuBoguUT K

TOMY ’Ke IMOHATHUIO IIJIOTHOCTU MHOMKECTBa, UTO U OIpejesieHue 8
us . 57.5. Temrepb MOKHO CKa3aTh:

cucmema {xy}, o A — noana 6 npocmparncmee X, ecau mMHo-

Hecmeo KOHeUHvlX JUHEUHbLX KOMOUHAUULL ee 3JleMeHmos, m. e.
ee auHellnas obonouka (cm. onpedenerue 5 6 n. 58.1) o6pasyem
naommnoe 8 X MHOMCeCmao.
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Ecau X aBiseTca HOPMHUPOBAHHBIM IIPOCTPAHCTBOM, TO B HEM,
KaK BO BCSIKOM METPHUUYECKOM IIPOCTPAHCTBE, NMEET CMBICJ IIOHA-
THe 3aMBIKaHUSI MHOKECTBA, a MMOCKOJbKY ILJIOTHOCTh HEKOTOPOTO
MHOK€eCTBa B METPUYECKOM IIPOCTPAHCTBE 03HAUAET, UTO 3aMbIKa-
HIe 9TOT'0 MHOYKECTBAa COBIIAJAeT C CAMUM IIPOCTPAHCTBOM (CM. OII-
pexnesenue 8 B 1. 57.5), To B aTOM cayuae omnpeneserHne 21 MOXKHO
nepedpasupoBaTh U TAKUM 00pasom:

cucmema anemenmos x,, a 0 WA (W — nexomopoe mHoiecmeo
uHndOercos), JUHellH020 HOPMUPOBAHH020 npocmpancmea X HaA3vL-
saemcs. NOJAHOU, ecau 3amMvlkaHue ee JUHelHol 00004ku (CM.
. 58.1) coenadaem co ecem npocmpancmeom X.

C YacTHBIM CJIydYaeM MOHATHUA IMOJHOTHI AJS CUCTEMBI (PyHK-
U MBI YoKe BCTpedyaanch B . 55.8.

OnpeaeneHue 22. Eciiz 8 JuHellHOM HOPMUPOBAHHOM NPOCMPAH-
cmee X cywecmeyem CuemHoe MHOWECME0 INeMeHmos, o0pa-
3ywuwee noanyio cucmemy npocmparncmsea X, mo npocmpancm-
80 X Ha3vleaemcs cenapabesbHbLM.

3amMeTuM, UTO ecjqium IpocTpaHcTBO X cemapabeabHO KaK JIH-
HelHOe HOPMHPOBAHHOE IIPOCTPAHCTBO, TO OHO cemapabesbHO U
KaK MeTpHUYecKoe IIPOCTPaHCTBO ¢ MeTpuKoi (58.18). B camom ne-
Jje, eclii B JUHEHHOM HOPMUPOBAHHOM IIpocTpaHcTBe X CYIIEeCT-
ByeT cueTHas II0JHAA CHCTEMAa, TO 5TO 03HAUAET, UTO 3aMbIKaHUe
MHOJXECTBA KOHEUHLIX JHUHENHBIX KOMOMHAIIMHA 3JIEMEHTOB 3TOMH
CHCTEeMBI COBIIAJIAa€T CO BCEM ITPOCTPAHCTBOM, a TOTJa, KAaK B 3TOM
HeTPYyAHO yOeZUTHCA, CO BCEM IIPOCTPAHCTBOM COBIIJaeT U MHO-
JKeCTBO KOHEUHBIX JMHEHWHBIX KOMOWHAIIUI 5J€MEeHTOB paccMaT-
pUBaeMOM CUCTEMBI TOJHKO C PAIIMOHAILHBIMY KO3 GUuIIneHTaMu,
a TaKUX JUHEHHBIX KOMOWHAIIUN JIUIIH CUETHOE MHOMKECTBO (CM.
ciaencreue TeopeMbl 10 B 1. 4.11%). Takum o6pasoM, B IPOCTPaH-
ctBe X MMeeTCA CUETHOE IIJIOTHOE B HEM MHOKECTBO.

B sakioueHMe 9TOT0 TYHKTA BBeJeM MOHATHUE Oas3uca, a Ipej-
BapUTEJILHO — MOHATHE PALA B IpocTpaHcTBe X.

OnpeaeAenue 23. ITycmb x,, n =1, 2, ... , — nocaedosameibHOCb

2NeMEHMO8 JNUHEIIH020 HOpMUPoB8aHH0z0 npocmparncmaea X. ITono-
aum s, = x; +... + x,, n=1, 2, ... ; napa nocredosamenvrocmeil

{x,}, {s,} HasviBaemca padom (¢ oOujum uaeHom x,) u 06o3Havaemcs
nzlxn; (58.21)

aJlemerHnmovl Sn Ha3vlearomcsa n-mu 1acCmuiHblMU CYMMAMU pﬂaa
(57.21).
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Ecnu mocienoBaTesnbHOCTD S,, n = 1, 2, ..., cXoguTca B IpO-

crpancTBe X, To paAn (58.21) maseiBaeTca cxodawumcsa. B sTom
ciaydae IIpesent S = limC>O s, mocJjefoBaTeabHOCTH S, n =1, 2, ...,
n-

Ha3BIBAIOT cymmoil pada (58.21) u nuiryT

jee)
xn=s.
n=1

TaxuMm o6pasoM, Kak U B CJyYae UHCJIOBBIX PALOB, MBI Oyaem
(e}
OZHVM U T€M 2Ke CHMBOJIOM ) X, 0003Ha4aTh KaK caM AL, TaK U

n=1
ero cymmy, €CJjIim OH CXOAUTCHA.

Kax v [y 4mCcJIOBBIX DANOB, [JIA PAJOB B JUHEHHBIX HOPMU-
POBAHHBIX IPOCTPAHCTBAX CIPABEJIMBHL CIENYIOIIVE YTBEPIKIE-
HUA.

o0
Ecau psaod (58.21) cxodumea, mo cxodumesa u pad 'y Ax,,
- - n=1
npuvem ecau Yy x,=8,mo Y Ax,=As.
n=1 n=1

Ecnu 8 npocmpancmee X cxodamcsa 08a pada, mo cxodumcs u
paod, o0wuil Yen KoOmopozo paseH cymme uUx 4ieHos ¢ 00UHAKO0BbL-
MU HOMepamMu, U ez0 CYMMaA PasHa cymme cymm OaHHbLX pA0os.
OnpeaeAenne 24. ITocedosamenvrocms anemenmose,, n=1,2, ...,

JUHELH020 HOPMUPOBAHHO20 npocmpaHcmea X HA3bl8Aemcs ezo
b6asucom, ecau, Kaxog Obv. HU Ovin anemenm x U X, cywecmey-
em, u npumom eOUHCMEeHHAA, NOCLed06AMeNbHOCTLb Yucel A,

n=1,2,..., makaa, umo
=3 \e, (58.22)

n=1

Taxkum o6pasoM, ecyu IIOCJIeZIOBATEIBHOCTS {e,} ABIAeTcA 6a-

31COM IIPDOCTpaHCTBa X, TO JJIA KaXXIO0Tro 3JieMeHTa X 0x CylIecCT-
ByeT, U IIPUTOM €OAMHCTBEHHAad, IIOCJIeA0BaTE€JIbHOCTHb YMCeJI {}\n}

Takad, UTO JJIA Kakgoro € > 0 cymecTByeT Takoil HOMep n,, UTO
IIPYU BCeX 1l > N, BBIIOJHAETCA HEPABEHCTBO

|2 = ey + ..o + N ) <. (58.23)

CiemoBaTe/IbHO, BCAKUI 0asuc ABJSAETCS IIOJHOM CHCTEMOIi aJje-
MeHTOB. @opmya (58.22) HazbpIBaeTcA Pa3JIOKEeHUEM dJIeMeHTa X
o 6asmucy {e,}.

HerpynaHo y6eauThes, ITO ecIu CUCTeMa JIeMEHTOB {e,} o6pasy-
eT 6asuc, TO OHA JUHEHHO He3aBHUCUMAa. ITO Cpasy CJeAyeT U3 eInH-
CTBEHHOCTH Pa3jIOKeHUs 9JIEMEHTOB IIPOCTPaHCTBA 110 6asucy. B ca-
MOM JieJie, ecJi ObI BleMeHTsI e,, n = 1, 2, ... , OKa3aJInch JUHENHO
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3aBUCHUMBIMHU, TO CpeaA HUX HAIIJIOCh ObI KOHEYHOEe MHOXKECTBO Ta-

KUX €, , ..., €, , 9TO JUIs HEKOTOPBIX YHCes A5 -.e 5 Aj, KOTODBIE HE

BCe PaBHBI HYJIIO0, NMeJIO ObI MECTO PABEHCTBO )\lenl +...+ )\kenk =0,

T. €. TOJYYUJIOCEH ObI pasyiosKeHue HyJIA 1Mo sjieMeHTaM 0asuca ¢ Ko-

adduIenTaM1, KOTOpblIe He Bce PABHBI HYJI0. LI HYJIA 2Ke nMeeT-
(o)

cs TPUBHAJbHOE pasjoskernue 0 = > 0 e,, mosTomMy OBLIO OBI HAPY-

n=1
I1eHO yCJIOBHE €IMHCTBEHHOCTH PA3JIOMKEHUA 3JIEMEHTOB I10 63.31/ICy.

Eciu nuHeiiHOe HOPMUPOBAHHOE IIPOCTPAHCTBO mMMeeT Oasuc,
COCTOSAIINI 13 KOHEUHOr'0 HUJIM CUETHOT'O MHOXKECTBA 3JI€MEHTOB,
TO STO NPOCTPAHCTBO cemapabenbHO. [[efCTBUTENIBHO, HETPYIHO
IIPOBEPUTH, UYTO MHOMKECTBO BCEX KOHEUHBIX JIMHENHBIX KOMOMHA-
U 3JIeMEeHTOB YKa3aHHBIX 0a3MCOB C pPallMOHAJIbHBIMHU K0a(hdu-
IMEeHTAMM CUETHO U ILJIOTHO BO BCEM IIPOCTPAHCTBE.

3ameuanue. [loguepKkHeM OTIHMUYNE MEXKIY IOCJIEIOBATEIb-
HOCTBIO 3JIEMEHTOB, OOpAa3yIOI[UX IIOJHYIO CHCTEMY, U IOCJIeN0Ba-
TeJIbHOCTBIO 9JIEMEHTOB, o0pasyoIiiux 6asuc. B mepBoM ciayuae Ko-
sddumuente A, k=1, 2, ..., n, B HepaBeHncTse (58.20) 3aBucar, Bo-
00111e TOBOPsI, He TOJLKO OT BbIOOpa siemenTa x [ X, HO 1 oT BeIOOpA
yncia €. Bo BTopoMm ke ciaydae KoadunuenTsr A, k=1, 2, ..., B
HepaBeHCTBe (58.23) onpenessaioTcs TOJHFKO CAMUM 3JIEMeHTOM (OHU
Ha3bIBAIOTCA K0I(QPUUUEHMAMU PA3LONCEHUS IJeMeHma X no 0aH-
HOMY 6a3ucy UIu KoopluHamamu djemeHma x npu 0anHOM 6a3u-
ce) ¥ INIIb UX KOJUYIeCTBO, T. €. YHCJIO 7., 3aBUCUT OT BLIOODA E.

CymecTByIOT cemnapabesibHbBIe 0aHAXOBBLI IPOCTPAHCTBA, B KO-
TOPHIX HeT 6asuca.

B ciaepyromiem maparpage OyneT paccMOoTpeH 0Oojiee y3KHit
KJIacC IIPOCTPAHCTB, B KOTOPHIX 0A3MC BCErAa CYIeCTBYeT.

58.6. AiHeHble oneparTopbl

WN3yuum Temeph HEKOTOpPbIE CBOMCTBA JHUHENHBIX OTOOpaKeHUI
OJTHOTO JINHENTHOTO HOPMUPOBAHHOTO ITpOcTpancTBa B apyroe. Ta-
Kue oToOpa’sKeHUdA, KaKk U B KOHEUHOMEPHOM CJiydae, Ha3bIBAIOT
O0BIYHO JUWHEWHBIMU omeparopamMu. Mbl OymemM o0Oo3Ha4YaTh UX
O0ykBamMu A, B, ... U IJd KPaTKOCTH 4acTo BMecTo A(x) OymeMm mu-
caTh IIpocTo Ax.

B . 41.6 gaa nuHeiinoro omepaTopa A : R* — R™ Onljia BBefe-
Ha HopMa 1o (opmyJie (cm. (41.41))

|A| = sup |Ax|, x O R™.

llxll < 1
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9TOo IeCTBUTEJIbHO HOPMa, B CMBICJIe oIIpeaegeHud . 58.2, B u-
HelimoM mpocTtpaHcTBe ¥(R™; R™ ), uTo OyAeT CJIefoBaTh U3 NAlb-
HEWIIero pacCMOTPEHUA.

IIycrs X m Y — mpouwsBOJBHBIE JIMHEWHBIE HOPMUPOBAaHHBIE
npoctpancTBa n A : X — Y — yimHelHbIN ortepaTop. Ilomoxum

def
A S sup |lAx], (58.24)

llxll < 1
rze [x] = [lx|x u [Ax] = |Ax]y.

B ciyuae mpous3BOJILHO BHIOPAHHBIX JHHEHHBIX IPOCTPAHCTB
X u Y MOKeT 0Ka3aThCA, UTO BePXHAA TpaHb ||A|, ompenensemas
paBeHcTBOoM (58.24), He OyIeT KOHEUHOH AJIA BCAKOTO JUHEITHOTO
omepatopad: X —Y.

ITycte £(X : Y), xak Bcerga (cm. m. 58.1), MHOK€eCTBO BCeX JIH-
HEHMHBIX OIIepaTopoB A, oToOpaKaloiux IpocTpaHcTBO X B MHPO-
cTpaHcTBO Y, a Z(X; Y) — MHOKeCTBO TeX U3 HUX, IJIA KOTOPBIX
|A|l < +oo. Ilokaskem, uro £ (X; Y) TaksKe ABIAETCA TUHEHHBIM
mpocTpaHcTBOM, a ||A| — HOpMmoOit B Hem. Ecim A 0 £ (X; Y) u
BO%(X;Y), To

la+ B = sup, I(A + B)x| = sup, I Ax + Bx| <
< sup, (lAx] + [ Bx[) < < sup, | Ax]| + sup, | Bx| =

=|All + B < +oo

u, caepoBarenbno, A + B 0 £ (X;Y). ua moboro A O R (wau A 0 C
B cJIyYae KOMILJIEKCHBIX IIPOCTPAHCTB)
IAAll = Sup, IAAx] = Sup, Al Af = [A| sup, lAx[ = [A] [A] < +o0
u, ciaenosaTenbuo, AMAY(X;Y). Takum oGpasom, £ (X; Y) neii-
CTBUTEJIBHO ABJAETCA JUHENHBIM IPOCTPAHCTBOM.

Hamee, oueBugHO, uTO 13 (58.24) HemocpeaCTBEHHO CJIeIyeT,

uto ||A|| > 0. IIpu arom, ecau ||A|| =0, 7. e. sup ||Ax| =0, To gna
x|l <1

BCeX X TaKux, uto |x| < 1, umeer mecTo paseHcTso ||Ax| = 0, a
ciaezosaresibHo, u Ax = 0. Ho Torga u Boo6ie miis scex x [ X rak-
xe nmeem Ax = 0. JleficTBUTENbHO, €CTH X TAKOH dIeMeHT Ipo-
crpanctBa X, uTo | x|| > 1, To 3aBegomo x # 0, a 3HAUHUT,

IToaTomy, B cuty yKe TOKa3aHHOTO, ADII H = 0. Orcrozma 77 Tz ” Ax=0

X
|l

-l =

||x\

H, cjemoBaTebHO, mJis jroboro x [ X : Ax = 0. 3to o3Hauaer, 4To
A =0. Urax, |A|| — meiicTBurensuo HopMa B mpoctpancTse £ (X; Y).
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Ecnu suauenue ||A|, onpezgensemoe hopmyaoit (58.24), 6ecko-
HeuHo: |A| = +00, To 6yaeM roBopuTh, UTO «HOpPMAa omepaTopa A
0ecKOHEeUHa».

Hopmy |A| (xax koHeuHyl0, Tak U GECKOHEUHYIO) MOKHO
HOJYYUTh ¥ HECKOJbKO APYIHM cIoco6oM. MIMEHHO, OKa3bIBaeT-
cs, ITO

axd o, (58.25)
B4

Hia nokasaTesbcTBa 3TOM (hOPMYJIBI 3aMETUM, UTO

sup 4] = sup Jay]. (558.26)

B camowm pmeste, ¢ 04HOM CTOPOHBI, OUEBUIHO, UTO
p [Ax]> SuP, Ay,

HxH I =

4] =sup
x7#0

TaK KaK [PU yBEeJIWUYEHHM YKCIOBOTO MHOMKECTBA €ro BepXHAA
TpPaHb MOKET TOJHKO yBeaInunBaThcs. C APYyTroi CTOPOHBI, JJIs JIIO-

def
6oro amemenTa x [ X Takoro, aro 0 < ||x| < 1, monosmum y — |Iz|| ;
Torga
loll = 1o gl = 7k Jax] > sl
Orcroza

sup [lAx| < sup |Ay|.
lyll=1

[l < 1

W3 monyueHHBIX HePABEHCTB U BhITEKaeT paBeHCTBO (58.26).
Teneps nMeem

sup A2l _ gup a2

ez0 N6l o [Nl
T. e. popmy.ia (58.25) Tak:ke qokasana. 13 Hee, OUeBUIHO, CIEOY-
er, uTo aJda jgoboro x 0 X, x =0,

lAx / =] < A,
U, cleloBaTeIbHO, s modoro x [ X nMeeT MecTo HEPaBEHCTBO
lAx[ < JA] =], (58.27)
rae ||x| — Hopma B nmpocTpancTee X, |Ax| — HOpMa B mpocTpaH-
ctBe Y, a |A|| — mopma B mpocTpancree Z(X; Y). OT0 HepaBeH-

CTBO, OYEBUIHO, ABJsAeTcA 0000meHnemM HepaBeHcTBa (41.42) B
m. 41.6.

‘=”§Hu? lAy| = sup |Ay| = |A],

llyll <1
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CyIecTByeT elre OGUH MOAXO0M K ITOHATHIO HOPMBI OIlepaTopa,
CBA3AHHBIN C MOHATHEM TaK HA3bIBAEMBIX OTPAHUYEHHBIX OIepa-
TOPOB.

OnpeaeneHue 25. Onepamop A : X — Y Ha3vieaemcs 0z2paHuUYeH-
HblM, ecaAu cyujecmeyem maxas nocmosHuas ¢ > 0, umo 0asa
ecex anemenmos x [1 X evinonnsemcs HepageHcmeo

lAx] < cfx].

Ecan A — orpaHMYeHHBINA OIIEPATOP, TO BCE MOCTOSHHEIE ¢ > 0,
o0sazaIe YKasaHHBIM CBOMCTBOM, OrPAHUYEHLI CHU3Y HYJIEM,
U IIOTOMY UX MHOKECTBO MMeEeT KOHEUHYI0 HIMKHIO I'paHb. 000-
3HAUMM ee 4epes C:

co=inf {c: |Ax| <clx||, xOX}. (58.28)

HOK&HCQM, qTO OJIA JIMHENHOTO OI'PAHUYEHHOI'0O oIlepaTopa A
nMeeT MeCTO paBE€HCTBO

co= Al (58.29)

HeticTBUTENbHO, TIepeiaa npu GuKcupoBaHHOM X [] X K HUMK-
Hell I'PaHU ¢, MHOXeCTBa {c} BCex UuCeJ ¢, I KOTOPHIX CIPaBes-

JUBO HEPaBECTBO

lAx(| < ef|x],
OJIyYUM

lAx] < eolx]].

ITosTomy mipu x # 0 umeem

lAx]| / x| < e,
OTKyZa
[[Ax]|
Il 5535 S9P T < o

O6paTHOE HEpPaBEHCTBO OYEBUIHO, TaK KaK M3 paBeHCTBA (58.25)
B CHJIy OIIpeJeJieHNs BepXHell rpauu AJisd Joboro sjaementa x [1 X,
x 7 0 BBIIOJIHAETCSA HEPABEHCTBO

IIAxII
|EZ

T. e. |Ax| < ||A| ||x|. Cornacro ompenenernuio (58.28) orcroma u
crenyer, 4To

<llAl,

<Jal.
Hraxk,
co=sup Ll — 4.

x7#0
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KopoTko rosops, aTo paBeHCTBO 03HAYAET, YTO JUHEHHBIN oIlepa-
TOP A OTpaHWYEH TOTJAA ¥ TOJHKO TOTZA, KOT/AA OH MMeeT KOHeY-
HYIO HOPMY.

TakuM o6pa3oM, MHOKECTBO JHMHEHMHBIX OTPAHUYEHHBIX OIle-
PaTopoOB COCTABJIAET HPOCTPAHCTBO ¥ (X; Y).

B . 41.6 65110 mOKAa3aHO, YTO BCAKUN JIMHEHHBIN OoIepaTop

A:X—-Y

B cJly4yae, KOrjla JUHeHbIe HODMUPOBaHHBIE TpocTpaHcTBa X n Y
KOHEYHOMEDPHBI M B KaueCTBe HOPM B HUX B3SATHI KBaJpaTHUUHBIE
sopmel ||x||, 1 ||y|ly, x O X, y 0Y, umeer xoHeurnyio HOpMY. B Ko-
HEUHOMEPHBIX JUHEHHBIX TPOCTPAHCTBAX BCe HOPMBI SKBUBAJICHT-
HBI (cM. Teopemy 1 B 1. 58.3), moaToMy oTcCIofia CIEeAyeT, UTO JH0-
60ii JnuHellHblil onepamop A, omobOpaxcaruwuil KOHeYHOMepHOoe
JuHellnoe npocmpancmeo X 6 KOHEUHOMepHOoe e JUHellHoe npo-
cmpancmeo Y, 02paHu4er npu a000M 6bLO0pe HOPM 6 IMUX NPo-
cmpancmeax, m. e. 8 IMOM cayiae

X;Y)=2(X;Y).

VIIPA’JKRHEHHE 13. JokasaTb, uto eciu X u Y — JNHEHHBIE HODMUPOBAH-
HBbIE IPOCTPAHCTBA, IpuyeM Y — 6aHAXO0BO IPOCTPAHCTBO, TO IPOCTPAHCTBO
JUHeNHBIX OTPAaHUYEHHBIX omepaTopos £ (X; Y) Takske 6aHaxoBO.

Tak KaK BCAKOe JIMHEITHOe HOPMUPOBAHHOE IIPOCTPAHCTBO AB-
JsIeTCA METPUUYECKUM IIPOCTPAHCTBOM, TO MOKHO TOBOPUTH O He-
TPEePHIBHOCTU OTOOPAKeHMUsS OMHOTO JMHENHOTO HOPMUPOBAHHOTO
mpocTpaHcTBa B Apyroe. OKasbIBaeTcs, YTO IMOHSITHE OTPAHUYUEH-
HOCTHY JWHEWHOTO oIepaTopa TECHO CBSI3aHO C ero HelpepbLIBHO-
CTBIO.

TEOPEMA 3. Ilycmv X u Y — JuUHellHble HOPMUPOBAHHbLE NPO-
cmpancmea. Jaa mozo umobv. auHeillnblii onepamop A : X — Y
ObLl 0z2paHUYeH, Heo0x00umo u docmamouro, umobvl OH Oblll He-
npepuLéen.

AoKka3aTeAbCTBO. Ecium A — orpaHMYeHHBIH JMHEHHBIA
ommepaTop, TO U3 HepaBeHCTBa

_ = — < —
Jax - axyl = A = xo)l 5, 14l I = %l

cpasy ciiefyeT, UTo
lim Ax = Ax,.
X - xO
Eciu e A — HempepbIBHBINA JIMHEUHBIA OIIEpPaTOp, TO U3
HENIPepPHIBHOCTU €r0 B HyJIe CJefyeT, UTO, HalIpuMep, AJId € = 1
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cymecTByeT Takoe 0 > 0, uTo u3 yciosusa |x| < & caemyer, uto
|Ax| < 1.

Sapurcupyem Karkoe-n1u6o N, 0 < n < 0. Tak Kak ayis J000r0
x X, x # 0, BLIDOJIHIETCSA HEPABEHCTBO

To mast aoboro x [ X, x = 0, corsacHo BeIOOPY umcsa O, OymeMm

nMeThb
HAEIIxH EH (58.30)

Ho, B cuny nuHeiliHOCTH omlepaTopa A, IMeeT MeCTO PAaBEHCTBO

nx
]

- Lzl =n<s,

r]x
AL B A

CrnemoBarenbHO, A gioooro x [ X, x # 0, cupaBeaInBO HepaBeH-
CTBO
014
— Ax| <1
D ax] <1,
T. €. HePaBEHCTBO

lax] _ 1
IE]

b

=g

YTO ¥ 03HAUAET OTPAHUYEHHOCTH omepaTopa A. O

3amaua 3. ITocTpouTh mpuMep JHMHEHHOro PaspLIBHOTO OIEpaTopa Ha
HEKOTOPOM JIMHeHHOM HOPMUPOBAHHOM IPOCTPAHCTRE.
PaccMmoTpuM Teneps KOMIIOSUIIUIO JIMHEMHBIX OIIEPATOPOB.

TEOPEMA 4. Ecau X, Y u Z — JauHeilHble HOPMUPOBAHHDBLE
npocmpancmea, a A: X > YuB:Y — Z — nuHellHble 0zpaHu-
YeHHble Onepamopvl, mo 018 HOPMbL KOMNno3uyuu B © A onepamo-
pos A u B 8binonHsemcs HepageHCcmao

|B oAl <|B] [lA]. (58.31)

CAEACTBUE. Komno3uyus 02panHUYeHHbLX JAUHEIHbLX onepa-
mopo8 MmakKHe ABAAEMCS 0ZPAHUYEHHbLM JUHEUHbLM Oonepamo-
pom.

AoOKa3aTeAbCTBO. B camom nene, gis sgroooro x [ X numeem

B> a@ll =~ IB@n] S, 1Bl l4x] S, 18] 4] <].

B cuny cBoiictBa (58.28)—(58.29) HOpMEBI JIMHEIHOTO oIlepaTopa,
oTCIoZIa cpasy cJieyeT HepaBeHCTBO (58.31). O
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IIpousBenenuem X X Y JauHENHBIX HOPMHPOBAHHBLIX IIPO-
crpaucTB X u Y HasbIBaeTcs JUMHeiiHoe mpocTpaHcTBO X X Y (cM.
onpenenenue 11 B m. 58.1), B KoTopoM 3amaHa HopMa GpopMyIoit

def
I, )| = MixlZ + 11yl2, (58.32)

rae ||x| — mopma snementa x B mpoctpancTse X, a |y| — mHopMma
9JIeMeHTa Y B IPOCTPAHCTBe Y.

BBIMOJHIMOCTb AKCHOM HOPMEI 414 (X, y)| merko ycranasmu-
BaeTcA HeIIoCPeICTBEHHON IPOBEPKOI.

VIIPA’JRHEHHUA. 14. [JlokasaThb, UTO €CJau

*dﬁf **dif
IGes " = max {llxll, [ly[} = llGe, I = x] + lyll,

rae (x, y) 0 X xY, X u Y — nuHefiHble HODMUPOBAHHbIE TPOCTPAHCTBA, TO
I, I* = ||(x, y)|** aBnaorcsa Hopmamu, sKBUBameHTHEIMY HOpMe (58.32).

15. [lokasaTh, 4TO IIPOM3BeNeHNE DAaHAXOBBIX IPOCTPAHCTB TAKIKe ABJIAETCA
0aHaXOBBIM IIPOCTPAHCTBOM.

TEOPEMAS. EciuA: X XY — Z — JuUHelHbLI 02pAHUYEHHLIL
onepamop, omoopaxcaruuii npoudgederue X XY JUHEUHbLX HOD-
MUpo8aHHbLx npocmpancmeé X u Y 6 JuHeillHoe HOPMUDPOBAHHOe
npocmparncmeo Z, mo cyujecmeymom, u npumom eOuHCmeeH-
Hble, maKue AuHellnbie 0zpanuyennble onepamopvl A, : X — Z u

A, Y =Y, umo 0aa nbozo anemenma (x, y) X xY umeem mec-
mo pageHcmaeo
A(x, y) = Ay (x) + Ay(y). (58.33)
IIpu smom 0asa Hopm onepamopos A, A, u A, 6bLNOAHAIOMCA
HepaseHcmaa
Al <Al 1Azl <Al (58.34)
O6parso: ecau Ay : X > ZuA,:Y — Z — nunellnble 02PAHU-
yeHHble onepamopvl, mo onepamop A : X XY — Z, onpedenernHulil

dopmynoir (58.33), A6raemces AUHEUHbIM 0ZPAHUYEHHbIM onepa-
mopom u 0ns Hezo umeem Mecmo HepaseHCcmeo

Al <A, + Ay (58.35)
AOKQA3aTeAbCTBO. Eciu 3agan nuHeHHBIH OrpaHUYEHHBIH
omepaTop A : X XY — Z, to nas aob6oro x [1 X momoxum

A (x)=A(x, 0) (58.36)
u gjst aoboroy Y —
Ay(y) =A(0, y). (58.37)
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Kak serxko ybenmThcs HeIOCPeICTBEeHHOIN IIPOBEPKOIL, olepa-
TOPEI A; 1 A, muHelHEI. JIoKaxeM UX OrPaHUYEHHOCTD:

— < —

Amnanoruyso
4@l < Al [yl (58.39)
W3 mepasencts (58.38) u (58.39) cpasy cienyer orpaHUUYEeHHOCTD
onepatopoB A, u A,, a TaKk:Ke HepaBeHCTBO (58.34).
Hoxaxxem popmyiry (58.33):
A, 1) = A((x, 0) + (0, 1) = Ax, 0) + A0, 9) ;=0 A(x) + Ay(y).
(58.37)
EciuB;:X —Zu:B,:Y — Z — 1Ba Takux JUHeHHBIX Orpa-
HUYEHHBIX OIepaTopa, 4To
A(x, y) = By(x) + By(y), (58.40)

TO, 3aMeTuB, 4To B,(0) = 0, 6ynem umers jisa aoboro x [ X pa-
BEHCTBO

B,(x) = By(x) + B,(0) (55.40) A(x, 0) (5536) A (x).
Anajoruuno g ao6oro y [1 Y nmeer MecTo paBeHCTBO

By(y) = Ay(y),
T. e. B, = A,, B, = A,, uHaUe roBops, JUHeWHEIe ONlepaToOphl A; U
A,, 115 KOTOPBIX UMeeT MecTo popmyna (58.33), eIMHCTBEHHHEL.
Haxonen, ectu A, : X — Z, A, : Y — Z — snuHeliHble OIrpaHu-
YeHHBIE oIlepaTopsl u omepaTtop A : X X Y — Z oupeneinieH ¢hopMmy-
aoi (58.33), To, oueBUAHO, A — JWHEHWHBLIN omepaTop W, KpoMme
TOT'0, OTPAHUYEHHBIN, 100

< Al el + LAl Ty

)

¥ IO3TOMY

[[A(x, y)lI < 4y |[c]| i
G, I 58.32) 710 ]2 + [Iyl12
+ Al = < 4, | + (4,

N2+ lyl|2
Orcroza cpasy ciaenyeT OrpaHMUYEHHOCTH omepaTtopa A U HepaBeH-
cTBO (58.35). 0
AHaIOTMYHO TTOHATHUIO TPOU3BEIEHUS MBYX JUHEHHBIX HOPMU-
POBAaHHBIX IIPOCTPAHCTB OIIPEEJIAETCS IIOHATHE IIPOU3BENEHUA N
JUHENHBIX HOPMHUPOBAHHBIX HPOCTPAHCTB IIPU JIIOOOM HATYypaJb-
HOM 1 U JIJIA HETO TOKa3bIBaeTcsA TeopeMa, aHaJIOTUUHAA TeopeMe 5.
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58.7. BUAMHEWNHbIe OTO6PaXKEeHNs
HOPMMUPOBAHHBIX MPOCTPAHCTB

BBegem moHATHE OTPAaHUYEHHOTO OMIMHEHHOT0 OToOpakeHus (CM.
oupeneaenue 12 B m. 58.1).

OnpeaeneHne 26. Buauneiinoe omobpaxcenue f : X XY - Z (X,Y
U Z — JAUHellHble HOPMUPOBAHHbLE NPOCMPAHCMEA) HA3bLBAEMCA
0ZDAHUYEHHbIM, eCAU cyujecmeyem maxas nocmoannas ¢ > 0,
umo dna awbsvix x 1 X,y 1Y evinonnsemcs Hepagencmaeo

I7Ge, )l < e llx]| y]l- (58.41)

Herpyamo y0eguTbcs, UTO MHOMKECTBO OrPAHMYEHHBLIX OH-
JuHeHHBIX oToOpakenuii f : X X Y — Z o0pasyeT mOAIpPOCTPaH-
CTBO JIMHENHOrO IIPOCTPAHCTBA BCEX OWJIMHEHHBIX OTOOPAYKEHUI
XxY — Z(cm. m. 58.1).

Ecau f(x, y) — orpaHnuenHoe OuJMHeliHOe OTOOpasKeHUe, TO
HUKHAA 'PaHb BCEX MOCTOAHHBIX ¢ > 0, A7 KOTOPHIX BBITOJHAET-
cdA HepaBeHCTBO (58.41), Ha3BIBAIOT HOPMOIL OUAUHEILH020 0mo0pa-
wenus u obozHauaror ||f]|:

|7l = inf {c : [ fGx, )| < e llxl| [y]}- (58.42)

CrpaBeIMBOCTh aKcHOM HOPMBI Aid |f| Ha numeitmom mpo-
CTPAHCTBE BCEX OTPAHWUYEHHBIX OWJIMHENHBIX OTOOpaKEeHUMH
f: X XY — Z nerko ycTaHaBINBAETCS HETIOCPEICTBEHHOM ITPOBEPKOI.

W3 mepaBencTna (58.41) u oupenenenus (58.42) caemgyer, 4To
IJIA BCSAKOT'O OIPAaHMUYEHHOI'O OMJIMHEHHOro orodpaskeHus f BbI-
TIOJTHAETCSA HEPABEHCTBO

17Ge, I < 171 |l 1y ll- (58.43)

JluneiiHoe HOpMUPOBaHHOE IIpocTpaucTBo (X X Y; Z) orpa-
HUUYEHHBIX OMInHeHHbIX oToOpaskeHuii f : X X Y — Z o6o3Hauaer-
ca TaKxe yepes £ o(X, Y; Z).

B uvactrOoCcTH, pu X = Y pua npoctpaHcTBa (X X X; Z) =
= % (X?; Z) ynorpebasercs u obosnauenue & (X, X; Z).

TEOPEMA 6. [aa mozo wmobvL OuauneiiHoe omobpaxcenue z
=f(x,y), x0X,yU0Y, zUZ, npouzgedenus X x Y auHeilHbLX
HopmupogarHublx npocmparcme X u'Y 6 JuHeillHoe HOPMUPOBAH-
Hoe npocmpancmeo Z Obll0 HenpepuléHuvlM, Heobxolumo u 00o-
cmamouHo, ¥mobvL OHO OblI0 0ZDAHUYEHHBLM.

AoKa3aTeAbCTBO. Eciiu bunnueiiHoe oToOpaskeHmre
[ XxY—Z
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orpaHmudeHo, To Aasa aobeix x, U X, x 0Y, y,UY,y UY, umeem
17Cxs y) = F(xgs o)l = 172, y) = F(xgs y) + F(x,, y) — f(xgs yo)ll <

< e = x40, I + (175 v — »o)l (58 41)

< el = ol lyll + lloll 1y = w0l =

< eflllx = xofl (lyoll + ly = yol) + ol ly = wo)1-

OueBUIHO, UTO M3 ITOr'0 HEPABEHCTBA CPa3y CJIELYyeT HelpPephIB-
HOCTb O0TOOpaskeHus f B TOukKe (X, Y,):
lim 1(x, y) = (x5 Yo)- (58.44)
[|(x5 ) = (g y)|| - O
Eciu, maobopot, ounuueiinoe orobopaxkenue f: X XY — Z He-
npepsiBHO HA X X Y, TO, B YACTHOCTH, OHO HEIPEPHLIBHO B HYJIE U,
cjIemoBaTeIbHO, HAIpUMED, IJad € = 1, cymecrsyer Takoe O > 0,
yTO Kak TosibKo ||x| <, |y| < d, To BRImONHAETCA HepaBeHCTBO

17 (e, )| <1. (58.45)

Bapurcupyem Kaxoe-auoo N, 0 <n < d. Torga gus a0b6eix x [1 X u
ylY,x+#0,y#0, 0yayT BEIIOJHATHCSI HEPAaBEeHCTBA

nx
T x| =n <09, <9,
‘nxn may Il =n< Hn HH
II09TOMY
onx ny ol 4
‘f Ol * Tyl O] (s5.45)

Orcroza, NCI0Jb30BaB OMIMHEHHOCTh OTOOPaKeHu f, TOIyUnM

1
IfGe, )l < 5 Il llyll, =0, y=o0.

IIpu x = 0 unu y = 0 9TO HepaBeHCTBO TaK’Ke CIIPaBeJJINBO, TaK
kak f(0, x) = f(x, 0) = 0. Takum obpasom, oTobpakenue [ meii-
CTBUTEJILHO OI'paHUuYeHo. [

VIIPAJKRHEHHE 16. [JokasaTb, 4T0O ecau Z — 0aHAX0BO IPOCTPAHCTBO, TO
IIPOCTPAHCTBO OMIMHEHHBIX OTPaHMUYEHHBIX oToOpasenuit £, (X, Y; Z) Tak-
'Ke 0aHaxoBo (X u Y — JuHelHbIe HOPMUPOBAHHbBIE ITPOCTPAHCTBA).

IIycts f : X XY — Z — OunuHelinoe oToOpakeHue IPou3Beae-
HUA JUHEHHBIX HOPMUPOBAHHBIX TPOCTPAHCTB X 1 Y B JIUHENHOE
HOPMHPOBaHHOE MPOCTPAHCTBO Z. IIpu (hpuKCUPOBAHHOM BJIEMEHTE
x [0 X orobpaskenue f 3amaeT HEKOTOpOe JIMHEIHOEe OTOOpaKkeHne
(o6o3HauuM ero f,) IpocTpaHcTBa Y B IPOCTPAHCTBO Z:

1) < fx,y), yOY. (58.46)
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IIpu sToM ecsiu f — orpaHmuyeHHOe GMINHEIHOEe 0TOOparKeHue, TO

1)) ey | 70 S, I Il gl (58.47)

I03TOMY [, TaKKe ABJIAETCS OrPaHMYeHHBIM 0TOOpaskeHneM U, CO-
TJIACHO OIpeesIeHNI0 HOPMbI JIMHEeHHOT'0 oIlepaTopa,

IFN < A7 ]|

Takum o0pasoM, mDJd KaKIOro OWJIMHEHHOTO OTOOpaKeHUd
fO Z,(X,Y; Z) orobpaskenune
F:xwf, (58.48)

oTtobOpaskaer mpocTpaHcTBo X B mpocTpaucTBo £ (Y; Z).
W3 popmya (58.46) u (58.48) caenyer, uTo
FC) O) si) O sise TC6 1)- (58.49)

AEMMA 8. Omoobpaixcernue F (cm. (58.48)) asasemcs nuneliHbim
0ZPAHUYEHHBLM ONepamopom, omoopadcaruium npocmpaHcmaeo
X 6 npocmpancmeo X (Y; Z), m.e. FU X (X, (Y; Z)), u

IE[=[I7]l. (58.50)
AoxkasaTteAabcTBo. Ilyers x; U X, x, U X, A\; u A, — uncia,
Torga aJsa jawoboro y Y umeem

(F()\lxl + Azxz)) ) (58?19) f()\lxl + Azxz, y)=
= }\1 f(xl, y)+ )\2 f(xz, Y) (58%49) ()\1F(x1)) ) + ()\zF(xz)) (y)=
= (A F(xy) + A F(x,)) (),
¥ TaK KaK 9TO BepHO AJst Kasmgoro y 1Y, To
F(Ajxy + Aoxy) = A F(xq) + A F(x,),

T. e. F — JuHEeNHBIH ollepaTop.
OrpaHuuyeHHOCTH onleparopa F cienyer 13 HepaBeHCTBA

= <

Bouee TOI'0, 13 3TOI'O HEPABEHCTBA BBITEKAET, UTO
IE( < [I7]- (58.51)

C mpyroii cTOpOHBI, OTPAHUYEHHOCTh omeparopa F osHauaer,
uTOo 1Jis JI060ro x [1 X BHITOIHAETCS HePaBEeHCTBO

1G] < [F] |, (58.52)
IO3TOMY

1166 D iy E@I < IFN ol S, 171 ] Lyl
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Orcioma, B cuny onpenenerus (58.42), umeem
IFI< 7. (58.53)

W3 mepaBencTs (58.51) u (568.53) caenyer paBeHCcTBO (58.50). O
Onpeaenenne 27. Omobpaxcerue 00H020 AUHEIUHO020 HOPMUPOBAH-
HO20 npocmpancmea Ha Opyzoe HA3LLEAEMCS U3OMOPDUIMOM
ULU U3OMOPDHLLM 0moOpaXiceHuem, ecayu OHO 83AUMHO-00HO3HAY-
HO, JUHEUHO U COXPaHAem HOPMY.

JBa TuHEHHBIX HOPMUPOBAHHBIX IIPOCTPAHCTBA, AJIA KOTOPBIX

CyIllecTByeT n30MOpP(pHOe 0TOOpakeHre OJHOr'0 Ha APYroe, Ha3bl-
BAIOTCA U3OMOPPHBLMU.

NMpumep. IlpocrpanctBo (R, X) nnasa Jaio00ro JIMHEHHOTO
HOPMHPOBaAHHOTO IIpocTpancTBa X usoMmopdpto ¢ X.

IlocraBuM B COOTBETCTBUE KaskgoMy ajaeMeHTy x [| X omepartop
A, :t v tx,t R. OueBugHo, uTo oneparop A, : R — X nuHeeH u
orpaunuen: |A| = |x|. Jlerko y6exuTses, uto coorBeTcTBHE X — A

asasercsa usomoppusmom mexay X u Z(R; X).
TEOPEMA 7. Ecau X,Y uZ — auHeliHble HOPMUPOBAHHbLE NPO-
cmpancmea, mo npocmpancmea L (X, Y; Z)yu L (X; L (Y, Z)) as-
AAIOMCA USOMOPPHBIMU NPOCMPAHCMEAMU, NPULEM UIOMOPPHBLM
omoOpasxcenuem npocmpancmea ¥ X, Y; Z) na npocmpancmeo
L(X; LY, Z)) asrsemca omobpaxcerue

f—F (58.54)
(cm. (568.46) u (568.48)).
AoKa3aTeAbcCT1BO. O6o3uauum orobpaxkenne (58.54) uepes P:

®(f)=F. (58.55)

CorsacHo oIpejejeHunio, orobopaxkenue P (f) aBiasgeTca TaKuUM
oTobpaskeHneM mpocTpancTBa X B mpoctpaucTBo £ (Y; Z), uTo Aas
awo6oro x [ X snement (P(f))(x) aBaserca orobpaxkenueMm Y B Z u
[IJIs1 HeTO BBLITIOJIHSETCS PaBeHCTBO

(@) 555 FO) iy oo (58.56)
ITosromy mns nro6oro y U Y BeIIONIHSETCSA COOTHOLIEHNE
(@DNNW) si56) V) siis) > V- (58.57)

Hoxasxem uHeliHOCTb oToOpaskenus @: mycts f, § U L(X, Y; Z2),
Ay, A, — umcia, Torga

(@A + PNNW) (5557, A + K8, y) =
= M(x, y) + Ug(x, §) 557, MPMEN @) + K(P@))())Y) =
= (AP(N)(x) + (LP(2))(x))(Y)
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(MBI 3[IeCh UCIIOJB30BAIN OOBIUHOE IMPABUJIO CIOMKEHUS QYHKIUH
¥ YMHOMKEeHHUSA MX Ha uyucio). Tak KaK 9TO PaBEHCTBO BEPHO IJIA
ao6e1x y 1Y, To
(PAf + pg)(x) = AD(N)(x) + (LP(2))(x) = (AD(f) + pP())(x),
¥ TaK KaK 9TO BepHO AJs Jo6bix x [1 X, To
DA + pg) = AD(f) + pd(g),
YTO ¥ 03HAYAET JIMHEHHOCTh omeparopa P.

Ecmu F = ®(f), To ||f| = |F| (cm. (58.50)), T. e. omepaTop P
JIefiCTBUTENILHO coxpaHseT HopMmy. IlosTomy ecau f # 0, a caeno-
BarensHo, u ||f| # 0, To |®@(f)| # 0, orryna ®(f) # 0, T. e. axpO
oTobpakenna @ COCTOUT TOJBKO W3 HYJsS, UTO O3HAUAET B3aUM-
HYIO OTHO3HAYHOCTh (MH'BEeKTUBHOCTH) 0TOOpaskeHnA D.

Haxonern mokaxem, uto orobpakeHue @ orobpaskaeT mpo-
crpaHcTBO £ ,(X, Y; Z) Ha Bce mpoctpaHcTBo Z(X; (Y, Z))
(CIOPBEKTUBHOCTE OTOOpaskeHusa D).

IIycts F — nuHeliHBIN OrpaHUUYEHHBINA OllepaTop, 0ToOparKaio-
muit mpoctpaucTBo X B Z(Y; Z), TeM caMbIM IJisd Kaxmoro x [1 X
anemeHT F(x) siBIsAeTcA OrpaHWYEHHBIM JUHEHHBIM OIIEPATOPOM,
0oTOOpasKaAIOIMM IIPOCTPAHCTBO Y B Z. ITO O3HAYAET, UTO JJIsA
Kaxxgoro y 1Y anement (F(x))(y) TpuHAATIECKUT IPOCTPAHCTBY Z.

ITonmosxum

7, 1) = F@)©). (58.58)

W3 nuneiinoctu ouneparopoB F u F(x) ciaenyet, uto f(x, y) sB-
JsdeTcsa OMJINHeHHBIM oToOpaskenruemM X XY B Z, a u3 HepaBeHCTBa

= < <
1768, 1 sy IEGNDI 5,0 1FCN Tyl S, 1] <] ]

— €ero OTPpaHuYeHHOCTh, T. e. [ U £ (X, Y; Z). IIpu atrom
(@G 5577, T V) 5555 FENW),

¥ TakK KaK 9TO HEPABEHCTBO BepHO AJA Jioobix x [1 X, y 1Y, To
d(fy=F.O

IIo anasornu ¢ orpaHUYEHHBIMY OMJIMHEHHBIMY OTOOPAYKEHU -
MU BBOIUTCS IIOHATHE OTPAHWUYEHHBIX MYJIbTHUJINHEHHBIX 0TOGpa-
skeauit (cM. 1. 58.1) mpousBeneHUA JIMHEHHBIX HOPMUPOBAHHBIX
npocrpancts X;, X,, ..., X, B JIUHeliHOe HOPMHMPOBAHHOE IIPO-
CTPAHCTBO Y U OIpeJeNATCA UX HOpMBI. JImHeiiTHOe HOpMUPOBaH-
HOEe TIPOCTPAHCTBO MYJbTUJINHEHHBIX OTPAHNYEHHBIX OTOOPAKEeHU
f: X xX,x..xX — Y obosnauaerca £, (X, Xy, ..., X,; Y).
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NmeeT MecTOo TeopeMa, aHajorudyHas Teopeme 8. Hampumep,
opu n = 3 AOKAa3bIBAETCd, YTO MPOCTPAHCTBO £ 5(X, Xy, X355 Y)
nsoMmopdHO npocrpaHcTBy £ (X; £ (X,, X3; Y), KoTOpOE, B CUITY
TeopeMBbl 7, m30MOp(pHO mpocTpaHcTBy £ (X ; L (X,; L (X3 Y))).

B ciayuae npomsBonbHOro n mpoctpaHcTBa Z(X;; L(X,;
L(Xg5 0., LX,3Y).))u £ (X, Xy, ..., X3 Y) uUBOMOP(HEI
MeXKIy co00i, Ipu 9TOM CYIIEeCTBYEeT TaKoil M3oMOp(hU3M STUX
mpocTpaHcTs, uro ana F [0 L(X; L(Xy; ..., (X, V) uf U
U<2,(X;, X, ..., X,;Y), COOTBETCTBYIOIIUX IIPU HEM APYT APYTY,

ansa mobeix x, UX,, k=1, 2, ..., n, uMeeT MeCTO COOTHOIIIeHNE
(o ((Fxq)xy)..)x, = f(xq, X95 oon 5 ). (58.59)
B zarmrouenue ormerum, uto Korga X; = X, =... =X,k =X, To

Bmecro £ (X, X, ..., X; Y) numyr & (X", Y).

58.8. AuddpepeHumpyemblie OTOGpaKeHUs
AVNHEWHbIX HOPMUPOBAHHbIX NPOCTPCOHCTB

Onpepenennio noHATHA JuBGEPEHIIUPYEMOCTH OTOOPAIKEHNA MHO-
JKeCTBa, JIeXKAIIEr0 B OTHOM JIMHEHHOM HOPMUPOBAHHOM IIPOCTPAH-
CTBe, B APyroe TaKoe IIPOCTPAHCTBO IIPEAIOILIEM, KaK BCerjga, He-
CKOJIBKO 3aMeUaHUl 0 CUMBOJIE «0 MAaJioe» JIJIs PACCMATPUBAEMOTO
ciaydas.

Ilyets X u Y — JjuHeiliHbIe HOPMUPOBAHHBIE IIPOCTPAHCTBA.
El0Xmnxy0X.

Omobpaxernue d : E — Y nHa3osem 0OeCKOHEUHO MAAbLM NPU
X — X, no cpasrenuio ¢ pyuryueil |x — xy||" u 6ydem nucame

a(x) = o((x — xp)"),

ecau cywecmasyem maxoe omoobpasxcenue € : E — Y, umo das ecex
mouex u3 mHoxcecmsa E, npunadaexcauyux Hexomopoil purcupo-
B6AHHOIL OKPECMHOCMU MOYKU X, UMeem Mecmo paseHcmeo

a(x) = e(x)|x — x| (58.60)
lim &(x)=0. (58.61)
X - xo

Ecnu orobpaxkenue 0(x) onpesiesieHO B TOUKe X, T. e. X, Ll E,

TO U oTOOpakeHue £(x) TaKsKe OIpeaesieHO B 9TOI TOUKe, a CJaemo-
BaTeJbHO, COTJIACHO OIIpe e IeHUI0 IIpeiesia, U HeIIPePLIBHO B Hell:
€(x,) = 0.
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OnpeaeneHue 28. Omoobpadxcenue f omkpvimozo mHoucecmea G
JUHEIH020 HOPMUPOBAHHO20 npocmpancmeéa X 6 JAuHeilHoe HOp-
MUPOBAHHOe npocmpaHcmeo Y Hasvieaemces Ougepenyupye-
moim 6 mouke x U G, ecau cyuecmeyem makoil AuHellHbvLil ozpa-
HuueHnHbLll onepamop A : X — Y, umo umeem mecmo pageHcmaeo

f(x+h)=f(x)+AMh)+oh), hOX, h—0. (58.62)

JIuneiiHbit otepaTop A HasbIBaeTcsa JuggepeHyuaniom oTrobpa-
'Keuusd f B Touke x u obosHauaercsa Df(x) (unu, 6oJiee moapobHO,
(Df)(x)). Duddepennuan Df(x) HasbIBaeTCa Takke dup@epernyua-
aom Ppewe”.

Hcnonb3ya obosnauenue guddepeniinaia, onpeneaenne (58.62)
MOJKHO 3aIIlricaTh B BUE.

f(x + k) = f(x) + Df(x)h + o(h), h— 0 (58.63)

(8mech maus kpatkoctu Hanucauo Df(x)h smecto (Df(x))(R)).

Huddepenrnuan Pperte Df(x) HasbIBAIOT TaKiKe TPOU3BOJ-
HOIl Pperrie u obo3HauaioT f'(x). B KoHeuHOMEepHOM ciyduae (CM.
m. 41.7), o0 aHAJIOTHU CO CJIyYaeM UYUCJOBBIX (PYHKIIUI, MBI Ha-
3BIBAJIM ITPOMBBOAHON OTOOpaskeHus MaTpuily auddepeHIiragia
(maTpuny dxob6u) B HEKOTOPOM 3aJaHHOM Oasuce. B 6ecKoHeuHO-
MEpPHOM cJydae HeT IPAMOTO aHajioTa 9TOT0 OIpeaeeHuA XOTs
OBl IIOTOMY, YTO HE BO BCSIKOM JIMHEMHOM HOPMUPOBAHHOM IIPO-
cTpaHcTBe mMeeTcs 6asmc. B Tom ciaydae, Korga B paccMaTpH-
BaeMBIX TPOCTPAHCTBAX CYIIECTBYIOT 6a3uChI, JUHEHHLIE ollepa-
TOPHI, B YacTHOCTU Au(depeHInuaibl, MOKHO 3aaBaTh NX 0ECKO-
HEUHBIMU MaTPUIIAMHU, HO MBI Ha 3TOM He OyIeM 37eCh OCTAHABJIN-
BaTbCAH.

OrmeTuM, uTO ecau oroopaskenue F : G — Y, G U X, nudde-
peHIupyemo B Touke X [1 G, To OHO 1 HEIIPEPHIBHO B 9TOH TOUKe.
JTo cpasy caenyet us popmyssl (58.63):

lim f(x + k) = f(x).

NMpumep 1. Eciu X — JauHellHOe HOPMHPOBAHHOE IIPO-
cTpaHcTBO, X, U X, a U X u f(t) = x, + ta, -0 < t < +00, 10 OTO-
opakenue f : R — X nmuddepeHIINPyeMO BO BCeX TOUKAX U

f'(x, + ta) = a. (58.64)

HeiicrBuTenbuo, 3xechk f(t + h) = f(t) + ah, T.e. yciaoBue
(58.63) BrimosHsAeTcs ipu o(h) = 0 (HarmroMHUM, YTO KaXKIBINA dJe-

* M. @pemre (1878—1973) — (ppaHIy3CKuil MaTeMaTUK.
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meHT a [ X MOKHO paccMaTpUBaTh U KaK dJIEMEHT IIPOCTPAHCTBA
ZL(R; X), cMm. ipumMep B 1. 58.8).

dopmysnupyemble HUKe TeopeMbl 8—10 m0Ka3bIBAIOTCA [10-
CJIOBHO TaK JKe, KaK aHaJOTMYHbIe TeopeMbl 3—5 B 1m. 41.6 pisa
0TOOpAaKEeHMI MHOYKECTB, JeKAINX B KOHEUHOMEPHBIX IPOCTPaH-
CTBaX, TaK KaK B MPUBEAEHHBIX TaM JOKa3aTeJIbCTBAX HUTIE He
HCIIOJIb30BAJaCh KOHEUYHOMEPHOCTH paccMaTpUBaeMbIX IIPO-
CTDPAHCTB (IJUHBI |X| BEKTOPOB €BKIUAOBLIX IPOCTPAHCTB HAZIO 3a-
MeHHUThL, KOHEUHO, HOpMaMu || x| si1eMeHTOB MMHEHHBIX HOPMUPO-
BaHHBIX IpocTpaHcTB). IlosToMy 3mech MbI He OyAeM HIPUBOAUTH
IOKa3aTeJbCTBA YKA3aHHBIX TEOPEeM.

TEOPEMA 8. Ecau omobpaxcernue f : G — Y (G — omkpwuimoe
muoxcecmeo, G 1 X, X u'Y — JnuHeliHble HOPMUPOBAHHbBLE NPO-
cmpancmea) dugpepenyupyemo 8 mouke x 1 G, mo ezo dugpge-
peryuan 6 amoil mouke onpedesern 00HO3ZHAYHO.

CAEACTBWE. Juppepenuyuan nuHeilHO020 0mobpaxcenus coéna-
daem c camum omooOpa)ceHueM.

TEOPEMA 9 (AuHenHoCTb AnddpepeHunana). Ecau omobpadice-
Huaf:G—>Yu g:G— Y (G— omkpvimoe mHoxuecmeo 6 X, X u
Y — nuHelinble HOPMUPOBAHHBLE NPOCMPAHCMEA) OUPPepeHyupy-
embt 8 mouke x 1 G, mo 0as aw00vlx yucen A u |\ AuHeilHAA KOM-
ounayua \f + Ug maxace duppepernyupyema 8 amoit moure u

D(Af + pg)(x) = ADf(x) + pDg(x).

TEOPEMA 10. IIycmv G u D — omkpvimbie MHONMCECMEA COOM-
semcmeeHHo 8 X uY,a X, Y u Z — nuHeliHble HOPMUPOBAHHbLE
npocmpancmea. Ecau omobpascenue f : G — D duppepernuupy-
emo 8 mouxke x 1 G, a omobpaxcenue g : D — Z 6 mouke f(x), mo
Komnosuyusa g © f dugpgepenyupyema 8 mouke x u ee ouggepen-
uyuaL 8 amoil mouke pagen KoMno3uuyuu OuggepeHyuaLos omo-
opaxcenuil fu g:

D(g ° f)(x) = D(g(f(x))) ° Df(x). (58.65)

Ecnu X — nuHeliHoe HOpMHUPOBaHHOE IIPOCTPAHCTBO, X, [1 X,
x [0 X, To MHOKeCTBO BcexX ToueK u3 X BUIa

xo(1—-t)+tx, 0<t<1,

Ha3BIBaeTCA 0mpe3rKom [x,, x], a MHOKeCTBO BCcexX TOUeK BHUAA
xo(1-t)+itx, 0<t<I1,

— unmepeanom (x,, x) B npocrparcTse X. Touku x, u x HasbIBa-

I0TCA KOHIIaMM YKa3aHHBIX OTpe3Ka 1 MHTepBaJa.
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NMpumep 2. Ecau omoopadxcenue f : G — Y (G — omkpbvimoe
6 X muoxcecmeo) Oupdepernyupyemo 6 mouke x + toh, 0 <t, <1,
unmepsaaa (x, x + h) 0 G, mo omobpaxcenue g(t) = f(x + th),
0 <t<1, ouppepenyupyemo 6 moure t, (0, 1) u

g'(ty) =f'(x + tyh)h.

Jto cpasy caexnyer us popmya (58.64) u (58.65).

Hapsany ¢ moumsarveM au(@epeHIPYyEeMOCTH OTOOPAKEHUA B
cMbICJIe ompenesieHns 28 ObIBaeT MOJIe3HLIM MOHATHE AuddepeH-
IUPYEMOCTH OTOOPaKeHns B JTaHHOM HaIlPaBJIEHUM, K PACCMOTpPe-
HHWIO KOTOPOT'O MBI 1 Hepeﬁ/:[eM.

OnpeaeneHne 29. IIycmov X u Y — JAuHellHble HOPMUPOBAHMHbLE
npocmpancmea, x 1 X, h 0 X, x u h ¢purkcuposanvt, h # 0, u omo-
opasxcernue f onpedeneHo Ha anemenmax suda x + th npu docma-
moyHo manvix t >0, f(x +th) Y.

Omoopaxcernue f Ha3vieaemcs JugeperHyupyemvim 8 mouke
X no HanpasneHulo eéexkmopa h, ecau cywecmeyem makoil aJje-
menm (D, f)(x) OY, umo

f(x + th) = f(x) + (D, f)(x)t + o(t), t— 0. (58.66)

9TO yCI0BrE PAaBHOCUJILHO YCJIOBUIO CYIIIECTBOBAHUSA B IIPOCTPAH-
cTBe Y IIpenena
. + -
lim [EX TG _ (p ().

t50 t

dunemenT D,f(x) = (D,f)(x) HazbIBaeTCa npou3eodHoil no Ha-
npasnenuio h (unu npouseodnoii 'amo® no nanpasnenuio h).

ITpoussognaa ®peme Df(x) u npoussoguasa I'ato D,f(x) ume-
IOT Pa3HYI0 IPUPOJAY: Ipou3BogHasa Ppelre — dJIEMEHT IPOCTPAH-
ctBa ¥ (X; Y), a npousBogHas 'aTo — sjieMeHT mpocTpaHCcTBa Y.

VIIPAXKHEHHA. 17. Jlokazats, uro orobpaskenue x — |x|, x 0 X (X —
JUHeHOe HOPMHUPOBAHHOE IIPOCTPAHCTBO), UMeeT B ToukKe x = ( mpomsBox-
HYIO II0 JII000MY HampaBiieHUIoO 1 He fuddepernupyemo no @Pperre.

18. ToxasaTs, uTo ecau oTobpaskenne f : G — Y (G U X, X u Y — nuneitnnie
HOPMUPOBaHHBIE IIPOCTPAHCTBa, G — OTKPEITOe B X MHOKecTBO) auddepeH-
nupyemo B Touke x L] G mo @pere, To 0HO B 5Toil TOUKe UMeeT IPOU3BOITHYIO
1o JI060MYy HaIPaBJIEHUIO.

Ecau y orobpaskerusa f : G — Y, G 1 X, B rouke x [ G cy1ecTBy-
eT IIPOM3BOJHAA IO JIOOMY HAIpPaBJIEHUIO, T. €. IIpu Joodom A = 0
cymectsyer D,f(x) U Y, To, BooOlle ToBOpA, 3TOT dJIeMeHT HeJIU-

*P. Taro (ym. 1914) — (ppaHIy3CKHUl MaTeMaTHK.
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HeiiHo 3aBucuT oT k. Eciiu ke cyIiecTByeT TaKoii JMHEHHBIN orpa-
HUYeHHBIH onepaTop, obo3HadaeMblii 00bruHO D f(x) : X — Y, uro

(D, f(x))(h) = D,f(x),
TO BTOT OIIEpPaTOpP Ha3bIBAETCH CAA0biM Jupepernyuansom, ciaboi
npouseodHoil nnu duggepenyuanom I'amo.
Ecnu orobpaskeHue nMeeT B HEKOTOPOU TOUYKe caadbiil nudde-
peHIIuaJ, To OHO HasbIiBaeTcsd cjabo muddepeHnupyeMoii B Heli.
B sToMm cayuae paseHcTBO (58.66) nmeer Bup,

f(x + th) = f(x) + tD_ f(x))(h) + o(t), t—0

(Bmecro (D, f(x))(h) numyT kopoue: D, f(x)(h)) u oHO yxXe uMeeT
cMbIca aJid Beex h [0 X,

Huddepennuman Ppeliie Ha3bIBAIOT TaK:Ke CUJLbHbLM Ougge-
perHuuanom.

OueBUIHO, UTO ecau y oToopaskenuda f : G — Y, G X, B TouKe
X CYIIeCTBYeT CUJbHBIA mudQepeHnuan, To B Hell CyIIeCTBYyeT U
caabblii guddepeniuaa, IpuueM OHM COBIagaoT. B camoMm meJe,
ecJiu UMeeT MecTo paBeHCcTBO (58.63), To mpu 1060M GUKCHUPOBaH-
HOM A # 0 u moctaTouno majyioMm t > 0 OyzeM uMeTh

f(x + th) = f(x) + Df(x)(th) + o(th) = f(x) + tDf(x)(h) + o(t), t— O,

TaK KaK
o(th) = o(|[thl)) = o(t|[R])) = o(t), ¢t—0

(h — QuKCcHpPOBaHHBIN AJIEMEHT IIPOCTPAaHCTBA X, HE PABHBIN HYJIIO).
9To M o3HAYaeT, UTO CUJBLHBIN AuddepeHIIuaT ABIAETCS U
caa0BIM.

VIIPA’)RHEHHUE 19. IlpuBecTu nmpuMep OTOOpaKeHUs, UMEIOIIero B HeKO-
TOPO¥ ToOUKe ca0bIil AuddepeHIInaT 1 He MMeIoIero B Heil CUILHOTO.

VYrkazauwme: cm. 1. 37.7.
B cnyuae, korna X O R", Y = R, h O R", h = 0, h, |Z|
= (cos 0y, ..., cos 0 ,), mpousBogHasa I'aro (D,f)(x) cnabo gudde-
peHInupyemMoi B Touke x = (X, ..., x,) U X pynxnueir f : X — R
f( )

n IepeMeHHBIX CBA3aHa C ee TPOU3BOAHOM 10 HAIIPaBJIEHUIO /i
(B cmbIcae 0. 37.7, 7. 2) caenyoniuM COO'I‘HOHIeHI/IeM!

(D, P(x) = lim [ETLELZIEY — e+ ) =

_ & 0f(x) dxy _
k& O0x, dt = [l kZI Oxy,

0
= |RI(OF, ko) = 1| 2L
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Mo:xHO mokasaTth (cMm.: Koamoropos A. H., @omun C. B. Sie-
MeHTBI Teopuu QPYyHKIUH 1 GyHKIIMOHAIbHOr0 aHanusa. — M.: Hay-
Ka, 1986), uto ecau y orobpaskenusa f : G — Y, G U X, B HeKOTO-
poit oKkpecTHOCTU TOUKH X [| G cylecTByeT ciabas mIpou3BOaHAA
D_,f(x), HempepLIBHAA B TOUKe X (3TO O3HAUAET, YTO OTOOpaKeHHe
x = (DN(x) 0 £L(X;Y), . e. orobpaskenue Buga X — L(X;Y),
HeIpephIBHO), TO B 9TOH TOUKE CYIIIECTBYeT CUJIbHAA IPOU3BOAHAS
Df(x), mpuuem oHa coBIazaeT co cJjaboii. [[okazaTeIbCTBO 3TOTO
YTBEPKIeHUA 37eCh He IPUBOAUTCA, TaK KaK ero MpoBeIeHe Tpe-
OyeT B3HaHUS IOMOJHUTEIBHBIX (AKTOB U3 (PYHKIIMOHAJIHHOTO
ananuza (Teopema Xama-BaHaxa), a B cayuae HecenapabGeJIbHBIX
IIPOCTPAHCTB U CBEJEHUH N3 TEOPUU MHOIKECTB O BIIOJIHE YIIOPSIO0-
YeHHBIX MHOMKECTBaX.

58.9. DopMyAd KOHEYHbIX NPUPALLEHUA

ITonyuum Tenmeps Oasa nuddepeHnnpyeMbIX 0TOOpakeHuil JIMHeH-
HBIX HOPMUMPOBAHHBLIX IIPOCTPAHCTB aHAJIOT (DOPMYJIbI KOHEUHBIX
npupalenunii JlarpaHka s YnMCcJI0BBIX (pyHKIui (cM. nn. 11.2 n
15.2). IIpegBapuTeabHO AOKAXKeM CJeAYyIoIlee BCIIOMOTATeJbHOe
yTBepKIeHMe.

AEMMA 9 (Aemma A. Weapua®). ITycms & — omobpaxcenue ompes-
ka [0, 1] 6 auHeilHoe HopmuposaHHOe npocmpancmeo Y, a Y —
OdelicmeumenvHas QYHKUUs, 3a0anHas makice Ha ompeske [0, 1],
npuvem ¢ u ) Henpepvi6HLL HA IMoOM ompesdke U OupepeHyupy-
eMblL 8 €20 BHYMPEHHUX MOUKAX.

Ecau 0asa ecex t (0, 1) svinonnsemces HepageHcmaeo

o' @I < w'(®), (58.67)
mo umeem mecmo HepaseHCcmaeao
4 (1) = $0)] < (1) - (o). (58.68)

AOKO3ATeAbCTBO. 3apukcupyem IPOU3BOJLHO € > 0 u 060-
3Ha4YuM uepe3 E, MHOKecTBO Touek orpeska [0, 1], ana xoTopsIx

BBIIIOJIHAETCA HEPABEHCTBO
16 () = $(0)[| < W(t) — W(O) + &t +&. (58.69)
B cuny HenpepsiBHOCTH ¢ 11 ), MHOXKecTBO E, KaK oIpeseseHHOe
HEeCTPOTMM HepaBeHCTBOM, 3aMKHYTO: B caMoM Jele, ecnu t, [1 E. u
lim ¢, =t,, To, nepeiifis K Ipesiely IPKU 11 — OO B HEPABEHCTBE

n — oo
o (z,) — o 0)] < w(z,) — W(O) +et, +¢,
* JI. lIBapn, (pox. B 1915 r1.) — dpaHIly3CKuil MaTeMaTUK.
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B CHJIy HETIPEPBIBHOCTH ¢, ) 1 HOPMBI, IIOJIYYHM
16.(26) = 9 (0) | < Wi(zy) — W(O0) + et, + &
9ro ozHauaer, uTo t, U E, T. e. uTo MHOecTBO E, 3aMKHYTO.

MuoxxecTBo E, He mycTO, TaK KaK HepaBeHCTBO (58.69) saBeno-

MO CHpPaBeIJIMBO AJIS JOCTATOUHO MAJLIX {, TAK KaK Ipeaesl ero
JeBoii vactu mpu ¢ — 0 paBeH HYJIIO, a IPABOI PaBeH €.

ITonoxum
a=sup E,. (58.70)

W3 samxryTOCTH MHOMecTBa E, cinenyer, uro a U E,. Ilokaxenm,
yto a = 1. B camom geie, mycThb
a<l. (58.71)

B cuny guddepenmnupyemoctu oTobpaskenuss ¢ 1 HeIPePLIBHOCTH
HOPMBI, AJIs JII000T0 € > 0 mpu ZOCTATOYHO MAJbIX ki > 0 mMeeM

6@+ h) = (@) = 1¢'(@h + o(B)| < [¢'(a)]| h + % h.  (58.72)

W3 mepasencrsa (58.67) ciengyert, uro Y'(¢) = 0 u, ciaemoBaTesnbHO,
dyHKIIUA ) He yOBIBAET, ITO3TOMY

|W(a + k) — W(a)| = Y(a + k) — Y(a), k> 0. (58.73)

B cuny xe puddepennupyemoctn GpyHKIuU Y, Iad OCTATOUHO
MasbIx h > 0 moayumm

[W(a+h) - Y(a)| = [W(@h + o) > [Y(a)| h - |o(h)| >

>y(a)h — 3 h. (58.74)
ITosTomy
- < o Eh < En <
d(a+ h)—d(a) (58.72) ¢ (@) + Sh 58.67) W(a)h+ 5h (5873),
(58.74)
< y(a+ h) - Y(a) + €h. (58.75)
3amerus, uro us yciaosud a [l E, crexyer
— < —
$(a) - ¢(0)] (56.69) W(a) - W(0) +€a + ¢, (58.76)

IJIsI BCeX JOCTATOUYHO MaJbIX i > 0 OygeM MMeTh
[¢(a+r)— O = [d(a+h) - d(a) + d(a) — $(0)] <
<lo@+m-o@|+lo@-o0| <

(58.76)
< W(a + k) — W0) + &(a + h) +¢.
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Takum obpasom, AJA dyuciaa a + h Opu yKasaHHBIX A BBIIOJI-
HseTcA HepaBeHCTBO (58.69), uro mporuBopeuurt (58.70), Tak Kak
h>0.

Urak, a = sup E; = 1. 910 03HaUaeT, 4TO HepaBeHCTBO (58.69)

cupaBeaauBo npu ¢t = 1 u ar06oMm € > 0:

16(1) = ¢ (0] < w(1) - w(0) + 2e.

Tlepeiina B 3TOM HepaBeHCTBe K Ipefeny npu € — +0, moxyuum

HepaBeHCTBO (58.68). O

TEOPEMA 11. Ecau omobpasxcenue f : G — Y (G — omkpvimoe

6 X wmnomecmeo, X u Y — JUHelUHble HOPMUPOBAHHbLE NPO-

cmpancmaea) HenpepovleHo Ha ompeske [xy, x] U G u dugppepenyu-

pyemo Ha unmepsane (x,, x), x, + h U [x,, x], mo

f o + b) = ) < [|R] sup [ @) (58.77)

& X5 X)

AokasateAbcTBO. Ecan . sup ||f'(§)| = +°, To HepaseH-
x)

Xo»
cTBO (58.77) oueBUIHO, €CJIN Ke IPOU3BOAHAS [ orpaHnyeHa:

def
c= (I '@ < +o0,

Xgy X
T0 paccmorpuM dyHKIUE O(2) = f(x, + th) m Y(t) = c|h|t, 0 < ¢ < 1.
dyurnuu ¢ u P HenpepsiBHBI Ha oTpeske [0, 1] u nuddepeniupy-
embl Ha uHTepBae (0, 1) (a1a orobpaskenusa f(x, + th) ato ciexny-

eT W3 TOTO0, UTO OHO SBJAETCA KOMIIO3UIIMEH OoToOpakeHuil x =
= x + th u f). Taxk xax (cMm. mpumep 2 B. 1. 58.8)

0'(t) = f'(xq + th)h,
lo@I <71 2] <cln]=w@, 0<t<1,

¥, CJIeIOBATEJbHO, § U | yIOBIETBOPAIOT ycaoBuO Jemmbr 10, a
HepaBeHCTBO (58.68) mpeBpalijaeTcs B paccMaTPUBaEMOM CJIyYae B
HepaBeHcTBO (58.77). 0O

58.10. Mpoun3soAHbIE BbICLUNX NOPSAKOB

IIycte f — oToOpaskeHme OTKPBITOTO MHOMKecTBa (G JIUHEHHOTO
HOPMUPOBAHHOTO IIpocTpaHcTBa X B JUHEHHOe HOPMHPOBAHHOE
mpoctpancTBo Y. Ecau aT0 oToOpakenme auddepeHIIunpyeMo BO
Bcex Toukax x [l G, To ero mpousBomuad f'(x) [ £ (X; Y) samaer
orobpaskenue f' : x — f'(x) mHOXXecTBa G B JIMHEHHOE HOPMUPO-
BaHHOe mpocTpaucTBo £ (X; Y). Eciu aTto orobpakeHue, B CBOIO
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ouepens, auddepeHupyemMo B Touke x [ G, TO ero mpons3BOgHAA
(') (x) obosmauaercsa f''(x), T. e.

def
'(x) = (') (%), (58.78)
U ABJIIETCS sJIeMeHTOM mpocTtpaHeTBa ¥ (X; £ (X, Y)).

Omneparop f''(x) HaspIBaeTCA BTOPOII MPOM3BOAHOM OTOOpasKe-
HuA [ B Touke x. Eciu orobpakeHue f mMeeT B TOUKE X BTOPYIO
IIPOM3BOLHYIO, TO OHO Ha3bIBaeTCA ABAXKABI Ju(pdepeHIIpyeMbIM
B 9TOM TOUKe.

IIyete h U X, kO X, Torma f"(x)h 0 L(X; Y)u (f"(x)h)ek O Y.
OrobpaskeHue

(h, k) — (f"(x)h)k
ABJSAETCS, KaK JIETKO BUAETDH, OMIMHENHHON (OpMOii, T. €. ajIeMeH-
TOM IpocTpaHcTBa £ o(X?; Y) (em. m. 58.7).

TakuM 00pazoM, BTOPYIO IIPOM3BOAHYIO MOYKHO pPaccMaTpH-

BaTh KakK OuInHeliHyIio (hopMy, OIlpeaeaeMyio paBeHCTBOM

()R, k) = (f"(x))Ek, hOX, EOX. (58.79)

3amaua 4. Bununeitnaa dopma f(x, y), x 1 X, y [0 X (X — nuneiinoe
HOPMUPOBAHHOE IIPOCTPAHCTBO), HA3BIBACTCH CUMMEMPULHOLL, €CIIV [JIS JIIO-
651X a1emenTtoB x [ X u y [J X BeimonuseTcsa paseHcTso f(x, y) = f(y, x).

IloxasaThb, uTO eciu oTOGpaskeHMe f OTKPLITOro MHOkecTBa G L] X B mpo-
cTpaHCTBO Y ABaskanl nuddepenupyemo B Touke x [l G, To BTopas mpous-
BogHas f''(x) ABasieTcAa OUIMHENHON OrpaHUYEeHHON cCUMMeTPUUHO dhopMoii
n3 £ (X2,Y) (X uY — nuHeliHbIe HODMAPOBAHHBIE IIPOCTPAHCTBA).

AHaJOTMYHBIM 06pPa30oM OIPeeaSlOTCa IOCIeN0BATEIbHO U
IPOM3BOJAHBIE BLICIINX IOPAAKOB PACCMATPUBAEMOTO OTOGpake-
Hua f:G—Y,GOX:

"'(x) = (") (x)
u, BOOOIIIE,
def
Fo ) = (DY (x), n=1,2, ... (58.80)
(xak o6erunO f(O(x) = f(x)). IIpu QpurcupoBanHoM x [ G mpous-

BonHasdA f'"'(x) ABnsderca orobpakenueM X B .¥(X; L (X; Y)), T.e.
f"(x) 0 X(X; (X; Z(X;Y))). [lonobubiM 06pasom
M) 0L(X; £(X; ..., £(X;Y)..)). (58.81)
X n pas

Tak kKak mpoctpauctso ¥ (X; Z(X; ..., L (X;Y)...)) usomopd-
HO IIPOCTPAHCTBY n-JIuHeHHBIX popMm £, (X"; Y), To IPOU3BOTHYIO
f"(x) MOKHO paccMaTPUBAThL KaK IOJMINHEIHYIO popMy

PO Ry, e h) ORI, (58.82)

h,0X, k=1,2,...,n.
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OTciofa cienyer, 4To
f(x)(hy, ..., b)) = (F" VY ()R Ry, ... , h,). (58.83)
B camowm nene, corsacuo (58.81),
() 0 2(X; L(X; L(X; ..., (X;Y)...), h UX,

n —1 pas

HO mpoctpaHcTBo X (X; Z(X; ..., L(X; Y)...)) usomophHO ImIpo-
CTPAHCTBY IOJIINHEeHHBIX PyHKIUI £(X"~1; Y), npuuem mpu onu-
CaHHOM BBbIllle X u3oMopdusMe oneparopy fU)(x)h; COOTBETCTBYET
(n — 1)-nuHeiiHasa opma, oupeaeideMas paBeHCTBOM (cM. 58.59))

(F™(x)hy)(hy, ..y h) = (C..(f(x)h )Ry .. )R,  (58.84)
Takum o6pasom,

FOEN Ry, s 1) gy TP g, e ).
(58.84)

Orciona, B cury hopmyJisl (58.80), cpasy caemyet paBeHCTBO (58.83).
Ilo mEAYyKIIMY JOKAa3bIBaeTcs (popmyaa

(P =) Py won s By By g 15 e s ) =
= fOx)(hy, ..., By), 0<m<n. (58.85)

B Tom cayuae, Korma by = hy = ... = h, = h, Bmecto f*)(x)(h, ... , h)
oyzem nucathb [(W(x)h". Takum o6pasom,

£ () = (...(FYx)h ... )h. (58.86)

58.11. Popmyaa Tennopa

HokaxkeM Telepb cIpaBeAauBocTb (popmysasl Teitmopa A oro-
Opa'keHUl JUHEHHBIX HOPMUPOBAHHBIX IIPOCTPAHCTB.
TEOPEMA 12. Ecau omobpaxenue f : G — Y (G — omkpvimoe
6 X wmnoncecmeo, X u Y — JuUHelHble HOPMUPOBAHHbLE NPO-
cmpancmea) umeem Ha ompeske [xy, x;] U G n nenpepvienvix
npouseolnvix u Ha unmepsane (x,, X{) nNpou3eoonyw nopadka
n+1, mo

" (n)
o + )~ ) = P = g2 == e <

A (1) 58.87
GRS [F @) (58.87)
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CAEACTBWE. Ecau 6 npednonoieHusx meopemv. npou3soonas
nopadxa n + 1 ozpanuvena na unmepseane (x,, x;)

c=_sup |[f"TLE)| <+oo, (58.88)
ED(xovx)
mo
f(x0+h)—f(x0)+f(x0)h+f( )h2+.. fr (O)h”+ o(h),
h—0. (58.89)

AokazateAbcTBO. IIpu n = 0 HepaBeucTBo (58.87) yxe mo-
KasaHo: OHO IIpeBpalraeTcs B (OPMYJay KOHEUHBIX IIPUPAIIeHUN
(cM. 1. 58.9). B o01iem cayuae ero HoKasaTelbCTBO IPOBEIEM II0
uHAyKIuu. IIycTs TeopeMa cipaBeinBa AJd BcexX k, 0 < k < n.

3aMeTHuM, UTO
f(k)(x)hk ')(k_l)(x)hk_l)h’ xo (x()’ x1)9 k = 1’ 2’ e s I,

(58.90)

(58.85) («

¥ PacCMOTPHUM BCIIOMOT'aTeJbHYIO (PYHKI[HIO

2(6) ' Fxg + th) = ) — F(x)h) — oo — o gy,

orobpaskarorniyo orpesok [0, 1] B mpocTpancTBo Y. OUeBUIHO, UTO

_ ' £ (x0)
8(1) — 8(0) = f(xq + h) = f(xg) = f'(x)h — .. — — 71—

u uTo g(t) mmeer Ha orpeske [0, 1] mpousBOAHYIO, AJA KOTOPOU
cupasenauBa opmyJaa

h" (58.91)

8'(0) (sioay, "o + thh — ()b = o = 1 n—_ll)! PR (55700,
(58.65)
= |:f’(x0 + th) - f'(xO) T oeee T (n _1 1)! (f')(n* 1)('xO)(t}’L)r17 1j|h’ (58'92)

rae BBIpasKeHHe B KBaJpPaTHBIX CKOOKax SBJIAETCA JJIeMEHTOM
npoctpancTtBa ¥ (X, Y). OnieHuM HOPMY 3TOTO 3JIeMEHTa, IIpUMe-
HUB K oTobpaskenuio [’ : X — ¥ (X, Y) wepaBeuctso (58.87) (a3To
BO3MOKHO B CUJIY MHAYKTUBHOTO IIPEAIIOJIOMKEHUA: IPOU3BOIHAA
f' UMeeT n IPOMB3BOLHBIX):

) 1 N — _
th) = F(g) = voe — gy () D)
thl||" || hln
< s 0@l = S, (68.98)
o (58.86),
(58.88)
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raec= sup [f@*(E&)| < +oco.CnenosarensHo,
& O (xp, %)

inl < ctrllnlnt
@l g, S,
(58.93)

ctnt IHth+ 1

IIpumenus gemmy 9 K Gyarmuam ¢(¢) = g(¢) u Y(¢) = e

MOy UM
cllpll" 1
le() -~ O < 77

uyto, B cuiy (58.91), m o3HaAUaeT CIpPaBeAJIMBOCTH (DOPMYJIBI
(568.87).0

dopmysa Teitmopa (58.89) aBaserca obobimeHueM (GopmMyJI
Tei#imopa ¢ ocraTounsIM uieHOM B popme Ileano, momydeHHBIE pa-
Hee KaK IJdA cKaJapHoro ciaydad (cMm. . 13.2 u 39.1), Tak u naa
BeKTOpHOTO (cM. mm. 15.2 u 50.1).

§ 59

/AVHENHbIE NPOCTPAHCTBA
CO CKAASIPHBIM MPOU3BEAEHNEM

59.1. CKAASpPHOE 1 NOYTN CKAASPHOE NPOnN3BeAeHUs

B sTom maparpade OyayT usyueHbl 0ojiee y3KHue, YeM PacCMOTPEH-
HBbIE paHee, TUIBI IPOCTPAHCTB, coAepsKalue B cebe Kak UaCTHBIH
ciyyalli HODMUPOBAHHBIE (COOTBETCTBEHHO IIOJYHOPMUPOBAHHBIE)
IIPOCTPaAHCTBA.

ByayT paccMOTpeHBI IIPOCTPAHCTBA, ABJSIOIIECT 0000IeHN-

€M Nn-MepHBIX BEKTOPHBIX apu(MeTHUYeCKUX eBKJHUIOBBIX IIPO-
ctpaHcTB (cM. 1. 35.4).
OnpeaeneHne 1. [[eiicmeumenvHas QYHKUUSL, onpedesieHHAs HA
MHONCecmBe YnopaloyeHHbLX Nap djlemenmos 0elicmaeumenbHozo
JUHeltHozo npocmpancmaa X u 00biiHO o603Havaemas (x, y), x 1 X,
y 0 X, Ha3viBaemcs CKANAPHbLM NPOU3BedeHUeM, eCal OHa Oas JA0-
ovix mouwerx x 1 X,y 0 X, zU0X u arobvix yucer A J R, WU R ydos-
aemeopsaem caeOYyruuM YCao8UIM:

1% (%, y)) =W, x) (KOMMYTaTHUBHOCTb).

20, Ax+ My, 2)=A(x,2)+ Uy, 2)(MuHEEeAHOCTB).

39, (x, x) > 0.

49, Ecau (x, x) =0, mo x =0.

CsoiictBa 3° u 4° HA3LIBAIOTCA NOLOHUMELbHOLL ONPedeseHHO-
CMbl0 CKANLAPHO20 NPOU3BEOCHUSL.
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ROHeT-IHOMepHOG JIUHeHOe IIPOCTPAHCTBO CO CKAJIAPHBIM IIPO-
n3BeJJeHEeM Ha3bIlBae€TCA €BKJINJOBBIM IIPDOCTPAHCTBOM.

OnpeaeneHne 2. Jleiicmeumenvhas @QYHKYUSL, 0003HALAEMAA
mawdce o06biuno (X, Y), onpedeseHHAs HA MHOMcecmee Ynopsodo-
YEeHHbLX nap JdJaeMeHmos 0eilcmeumenbHoz0 JAUHEH0Z0 npo-
cmpaucmea X, x 0 X, y U X, u ydosremsopsaouwas ycrosusm
19, 20 30, nasvieaemesa noumu crkaiApHbLLM NPou3BedeHueM.

CoryiacHO 9TOMY OIIpeJeJIeHNI0, CKAJAPHOEe ITPOMU3BeJe e AB-
JsieTcs, KOHEYHO, 1 IOUTHU CKAJAPHBIM.

CsoiictBo 3° mouTH CKAJISPHOTO IPOU3BENEHUA HA3LIBAETCHA
€ro NOJOHUMENbHOU NoayonpedeseHHoCmbio.

B cuny cBoiicts 10 1 20 mouTu cKagApHOTO IPOU3BEeHNU, OHO
ABJIAETCA OMINHEHHBIM oTOOpaskeHreM mpocTpaHcTBa X2 =X x X
B IIPOCTPAHCTBO AeifiCTBUTEIbHBIX unces R.

W3 cBoiicTBa 20 mouTH CKAIAPHOrO IPOU3BEACHUSA CIEAYeT, 9TO
nasa Jjgoooro snementa x [1 X BuimosHseTrcsa paBeHCTBO (x, 0) = 0
(3mech HyJIb B JIEBOUM YaCTHW PaBEHCTBA — HYJb IpocTpaHcTBa X,
a HyJb B IPAaBO# YacTU — HYJb AEHCTBUTENIHLHBIX UNCEN).

B camowm geue, (x, 0) = (x, 0+ 0) 5 O(x, 0) = 0.

AHaJorMYHO BBOAUTCS MOHATHE U MOUTH CKAJIPHOTO (B UaCT-
HOCTH, CKAJSIPHOTO) IIPOM3BENEHNSI B KOMILJIEKCHOM JIMHENHOM
npoctpancTBe X. B aTOM ciiyuae KOMILIEKCHO3HAYHAA (QYHKIIUA
(x, y) HasBIBaeTCA IMOUTU CKAJISIPHBIM (COOTBETCTBEHHO CKAaJIAD-
HBIM) IIPOU3BEJeHNeM, eCcJ OHA y0BJIeTBopAeT cBoicTBy 20 mis
JMI00BIX KOMILTIEKCHBIX uuces A 1 |, cBoiicTBy 3° u cBOMCTBY

xy=(~y,x), x0X, yUX,

rae, KakK Bcerga, uepTa Haj YMCJIOM 0003HAUAeT COIPSIKEHHOe eMy
KOMILJIEKCHOE UHCJIO.

B sTOM ciryuae CKaJIsIpHOE IPOM3BEAeHNe YiKe He ABJIAEeTC Ou-
JUHENHBIM OTOOpakeHreM B CMbIcJe ompeneneHusa 12 m. 58.1,
TaK KaK OHO He JHUHEHHO II0 BTOPOMY apryMeHTy:

(x, Ay) = Ay, x) = ANy, x) = )_‘(y’ x) = X(x’ Y).

B panpHelinmeM moj JUHEHMHBIM IPOCTPAHCTBOM OyJeM ITOHMU-
MaTh AeNCTBUTEJIbHOE JINHEeHHOe TPOCTPAHCTBO, €CJIM He OTOBOpe-
HO UTO-JI100 APYyToe.

JIuHeliHbIEe TPOCTPAHCTBA, AJIA 3JIEMEHTOB KOTOPBIX OIIpefeJe-
Ha oIlepalusd CKaJsapHOro (IIOUYTHU CKaJIAPHOTO0) ITPOU3Bee s, Ha-
3BIBAIOTCA JUHCUHBLMU NPOCMPAHCMEAMU CO CKALAPHLIM (noumu
CKAJLAPHBLM) NPOU3BeIeHUeM.
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AEMMA 1 (HepaseHcTBO Kowwun—lLlUBapua). Ecau (x, y) — noumu
cKanapHoe npouseedeHue 6 AuHellHom npocmpancmee X, mo 01
at06vtx x 1 X uy O X cnpagedauso Hepasencmaeo

|(x, y)| < S(x, x) Ny, y). (59.1)

CAEACTBUE 1 (HepaBeHCTBO TPEYroJbHUKA). /[ at00bix x [ X
uy X umeem mecmo HepageHCcmMB0
Jx+y, x+y) <Jx, x) + Ny, y).

CAEACTBWE 2. Ecau (x, y) — noumu ckanaproe (CKanapHoe)
npouseedernue 6 AuHellHOM npocmpancmee X, mo QYHKUUA

def
loell = (2, x) (59.2)
Aeasemcsa noLYyHopmoii (coomeemcmeeHHo HOPMOIL) 8 9moM npo-

cmpancmee, a Hepasencmeo Kowu—Illsapya (59.1) moxcrno 3a-

nucamov 8 sude
|G, )| <l |- (59.3)

AOKO3ATEeAbCTBO AeMMbl. B cuny cBoiictea 3° mouru cka-
JIIPHOTO IIPOU3BEIEeHUA, IJIA JII0OOro MeHCTBUTEJIBHOIO YHCIa A
nMeemM

Ax+y,Ax+y)=>0.

IIpumenus csoiictBa 10 m 20 mouTu ckaasapHOro mpomusBeje-

HUA, IOJYUYUM
A2(x, x) + 2\(x + y) + (y, y) = 0.

Ecau (x, x) = 0, To 2\(x, y) + (¥, y) = 0. Tak Kak 9T0 cCupaBeaIu-
BO Ui JIFOOOTO qeiicTBUTeIbHOTO Yncyaa A, To (x, y) = 0 %aeﬁc'man-

TeJbHO, HAIIPUMeD, pu (X, y) > 0 Ha A 6yJeT UMeTh MeCTO OTpaHu-

(¥, y) O
2(x, y)
JITBO — 00€e ero uacTi o0paIlaioTcs B HYJIb.

Ecnu xe (x, x) # 0, To JMCKPUMHUHAHT MOJTYYAIOIErocs KBaapar-
HOI'O OTHOCHUTEJIBHO )\ TpequIeHa HEIIOJIOXUTEeJIEH

(%, y)? — (%, ) (¥, y) < O,
a 3TO PpaBHOCUJILHO HepaBeHCTBY (59.1). O
Hoxasxem Temeps ciaenctaue 1.

(Y, X+ Y) 40 [(6, ) + (2, 9) + 0, ©) + 4, YL S,
<@ 0+ pl+ o 5

ueHne A > — CiaenoBaTesibHO, HepaBeHCTBO (59.1) cupases-

<(x, 0)+2 Jx, )y, y) = (J(x, x) + My, 9))2.0
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CBolicTBa TOJIYHOPMEI (COOTBETCTBEHHO HOPMBI) AJIA (PYHKIIUHN
(59.2) (crepcrBue 2) IPOBEPAIOTCA HEIIOCPEACTBEHHO:

19, ||x|| 552y (%5 X) >0
20, || Ax|| 52 VA, Ax) 5 JNP(x, x) = N S(x, x) =N ||xl;s

=l + llyl-

Ecnu (x, y) — ckanapHoe npoussefenue u || x| = 0, T. e. ./(x, x) =0,
TO, coIyIacHO cBoiicTBy 40 ckamspHOrOo yMHOMeHUA, x = 0. O

I3 [0Ka3aHHOTO HEIIOCPEeJCTBEHHO BBITEKAET CJIEeAYIOIIee yT-
BepIKIeHUe.

AEMMA 2. Kaxcdoe JauHellHOe npocmpancmeo cO CKALAPHLM
(coomeemcmeenHO NOUMuU CKAJLAPHBLLM) Npou3sederHuem A8asem-
ca HOPMUDPOBAHHLIM (COOMBEMCMBEHHO NOLYHOPMUPOBAHHBLM)
npocmparncmeom ¢ HOpmoil (coomeemcmeenHo NOAYHOPMOIL), on-
pedeasiemoil opmyaoii (59.2), a caedosamenvHo, JUHeELHOe NPO-
CMPAHCMB0O CO CKAAAPHLIM NpousdsedeHueM ecmb Mempuyeckoe
npocmpancmeo ¢ mempukoil (58.18).

ITonyropmy (59.2) Oyzem HasBIBaTL NOLYHOPMOL (COOTBET-
CTBEHHO HOPMOil), NOPOX*OeHHOU 3A0AHHbLM NOUMU CKAJLAPHBLLM
(ckanapuovim) npouseedenuem. Paccrosuue (58.18), mopokaeHHOE
HOpMOIi (59.2) TMHEeHHOTO TPOCTPAHCTBA CO CKAIAPHBIM IIPOU3Be-
IeHUeM, OyZeM TaKyKe Ha3LIBATb PACCMOAHUEM, NOPOHOeHHbLM
300AHHbIM CKAAAPHLLM NPOU3BeDeHULCM.

Ecau x # 0 u y # 0, To M0 aHAJIOTUY C KOHEYHOMEDPHBIM CJIyda-

eM KocuHyc yria ¢ = 3@ Mesxay BekTopamu x [ X u y [ X nuneii-
HOT'O IIPOCTPAHCTBA X CO CKAJAPHBIM IIPOU3BEIEHUEM OIIPeIeIaeT-
cd 1o popmyie

(x, y)

Iyl

a cam yroa ¢ ompejessieTca STUM 3HAUEHMEM KOCHHYCa C TOY-
HOCTBIO 0 UucJia, KpaTHoro 27 Takxum o6pasom, B 3TOM caydae

(x, y) = llx[ ] cos ¢.
Ecan I 0 X, |le| = 1, To BerTOp X, = (x, [)e Ha3BIBAETCS IPOEK-
muel BEKTOpa X HA IPAMYIO iy = te, —00 < t < 400, a YHUCJIO

cos § =

(x, ) = | x| cos xé
— BEJIMYMHOMU BTOH IIPOEKIINH.

HepaBencrBo Komu—IIIBapma B Buge (59.3) cupaBeaiamBo u
IJIs1 KOMILJIEKCHBIX JIMHEHHBIX IPOCTPAHCTB (/I HUX, KaK U IJsA

def
IeficTBUTebHEIX TpocTpateTs, x| = J(x, x)), TOTBKO IOKA3HI-
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BAeTCA OHO HECKOJIbKO cioskHee. IlycTb X — KOMILIEKCHOE JIU-
HeliHOe MPOCTPAHCTBO C MOYTH CKAJAPHBIM IpousBeneHueM. [isa
ao6brx x [ X, y 0Y u kommiaexkcuoro uucyaa A [ C, B cuiry cBOMCT-
Ba 30 MoUTHU CKAJAPHOrO IPOU3BEACHNUA, UMEEM

Ax+y,Ax+y)=0. (569.4)
PackpsiBas cKoOKH coryacHo cBoiicTBaMm 10 u 29, monyuum
OSAx+y,Ax+y)=
=AN(x, x) + N, y) + A (x, y) + ¥, v). (59.5)

IIycTh t — TTPOMBBOJBHO BHIOPAHHOE EHCTBUTEIbHOE UMCJIIO.
BriGepem temeps A [ C Tak, 4T00BI

Ax, y) =t|(x, y)| (59.6)

(moxpobuee: ecau (x, y) = 0, To A = % , aecau (x, y) =0, ToO
A =t). Torma ~

A(x, y) =t|(x, ). (59.7)

IlepemuosxuB paBercTBa (59.6) u (59.7), morydum

AN(x, ) (x, y) = £2|(x, y)|%
orcioza npu (x, y) = 0 umeem
A =12, (59.8)

a B cuity TOrO, uTo A = t ipu (x, y) = 0, paBerncTBo (59.8) umeer
mecTo Bcerzga. anee,

A, 9) + A (2, ) (555, 281 ). (59.9)
(59.7)
ITosTomy
= 2 > 0.
(Ax+y, A +y) = t3x, x)+ 2t|x, y)| + (y, y) gy
(59.8),
(59.9)

CJIe,ILOBaTeJIBHO, OJUCKPHMMMHAHT ITOJIYUYMBIIIETOCA KBaAPaATHUYHOIO
TpexX4djieHa HEIIOJIOKUTEJICH:

G, »)|2 = (x, )y, y) < O,

a 9TO PaBHOCHUJIBHO HepaBeHCTBY (59.3). O

CyIIecTBYIOT HOPMUPOBAHHBIE IIPOCTPAHCTBA, B KOTOPHIX HEJIb-
3 BBECTU CKaJIAPHBIE IIPOM3BEJEeHNA, IIOPOKAAIONTEe HOPMBI, 9K-
BUBAJIEHTHBIE COOTBETCTBYIOIIUM 3aJaHHBIM B HUX HOopMaM. Mok-
HO IIOKAa3aTh, UTO IIPUMEPOM TAKOT'0 IIPOCTPAHCTBA SIBJSAETCS IIPO-
crpaHcTBO C[a, b] HeIpepLIBHBIX Ha OTpe3Ke QyHKITUA.
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59.2. Mpumepbl AMHENHbIX NPOCTPAHCTB
CO CKOAASIPHbIM NPOU3BEASHUEM

1. B MHOXecTBe OeliCTBUTEJILHBLIX umncesl R oObIuHasA omepamus
YMHOKEHUSA ABJSAETCA U CKANAPHLIM YMHOMKEHUEM B CMBICJIE OII-
penenenus 1.

B mMHOMKecTBe KOMILIEKCHBIX umnces C CKaaipHbLM npoussede-
Huem YNCeN X U Y ABJsIeTCA IPOU3BeeHre X} .

2. JleficTBUTEJSIBHOE apU(PMETHUECKOE nN-MePHOe BEeKTOPHOE
mpocTpaHcTBO R™, B KOTOPOM CKAaJsIPHOE IPOU3BeeHIe BeKTOPOB
x=(xg,...,x,)UR"uYy=(yy ... », y,) U R" onpenensercs mo op-
myge (cm. (35.48) B . 35.4)

(x’ y) = xl’yl t.oot xnyn’

SABJIAETCS JUHEHHBIM IIPOCTPAHCTBOM CO CKAaJIAPHBIM IIPOM3BeJe-
HUeM B cMbIcie onpenenerHud 1 m. 59.1. B sTom ciayuae HOpMa dJe-
menTa x [] R" coBmagaer ¢ ero aiuHoi |x| (cm. m. 58.3, mpumep 2):

x| = |x| = Jxf + ... + x2,

a COOTBETCTBYIOIIad MEeTPpHKa C paCcCTOAHHMEM B 71-MEPHOM apI/I(l)-
METHUYECKOM TOUEYHOM IIPOCTPaHCTBE:

p(x’ y): ”x_y” = A/(xl _yl)2 +..t (xn _yn)z'

HamoMHuM, 4YTO IJisi 9TOrO IPOCTPAHCTBA HepaBeHCTBO Ko-
mu—IIIBapiia OBLIO HOKasaHO HaMHu paHbIIe (cM. JemMMy 1 B
n. 35.1 u mepaBeHncTBoO (35.55) B 1. 35.4).

B apudmeTnuecKoM KOMILIEKCHOM IpocTpancTtBe C" (cm.
. 58.1) ckansAapHOe IPOou3BeJeHIe BBOIUTCA 0 (hopMmy.ie

x,y=xy,+..+tx,5, x=(xg,..,x,)0C"

y=y -y LCM
3. PaccmoTpuM JIuHEHOE TOJTYHOPMUPOBAHHOE ITPOCTPAHCTBO
RL,(a, b) uz npumepa 7, 1. 58.3 npu p = 2, cocTosilee U3 PyHK-
Uil ¢ HTerpupyeMbIM (BOOOIIe TOBOPs, B HECOOCTBEHHOM CMbIC-

Jie) Ha IPOMEKYTKe C KOHIIAMU X = @ U X = b KBaJpaToM, T. €. U3
Takux GyHKIUI f, AJI5 KOTOPBIX

b
i f2(t)dt < +o0, —c0< g < b< +00,

IIycrs f U RLy(a, b) u g U RLy(a, b). BcnomeuM, 4ro npousseje-
HUe QYyHKIUN, NHTErPUPYyEeMbIX M0 PUMaHy Ha HEKOTOPOM OTpes-
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Ke, TaKsKe MHTerpupyemo mo Pumany #Ha saToMm orpeske. IloaTomy
Ha Jiro0om orpeske [&, N] U (a, b), Ha KoTopoMm QyHKINY f U & UH-
TerpupyeMsl 1o PumaHy, OyneT nHTerpupyeMo mo Pumany um ux
mpousBeleHre MW, CJIeJOBaTeJIbHO, MMeeT CMBLICJI paccMaTpuBaThb
HecOOCTBEHHLIIT MHTErpaJ

f f(t)g(t)dt. (59.10)

Kpome Toro, B m1060if Touke ¢, B KOTOPOU OmpeesieHb QYHKIIUU
f u g, clipaBeINBO HEPABEHCTBO

If(®)e(t)] < }w’

moaTomy uHTerpaJs (59.10) cxogurcs, u TPpUTOM abCOJIIOTHO.
ITouTu cKalApHOE IIPOM3BeJeHNe B 3TOM IIPOCTPAHCTBE OIpe-
neJisgercs (QOpPMyJIoi

(. €)= [ fDetdt. (59.11)

Csoiicta 19, 20, 30 mouTu ckansgpHOTO IPOU3BENEHUS JIETKO
npoBepsaoTcA. IlolyyeHHOE IIPOCTPAHCTBO C IOUTH CKAJIAPHBIM
npousBegeHueM (59.11) 6ynem Tak:xe obosHauaTh uepes RL,(a, b).

3aMeTuM, uTO HepaBeHCTBO (59.2) B 9TOM caydyae MOKET ObITH
3aMMCaHO CJIEAYIOITNM 00pa3oM:

|]b U“) b b
g fwewdt§ < | rdt | gXwt;

OHO, KaK 9TO y2Ke OTMeUaJioCh PaHbIlle, ABJISIETCSA YaCTHBIM CIyYa-
eM HepaBeHcTBa ['énbaepa (cM. m. 28.2%) mpu p = ¢ = 2 u Ha3bIBa-
eTCs MHTeTPaJbHBIM HepaBeHCTBOM Komu—ByHAKOBCKOTO.

ITonyHOpMa, MOPOKIEHHAS IMOUTH CKAJSIPHBIM HPOU3BEIEHN-
em (59.11), umeeT, OUEBUIHO, BU

I = U;fz(t)dt, (59.12)

T. €. COBIIJaeT C moJyHopmoii (58.14), paccMOTpeHHO B IpuMepe 7
n. 58.3 npu p = 2. Orcroza cjefyeT, UTO IIOUYTH CKAJIAPHOE IIPOU3-
BegeHue (59.11) He ABIAETCS CKAISIPHBIM, TaK Kak B 1. 58.3 O6bL710
yCTaHOBJIEHO, UTO moayuHopMma (58.14) He sABJIseTCS HOPMOII mpu
Bcex p = 1.

* OHO cJleflyeT U3 OUeBUIHOTO HepaBeHCTBA (|f(t)| - q(t)|)2 > 0.
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Oxnako B nogupocrpaHcTBe CLy(a, b) npoctparcTBa RLy(a, b),
COCTOSAINEM TOJBbKO M3 (PYHKIIHiII, HeIPEepPhIBHLIX HA paccMaTpu-
BaeMOM IIPOMEKYTKe, MOUTH CKajJspHoe mpousBeneHue (59.11)
ABJIAETCA yiKe CKaJIIPHBIM, 100, KaK OBLIO IIOKa3aHOo B mpuMepe 8
n. 58.3, B aTOM cayuae

Iflly = ~(F, f), O CLy(a, b)

ABJIAETCS HE TOJBHKO IIOJYHOPMOIi, HO U HOPMOIA.
[ pacCcTOAHUS MeXKIY IBYMS HEIIPePbIBHBIMU PYHKIIUAMY [
¥ £ B 9TOM IPOCTPAHCTBE IoJydaeM (hopMyJry

o(f, &)= I — gl = 5: [f(x) - g(x)deé‘”. (59.13)

Mz1 yixe BeTpedaamch CO CXOAMMOCTHIO (DYHKIIUU B CMBICJIE 3TOU
MeTpUKHU (CM., HAaIpuMep, ciaeacTBue TeopeMsbl 12 B 1. 55.9).

IToguepkHEM, UTO BCE CKa3aHHOE CIIPABEAJIUBO A (DYyHKIIWI,
OoIIpeleJIEeHHBIX KaK HAa KOHEYHBIX, TaK U HAa 0ECKOHEUYHBLIX IIpOMe-
JKYTKaxX —° < @ < b < +00,

VIIPA’JKRHEHHE 1. Ilycts X — JsmHEWHOE IPOCTPAHCTBO C IOYUTU CKAJIAD-
HBIM IpousBegeHueM. JyueMeHTH X [1 X u y [ X HaswIBaIOTCA IKBUBALEHM-

Hotmu, ecnn |x — y||2 = (x — y, x — y) = 0. O6o3HAUNM Uepe3 X MHOMKECTBO,
BIEMEHTAMH KOTODOTO ABJAIOTCA KJIACCHI SDKBUBAJEHTHBIX JJIEMEHTOB IIPO-
crparcra X. IIyers x O X, f/ 0X,x0x, y U g, A u U — uwucaa. Oupene-
auM AX + J KaK sJeMeHT MHOKecTBa X, COePsKauit Ax + [y, U TOJ0KUM
(%, y) = (x, y). JoKazaTs, 4TO BTH OIpe/eJeHIA KOPPEKTHEI, T. €. He 3aBUCAT
ot BbIGOpa sreMenToB x 0 x u y 0 J, u uro X ABASETCA TUHEHHLIM IIPOCTPAH-
CTBOM, a (X, JJ) — CKaJADPHBIM IPOU3BEeHUEeM B HEM.

59.3. CBONCTBO AMHEMHbIX NPOCTPAHCTB
CO CKOAASIPHBIM MPOU3BEAEHUEM.
fTMAbGepTOBbI MPOCTPAHCTBA

JInHeHOE IPOCTPAHCTBO C HOUTH CKAJISIPHBLIM IIPOU3BEIeHNEM SB-
asiercd, corjiacHo (59.2), n mosyHOPMHUPOBaHHBIM. IloaTomMy miasa
Hero ompeesieHbl MTOHATHE CXOMAINeHcsa IOoCJIeJ0BATeILHOCTH, ee
mpejesia U MOHATHE HeIPEePLIBHON GyHKIuU (cM. 1. 58.4).

AEMMA 3. I[Toumu ckaasapHoe npouseedernue (x, y) A6asemcs He-
npepvieHoil pynryueil (cm. n. 58.4) ceoux apzymenmos x u y Ha
MmHoxHcecmee X X X, Ha komopom oHo 3adano: x 1 X, y [ X.
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AoxkasaTteAbcTBO. B camom nene, aisa moberx x, U X, y, 0 X,
x U X ny X BeImosHsgeTCA HEPABEHCTBO

|(x0’ yo) - (x, y)| = |(x0 - X, yo) + (%, Yo — y)| <
< o = || llyoll + [l ly = woll, (59.14)

U3 KOTOPOI'O0 Ccpasdy cJjeiyeT YKasaHHAs HeIPEepPbLIBHOCTh IIOYTH
CKaJAapHOro mpousBefeHus. [leiicTBurensHo, ecau x [ U(x,, d),
y O U(yy, 9), T0, 3amerus, uro |x| < [|x — x| + ||z, < 2] + 3,
u3 (59.14) monyuum

(x5 ¥0) = (x> )| < Bllyoll + ([|x,]l + ).

Orcioma ciaenyeT, 4TO IPU JIIOOOM (PUKCHUPOBAHHOM uucye € > 0
Bcerja MOXKHO BbIOpaTh O = &(€) > 0 Tak, uro mpu x U U (x,, 9),
y O U (y,, d) BBImOMHSAETCS HEPABEHCTBO |(Xg, Yo) — (X, y)| < & mus
BTOTO OCTATOUHO BBIOpPATh & > 0 Tak, uTobs! d||y,| + (||x,/ + 3) d < &;
9TO, OUEBUIHO, BCErZa BO3ZMOKHO. [

B npoctpancTBe X ¢ IOUTU CKANAPHBIM IPOM3BEAEHUEM MOMK-
HO FOBOPUTH O CXOAMMOCTH PALOB II0 MOJYHOPME, IMOPOMKIEHHOMA

(e}
[OYTH CKAJIAPHBIM IPOM3BEAEHUEM: PAK 5 X, X, 0X,x=1,2,...
n=1
Ha3bIBaeTCA CX00AULUMCS, CIU TIOCIeq0BaTeIbHOCTh €r0 YaCTh-
n
HBIX CYMM S, = 5 X, CXOAUTCS II0 YKa3aHHOU MOJIYHOPME K He-
k=1

KoTopoMy saeMeHTY s [1 X, KOTOpBIII HasbIBaeTCA CYMMOI psaja:
[ee]
§s= x .
nzl "
OTMeTHM, U4TO CyMMa PAga B IPOCTPAHCTBE C IOUTH CKAJIAP-
HBIM MIPOW3BeAeHHEeM oIlpefesieHa HeoqHO3HauHOo. OmHaKO, ecau
0o . 00 .
§= Y x,us’ =3 x,,T.e.51 $* CyTb CyMMBI OJJHOTO U TOTO K€
n=1 n=1
pazna, to ||s* — s|| = 0 (cm. m. 58.4), u mosTOMy 415 JTH060OTO BIEMEH-
ta a [0 X nmeeT MecTo paBeHCTBO (5°, @) = (S, a). JleficTBUTEILHO, B
cuiy HepaBeHcTBa Komum — IllBapiia AJis MOYTH CKAJAPHOTO IPO-
U3BeJeHUsd,

I(s*, @) — (s, @)| = |(s*" — s, a)| < ||s* — 5| ||a]| = O.

W3 HeIpepBHIBHOCTY MOUTY CKAJAPHOTO ITPOU3BEIEHUA BO BCEM
MIPOCTPAHCTBE CJIEYET, HAIIPUMED, YTO PAALI B IPOCTPAHCTBE C
MOYTH CKAJAPHBIM IIPOU3BENEHUEM MOYKHO YMHOMKATh IOYJIEHHO
He TOJILKO HA YMCJIOBBIe MHOYKUTEJIMN, HO W HA DJIEMEHTHI CaAMOTO
npoctpaHcTBa. [lokaxeM 9TO.
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AEMMA 4. ITycmv 6 npocmpancmee X ¢ noimu CKAAAPHbLM
npouseedenuem 3a0an cxodawuiicsa psod
S x,=s, x,0X, n=1,2,..

n
n=1

Tozda 0ns ecsakozo aaemenma a [l X uucaosoii pad, noayiaro-
wuiica u3 0aHH020 pAda NOUNLEHHbLM YMHONCEHUEM ez0 Ha a,
makice cxodumces u

00

2, (x,, @) = (s, a).

e
Wuaue roBopsd, AJIA CXOAAIIETOCA pPsma > x,u J1000T0 BJIe-
menTa a [ X crupaBeajnBO PABEHCTBO n=1

- 03 d
zl (x,,a)= DHZI X, Q-

AoKas3aTeAbCcTBO. Tak Kax
n
s= nlﬂmm kZI Xy,
TO

[e'e) n n
x ,a)= lim x,,a)= lim E x,,ad=
nZI (x,, a) Sm kzl (x,,, a) [kzl a0

n - oo

_ Oy “ 0_
= Dnlﬂmm k; Xy, ap = (s, a).

Mpumep. Paccmorpum npocrpanctso RLy[a, b] us npumepa 3

m. 59.2. Ilycts pax f f,(t) dyrxnuit f, U RL,[a, b] cxonuTrca B

BTOM IIPOCTPAHCTBe U ero cyMMoii aBiaserca pyrknusa f [ RL,[a, b]:

(@) = 2, f.(2), t Ula, b],
<
T. €. IOCJIEIOBATEJILHOCTh YACTUYHBIX CYMM
n
sa(8) =3 [(®)
<1
ATOTO PsAfa CXOAUTCA K QYHKIUU [ B CMBbICIE CPEJHETO KBajapa-

THUYHOTI'O:
b

nl{mml' [f(¢) — s,(t)]?dt = 0.
Torpa nna mo6oit pyrkmun ¢(x) U RLy[a, b], cormacHo semme 4,

(5, 9)= 3 (T, 0),

[ 1) 0(dx = § [ 1,(x) ().

Qe &
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B wactHocTu, mpu ¢ =1

?[ f(x)dx = nZI '!; f(x)dx.

WNuaue rosops,
b

) o b
I L; fn(x)de= S [ Fa(x)dx.

a n=1w9

Uraxk, ecau pad gyurkyuil ¢ uHmezpupyemvim K6a0pamom Ha
ompeske [a, b] cxodumcs Ha Hem 8 cmblcae cpedHezo K8adpamuy-
H020 K HeKOmopoil QYHKYUU makKice ¢ uHmezpupyemvim xKeadpa-
mom Ha [a, b], mo psa0 MOHHO NOUJLEHHO UHMEZPUPOBAMD.

3 paBHOMEDHO CXOOUMOCTH Ha OTPE3Ke II0CJIeL0BATEIEHOCTH
HENPePBhIBHBIX (PYHKIWIT BBITEKAET CXOAMMOCTb 9TOH IOCJIeNOBa-
TEeJBbHOCTH K TOM Xe QYHKIVYM U B CMBICJIE CDEJHETO KBaJPATUIHO-
ro (cM. 1. 58.3), mosToMy 13 JOKA3aHHOIO 3[IeCh YTBEeP;KACHUA CJIe-
IYeT, UYTO eCAU pald HenpepvléHbLX GYHKYUL cxodumcs HA ompes-
Ke PA6HOMEPHO, MO €20 MOMCHO NOYJLEHHO UHMeZPUposama.

ITOT pes3yabTAT OBLJI MOJYUYEH pamee APYTUM IIyTEeM B TJIaBe O
panax (cm. Teopemy 9 B . 32.4).

Onpeaenenue 3. /Jea suHeliHbix npocmpancmea X u Y co cka-
AAPHBLM (NOYMU CKALAPHBIM) NPOU3BedeHUeM HA3bLBAOMCSA U30-
MOPPHLIMU, €CU OHU U30MOPPHbL KAK JAUHELHble NPOCMPAHCT-
8a, u omoopaixceHue f, omobpaxcawuwee npocmparncmeo X HaQ
npocmparcmeo Y u ocyujecmeafnuee amom u3omoppuim, co-
XpaHsem CKaaspHoe npouseedeHue (noumu cKanipHOe npousse-
dernue), m. e. 0asa nw06vix 08yx anemenmos x 1 X uy 0 X svinoa-

HAemcs pageHcnmeo
(x, y) = (f(x), f(y)).

JIBa m30MOpP(HBIX JMHENHBIX ITPOCTPAHCTBA CO CKAJIAPHBIM
(MoYTH CKaJAPHBIM) IPOW3BEAEHUEM MOTYT OTJINYATHCS JIUIIH
TIPUPOSION CBOMX dJIEMEHTOB, a He MeTPUUECKUMU CBOMCTBAMH,
MO3TOMY B JajibHeUIeM n3oMOop(HEIe JUHEHHbBIe IIPOCTPAHCTBA CO
CKAJAPHBIM (IIOUTH CKaJISIPHBIM) IIPOM3BEAeHNEM YacToO He OyayT
pasauyaThes.

Iosacaum sT0 Ha mpumepe. Ilycrs X m Y™ — snuHeliHBIe IpO-
CTPAHCTBA CO CKAJIAPHBIM (IIOUTH CKAJAPHBIM) IIPOM3BEICHUEM U
nycTh f — usoMopdHOe oToOpaskeHue IIpocTpaHcTBa X HA MHOYKECT-
Bo Y 0 Y*. Torzma, «OTOKIECTBIIAA» BJIeMeHThI IpocTpaHcTBa X € Co-
OTBETCTBYIOIIIMMHU UM dJIEMEHTaMU MHOKeCcTBa Y, MOYKHO paccMar-
pHBaTL IIPOCTPAHCTBO X KaK IIOAIPOCTPAHCTBO IIPOCTPAaHCTBA Y ™.
IToxg sTuM moHumMaeTcsA (CPaBHUTE C COOTBETCTBYIOIIMMU KOHCT-
pyKnuamu B . 57.1 u 58.4) paccMoTpeHMe JUHEHHOT0 IPOCTPaH-
crtBa X, COCTOAIETO U3 dJEeMeHTOB IpocTpaHcTBa X U 2JIEMEHTOB
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MHOKectBa Y \ Y. IIpu sToMm B npocTtparcTBe X * omepamiy CJI0oMe-
HIS 3JIEMEHTOB U YMHOMKEHHUS UX Ha ULCJI0 BBOAATCA TaK 2Ke, KaK
9TO OBLIO CHEJAHO IIocje ompeneneHus 18 B 1. 58.4, a craaapHoe
(mouTH craNAPHOE) IPOU3BENEHHE (X, Y) ¥ U X *, y 0 X", ompene-
JIsieTcs B IIPOCTPAHCTBE uepe3 CKaJIIpHOoe (IIOUTH CKAIIPHOe) IPOI3-
BeJleHHe B IIPOCTPaHCTBe Y * ¢ momoieio 6uexknun F : X* — Y™, zaga-
Baemoii opmy.ioit (58.17), caemyromnium o6pasom:

(%, Yy = (F(x), F)),

rfe B IPaBOM YaCTH CTOUT CKAJApPHOe (IIOUTH CKaJApHOe) IPOU3-
BeJleHMe B mpocTpaHcTBe Y . JIerKko MpoBepUTh, YTO MPOCTPAHCTBO
X * nzomop(HO mpocTpaHCcTBy Y *.

VIIPAJKRHEHHA. 2. [lokasaTh, 4TO IpU (PUKCHUPOBAHHOM N BCe JeHCTBU-
TeJbHBIE N1-MePHBIE JIMHEeHHbIE IPOCTPAHCTBA CO CKAIAPHBIM IPOU3BeLeHUEM
n30MOpPGhHBI MEKIY CO0O0.

3. oxasarh, UTO BCAKOE KOHEYHOMEDHOe JWHEHHOEe IIPOCTPAHCTBO CO CKa-
JIAPHBIM IIPOUBBEJEHNEM IIOJIHO B CMBICJIE METPUKY, IIOPOXKAEHHON CKaJIAD-
HBIM IPOU3BEJEHUEM.

OnpeaeAeHue 4. JIuneiltHoe npocmpaHcmao co CKANAAPHLM NPOU3-
sedeHueMm, NOJHOe 8 CMbLCILE MEMPUKU, NOPOHOeHHOU 3a0AHHLM
CKANADHUIM npou3sedeHueM, HA3bLBAEMCS 2ULLOEPMOBLIM NPO-
CMPAHCTNEOM.

IIpocmo e aunelinoe nPOCMPAHCME0 CO CKALAPHLLM NPOU3Ee-
OJeHuem HA3bLBAIOM MAKN}Ce NPedzuab0epmosvlyM NPOCMPAHCMEOM.

ITo Ha3BaHMeE ONPABALIBAETCS CJIEAYIOIE TeOpPeMOii.
TEOPEMA 1. Bcakoe npedzunvbepmogo npocmparncmeo X co-
Odepxcumcs, U NJAOMHO, 8 HEKOMOPOM 2UNLb0epmMOoBOM NPOCMPAH-
cmee X*.

AokaszateAbcT1BO. Cornacuo Teopeme 4 1. 57.5 u Teopeme 2
1. 58.5, mocTaTouYHO IIOKAa3aTh, YTO HAa IMOIMOJHeHHe X © JUHEeHHOro
HOPMHUPOBAHHOT'O IIPOCTPaHCTBa X MOYKHO TPOAOJIKUTE ¢ X CKaJAp-
HOe IIpousBefieHNe ¢ coxpaHeHueM cBoiicts 10—40, D10 moxxHO cre-
JIaTh C IIOMOIILIO IIPENe/IbHOrO mepexona. [leficTBUTeIbHO, TaK KaK
X = X*, 1o gysa mo6oii mape! Touek x [ X* u y 0 X* cymecTsyror
mocnenosarenbHocTy Touek x, U X,y UX,n=1, 2, ..., Takue, 4T0
lim x, = x, nlhmm Y, =Y.

n - co
ITokaxeM, YTO CYIIIECTBYET nl{mm (x,, y,). B camom gene, us

HepaBeHcTBa (59.14) caenyer, UTO AJIA BCeX HATYPAJILHBIX M U N
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Tak Kak, B CHJIy CXOAUMOCTH, IIOCJI€0BATeIBHOCTH {X,} 1 {y,} orpa-
HUYEHBI [0 HOPME U ABJAITCH (QYHIAMEHTAIbHBIMU, TO U3 ITOIO
HEPaBEHCTBA CJIeAYeT, YTO YKUCI0BasA IOCIeN0BaTeNIbHOCTD {(X,, ¥,)}
TaksKe PyHIaMeHTAIbHAA U, CJIeL0BATENbHO, CXOAUTCA.
ITososxkuM, IO omIpeeIeHuO, (X, )= nl{mm (x,, y,). Jlerko npo-

BEPUTb, HCIIOJAb3YA NPEAEJbHBIN IIePeXo, YTO TO OIpeesieHure
He 3aBUCHUT OT BBIOOpa IOCjefoBarenbHOCTEH {x,}  {y,} Takux,

4To X, — X, Y, — Y M UTO JJIA TAaKUM 00pasoM oIpeseeHHOH

byHKIMY (X, y) BLIIOJHAIOTCA cBoiicTBa 19—4° cranaproro mpo-
ua3BeneHusd. [
ITonyuenHOE THIBOEPTOBO MPOCTPAHCTBO HA3BIBAGTCA NOMNOJI-
HeHueMm ucxo0H0z0 npedzuavbepmosa npocmpaHcmaea.
IIpumepoM TruaLOEPTOBA IIPOCTPAHCTBA SABJSIETCA N-MEPHOE
€BKJHMAO0BO MPOCTPAHCTBO (cM. 1. 35.4). [Ipyrue mpumepsl OyAyT
paccMOTpeHbI fajiee.

VIIPA’JRHEHHUE 4. JlokasaTh, 4TO IPEAruab0epPTOBO IPOCTPAHCTBO, M30-
Mop(dHOe rUIB0EPTOBY IIPOCTPAHCTBY, CAMO ABJISETCA I'MIb0ePTOBBIM.

59.4. DaKTOP-NPOCTPAHCTBA

IIycThb myis 5JIeMEHTOB HEKOTOPOTO MHOKecTBa X OIIpeesieHo IIOHA-
THe UX SKBUBAJEHTHOCTU (MHOTA TOBOPAT «OIEPaIliy OTOKIECTB-
JIEHUS 9JIEMEHTOB» ):

x Uy, x,y0X,
obsamatoIriee caeAyOITNMU CBOMCTBAMMY:

19, Kaxcovlii anemenm sxsueanenmen cam cebe: x Ux, x 0 X.

20, CoomHnouleHue 3K6UBALCHMHOCTU KOMMYMAMUBHO: eClU
x Oy, moy UOx, x,y0X.

30, CoomHuouwenuil 3KBUBALEHMHOCIMU ACCOUUAMUBHO: eCAU
xOyuyUOx, moxUz, x,y,z0X.

MHOKecTBO, dJIEMEHTAMHU KOTOPOTO ABJAIOTCA KJIACChI DKBU-
BaJIEHTHBIX 3JIEMEHTOB (OTOKIECTBJIEHHBIE SKBUBAJEHTHBIE dJIe-
MEHTBHI), Ha3bIBAETCA (PAKMOP-MHONIeCME0M MHOKeCTBa X, COOT-
BETCTBYIOIIIMM 3aJJaHHON SKBUBAJEHTHOCTH €r0 dJIEMEHTOB. JJie-
MeHTHI (HaKTOpP-MHOKECTBA HAa3BIBAIOTCA OOBIYHO KJAacCaMU
sxBuUBajJeHTHOCTH (cM. majee § 63). Ilepexonm oT MHOKecTBa K eTro
daxTOpP-MHOMXKECTBY Ha3bIBaeTCA parKmopusayueil MHOXKeCTBa.

Mgl yike BCTpeuasnch ¢ MOAOOHOM KOHCTPYKIIMell, HaIpuMep
IPU JOKA3aTeJbCTBE TEOPEMEBI O MOIIOJHEHUN MEeTPUUYECKOTro IIpo-
cTpaucTBa (cM. Teopemy 4 B 1. 57.5).
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IIycrs X — nuHeliHOe IPOCTPAaHCTBO, X, — ero IOAIPOCTPaH-
CTBO, a BJIEMEHTHI X, y [1 X Haz0BeM s9KBUBAJIEHTHBIMHU, €CJIU

x—yUX,. (59.15)

B srom ciyuae daKTOp-MHOMKECTBO, COOTBETCTBYIOIIlee SKBUBA-
aeutHocTu (59.15), maswiBaeTcss (aKTOP-IPOCTPAHCTBOM IIPO-
crpaHcTBa X IIO MOAIPOCTPaHCTBY X, 1 o6o3Hauaerca X / X,,.

AEMMA 5. @axmop-npocmpaHcmaeo JUHEH020 NPOCMPAHCMEa
X no ezo nodnpocmpancmey X A61AemMcCa JUHEILHbLM NPOCMPAH-
cmeom.

AokasaTteAbcTBO. Ilyets A = {a}, B = {b} — smeMeHTHI (paK-
Top-npocTpaHcTBa X / X, T. e. KJIacchl 9KBUBaJIEHTHOCTH (59.15),
a, A, by 0 B, A\, | — uncia (geficTBUTeJIbHbIE UIN KOMILJIEKCHbIE

B 3aBHCUMOCTHU OT TOTO, KaKMe PAacCMaTPUBAIOTCA JUHENHBIE IIPO-
crpaHcTBa) 1 C — KJlacc SKBUBAJIEHTHOCTHU, COAEP KAl 9JIeMEeHT
Aa, + Ub,. Ilonoxum

M +uB=C. (569.16)

9To ompefieJieHie KOPPEKTHO B TOM CMBICJIe, UTO OHO He 3aBU-
CHUT OT BBIOODA BJIEMEHTOB B KJIacCaX SKBHBAJIEHTHOCTH. B camom
neune, ecnu aq UA, b; U B, to ay Ua,, b; Ub,. CoryacHo onpesneneHnIo

(59.15), aTo osnauaer, uro a; — ay, U X, u b; — by [l X,,. Tax xax X,
ABJIAETCA MOAIPOCTPAHCTBOM IpocTpancTa X, To A (a; — ay) +
+ Wb, — by U X, moaTomy

(Aa; + pby) — (Aay + pby) = A (a; —ay) + U (b — b)) U X,

u, TakuM obpasom, Aa; + ub; OA a, + K by, T. e. anmemeHT A a,; + U b,
MPUHAAJEKUT TOMY Ke KJaccy sKBuUBaseHTHocTH C, 4TO M 9Je-
MeHT A a, + U b,

Omneparusa AA + UB, onpegenaeHHas (HyJIeBBIM KJIAaCCOM) PaBeH-
ctBoM (59.16) nia smemenToB paxTop-npocTpancTsa X /X, yI0B-
JIeTBOPSET aKCHMOMAaM JINHEeIHOT'0 IIPOCTPAHCTBA, TaK KaK dTUM aK-
cHuoMaM yIOBJIETBOPSET JIMHEHHAA onepanusd Aa + b Haxg sIeMeH-
TaMmu npocrpaucrea X, a, b X.

OTMeTHM, UTO HYJAe8ulM IdaeMeHmoM (haKTOP-IPOCTPAHCTBA
X / X, (Ay1eBBIM KJIACCOM) ABJISAETCA MOAIPOCTPAHCTBO X ), KOTO-
poe COCTOUT, OUEBUAHO, U3 BCEX 9JIEMEHTOB IIpocTpaucTBa X, 9K-
BUBAJICHTHBIX €0 HyJI0. JlefICTBUTEILHO, IOCKOJLKY X, IOAIPO-
CTPaHCTBO, OHO comepkuT Hyas: 0 1 X, a ycaosue x 10, cornac-

HO onpefiesienuto (55.15), pasHocunbHO yemosuio x = x — 0 [ X,.
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Ecau A — xaxoii-mubo KJjacc SKBUBaJIeHTHOCTH U a [ A, To, B
cuiy onpeneneHud (52.16), cymma A + X, ABIsAeTCA KJIACCOM BK-
BUBAJIEHTHOCTH, COAep KaIuM d3jaeMeHT a + 0 = a, T. e. Kj1accom A.
9TO U [OKas3bIBaeT, 4To Kjacc X, ABIAeTcA HyJdeM (DaKkTop-
npocrpancTBa X /X, T. e. aua moboro A [ X /X, umeer mecTo pa-
BeHCTBO A+ X, =A.0

Ecaun X — juHeiliHOEe ITOJIYHOPMUPOBAHHOE IIPOCTPAHCTBO, TO

MHO’K€ECTBO
Xy={xUX:

x| =0} (59.17)

SABJISIETCS €0 IIOAIPOCTPAHCTBOM.
B camowm gene, ecau x, y [1 X, To qJis JI00BIX Umces A, |1 ©MeeM

0 < [[Ax + pyll < [Nl + [u] ly] = 0. (59.18)

W3 sToro caexyer, uto |[Ax + py|| = 0. A aT0 u osHauaer, uTO
Ax + py OX,.

AEMMA 6. Ecau X — noayrHopmuposarntoe JuHeiltHoe npocmpaH-
cmeo u X,={x X : x|| = 0}, mo paxmop-npocmparncmeo X / X,
ABAAEMCA HOPMUPOBAHHULM JUHEUHLM NPOCMPAHCIEOM.
AokaszateabcTBO. Ilyers A = {a} UX/X, u a, A. ITonoxum

lA] = llall- (59.19)

JTo ompeeeHNe He 3aBUCUT OT BbIOOpA 9JIEMEHTOB B KJaccax
sKBUBaneHTHOCTH. [leficTBuTenbHO, ecnu a; [l A u, ciegosareisn-

HO, a, — ay UX,, 1. €. |a; —ay| _= 0, To, B cuny cBoiicTa moury-
HODMEL, (59.17)
| llayll = llaoll | < llay —ao =0
¥ [I09TOMY
lay ]| =l (59.20)

To, uro pyurnus |Al, A O X / X,, yEOBIeTBOPsET aKCHOMaM
MOJIYHOPMBI, CJIeAyeT U3 TOr0, YTO UM YAOBJIETBOPSAET IOJYHOPMA
lal, @ O X, npocrparcrsa X. ITokaxkem, uro moayHopMa ||Al| aBmsa-
eTcs B JefiCTBUTEILHOCTH HOPMOIA, T. e. UTo U3 paBeHcTsa ||A| = 0
ciaenyet, uTo A = 0.

ITycrs |A| = 0 u a O A. Taxk kak |a — 0|| = ||a| = ||A]| = 0, To
2JIEMEHT @ dKBUBaJeHTeH HyJio: a [10 u, ciegoBaTesbHO, HYJIb
BXOJAUT B KJlacCc A. ITO 03HAUAET, UTO A SBJIAETCSA HYJEBHIM KJacC-
com:A=0.0

Ecin X — suHeliHOE IIPOCTPAHCTBO C IIOUTHU CKAJIAPHBIM IIPOM3-
BeJleHneM, To MHO3KecTBO X, = {x [J X : (x, x) = 0} aB1dAeTCA ero moj-
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IPOCTPAHCTBOM. DTO CJe[yeT U3 TOro, uTo GyHKmua /(x, x) = |x||
ABysercs moxyHopmoii u X, = {x 0 X : x| = 0}.

AEMMA 7. Ecau X — auHellHOe NpocmMpPAHCmeEo C NOYmu CKa-
aapuvim npouseedenuem u X, = {x U X : (x, x) = 0}, mo pax-
mop-npocmpancmeo X |/ X, A6asemcsa JUHeUHbLM NPOCMPAHCT-
80M CO CKALAPHBLM NPOU3EedeHUeM.

AokasaTeAbcTso. Ilycrs, kak Beeraa, |x| = J/(x, x). Ecan
a,UAUX /X, b UBOX /X, TO IOJIOXKUM

(A, B) = (ay, by)- (59.21)

IToxasxkem, uTO TO ompeneseHNe He 3aBUCUT OT BhIOOpa 3dJie-
MEHTOB B KJIacCaxX SKBUBAJEHTHOCTH.

Iycrs a; A, b, OB, Torga |a; — a,| = [|b,
ITOMY

|(a1, by) — (ay, bo)l = |(a1, by) — (ag, by) + (ay, b)) — (ay, b0)| <
< |(ay = ag, byl + [(ag, by = bo)| < [lay = agll 161 + llagll 6, = bol =0,

- b0|| (5915) 0 u mo-

u, cjaegoBaTesyibHoO,
((ll, bl) = (ao, b0)°

®yuknusa (A, B) obaazaer caoiicrBamu 19, 20, 30 cranaproro
npousBegeHus (cMm. ompenesenue 1 B m. 59.1), Tak Kax sTUMU
cBolicTBaMMU 00JIalaeT MOUTH CKaJIsipHOe IpousBeneHue (a, b) B
npoctrpanctBe X. Tem cambiM QyHKIuA (A, B) TakKe SABJISAETCS
IOUYTU CKAJIAPHBIM IIpou3BedeHueM. IloKaskeM, UTO OHA B JEHCT-
BUTEJbHOCTHU IIPEACTABJIAET COOOM CKaIAPHOE IPOKU3BeAeHNe, T. €.
YTO U3 YCIAOBUA

(A4,A)=0 (569.22)

ciaenyert, utro A = 0.

B camom meie, mouTH CKaJIAPHOMY IIpOuU3BeaeHUIo (a, b) B Ipo-
crparcTBe X COOTBETCTBYET IIOJIyHOPMA

lall= V(a, a), aDX (59.23)

(cMm. caencTBue 2 nemMmbl 6 B 1. 52.4), KoTopas, corjacHo jeMmme 6,
nmopoxxzaeT B (paxkrop-npocrpancTse X / X, HOpMy

lAll = llall, a DATOX / X,. (59.24)
Ho
(4,4)

lal lAl.

(59.24)
ITosTomy m3 yciaosua (59.22) caenyer, uro Hopma |A| = 0, a
moaTomy A = 0.0

(59.21) (a, a) (59.23)
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59.5. MNpocTtpaHcTeo L,

Hamomuum (cm. mpumep 3 B 1. 59.1), uTo TuHEHHOE TPOCTPAHCTBO
HeIIPePHIBHBLIX Ha OTpe3Ke [a, b] GpyHKIUI cO CKAJIAPHBIM TPOU3-
BelleHUEM, OIlpeAeJeHHBIM 10 opmyJie (59.11), obosHauaeTcs ue-
pes CL,[a, b].

Hopma B mpocrpancrse CL,[a, b] onpemenserca ¢opmysoi
(569.12).
ANEMMA 8. IIpocmpancmeo CLy[a, b] He asasemca eunvbepmosvim.
AoKa3aTeAbCTBO. Urobsl yOEAUTHC, UTO BCAKOE IIPOCTPAH-
ctBo CL,y[a, b] He aBisAeTCA MOTHBIM, JOCTATOYHO PACCMOTPETH IIPO-
crpaHcTBO CLy[a, b] nna HeKOTOPOro (PMKCUPOBAHHOTO OTPe3Ka (I10-

yemy?). BosbMeM 115 omipesesieHHOCTH OTpe3oK [—1, 1] u npuBegem
npumep QyHIaMeHTaJIbHOI B npocTpaHcTBe CL,[—1, 1] mocienosa-

TeJIBHOCTH (PYHKITNI, He CXOAAIIENC B 9TOM IIPOCTPAHCTBE.

ITonosxum
-1, ecim -1<x< —%,
fux)= | nx, ecm —><x<i n-1,2, .. (59.25)
1, ecuau ,—11<x<1,
(puc. 12). OueBupnno, uro pysxnuu f,(x), n =1, 2, ... , HeIpepsIB-

HBI Ha oTpeske [—1; 1]. 3ameuas masee, 4TO |fn(x)\ <l,mmam>n

nMeeM
1 1/n
= T2 = [ 17,0~ Fl2dx = [ 1F,6) ~ f(x) 2dx <
-1 -1/n
1/n 1/n

< [ Uf) + I @Pde <4 | de=2,
-1/n -1/n
OTKyZa, OYeBUAHO, CJEIYyeT, UTO II0CIeqOBaTEJIbHOCTD (59.25) —
dbyrnamernranbHasa B npoctpanctse CLy[a, b].
HeilicTBUTeIBHO, ecau 3a4aHo € > 0, To, BeIOUpad 1, Tak, 4TO

8
8/ny < €, AN BCEX N > ny U Bcex m > n Gyzem umets |f, — f,| < ~ <

8
< — < €. ITocKoIbKY
0

-1 mpu -1<x<0,
lim f,(x) = 0 mpu x=0,
" 1 opu 0<x<1,
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€CTEeCTBEHHO 0XKUJATh, YTO €CJIH II0CIe0BATeNBHOCTD {f,} cXoauT-

cs B CMBICJIE CPeIHET0 KBAAPATUUYHOTO, TO OHA CXOAUTCS K TOI iKe
(GYHKIINM, K KOTOPOH OHA CXOAUTCA IIOTOUEUHO, T. €. K PYHKIIUU
(puc. 13):
dot -1 mpu -1<x<0,
f(x) = 0 opu x=0,
1 opu 0<x<1.

Onnaxo sta pyHKnua f paspeisHa u nosromy f U CL,[0, 1]. Creno-
BaTeJbHO, €CTECTBEHHO OKHUAATh, UTO IIOCJIEN0BATEIBHOCTS {f,} He
uMeeT npejesa B npocTpancTBe CLy[a, b]. Ilokaskem aTo.

Herpyazo ybeauThbes, UTO IMocaemoBaTeabHOCTH (59.25) cxo-
nuTcs Ha orpeske [—1, 1] B cmbicie mosmyHOpMBI (59.12) K QyHK-
nuu f. [JeficTBUTENbHO,

1 1/n
£ = 7,12 = [ 1)~ F,(0)2dx = [ 170~ F(0)Pd <

-1 -1/n

lfn [If(x)| + |f(x)]?1dx < 4 Tndx= % — 0 mpu n— oo,

-1/n -1/n

N

TaK KaK
()| <1, |f(0)|<1, xO[-1,1]. (59.26)

IIpenesn mo mosyHOPME HE €IWHCTBEH W II09TOMY BO3HUKAET
BOIIPOC: HE CYIIECTBYET JIU eIlle M HeIIPEePhIBHONU (PYHKIIUU, KOTO-
pasd TakKe ABJIAETCA IIPeJieJIOM II0CJIe0BaTeIbHOCTH {f,} B CMBIC-

Je cpenHero kBaapatuuHoro. Ilokaskem, 4To Takou (PyHKIIUU He

“Tak Kak f — f, y'Ke He ABJIsAETCA HEIPEPLIBHOW (PYHKIHeEH, TO 3hech

CHUMBOJI ||¢|| obo3Hauaer y:xe moayHopmy (52.12) pyuruuu ¢. Ito ciaexyer
WMEThb B BUAY U B JaJbHEHIIINX PACCMOTPEHMUIX.
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cymectByerT. [lonyctum npoTuBHOe. IIyCTh CyIleCTBYeT TaKasa He-
mpepbIBHAS Ha oTpesdke [—1, 1] yurmua g(x), uTo

Jim_lg=£,] =o. (59.27)
Torga

If =&l =1F =)+ (. = D < If = 1.1 + IF, — &l

rae oba ciaraeMbIX IpaBoil yacTu, B cuay (59.26) u (59.27), crpe-
MATCA K HYJIIO IIPpU n — OO0, g jieBas 4acTh He 3aBUCUT OT 1, CJIeLO-

BaTeJIbHO,
1

[ 1f(x) - g(x)|?dx = ||f - gl|* = 0;
TeM OoJiee -

0 1
[ 1f(x) — g(®)[2dx =0, [ [f(x) - g(x)[?dx=0. (59.28)
-1 0
Paccmorpum, Hanmpumep, cayuaii x 2> 0. I[IockoabKy QyHKIIHUUT
f u g HeupepuiBHbI Ha uHaTepBaue (0, 1), B cuny (59.28), onu cos-
majaioT Ha 9TOM HHTepBaje (cM. cBoiicTBo 90 ompegeeHHOrO WH-
TerpaJa B . 24.1). ITosTomy

g(+0)= lim g(x)= lim f(x)=1.
x - +0 x - +0
Amnayiornuso u3 paccMoTpenus cayuasa x < 0 OygeMm umeThb
g(=0)= lim f(x)=-1,
x - -0

T. e. § — pa3pbLIBHAA B HyJie QYHKITUA.

IlonyuernHOe IPOTUBOPEUNE U JOKAa3bIBaeT yTBepsKAeHne. [

Wrak, nunreiinoe npocrparctBo CLy[a, b] He monno. OgHako
MBI 3HaeM, UYTO BCSIKOE€ IPEeATHUJIb0epPTOBO IIPOCTPAHCTBO MOYKHO
JIOTIOJHUTD A0 IMMOJHOTO, B YACTHOCTH 3TO MOYKHO CIeJaTh U C pac-
cMaTpPUBAaeMbIM IIPOCTPAHCTBOM. MBI BepHEMCA K 9TOMY BOIIPOCY
HECKOJIbKO TI033Ke, a ceiiuac pacCMOTPHUM eI1le OTHO ITPOCTPAHCTRBO.

BosbmeMm GoJsiee MIMPOKUII Kjaacc (PYHKIIME UeM KJacCc HeIpe-
PBIBHBIX, 8 UMEHHO II0JI[yHOPMHUPOBaHHOe IIpocTpaHcTBO RL,(a, b)
GYHKIIUH, I KOTOPHIX Ha HEKOTOPOM IIPOMEXKYTKE C KOHIIaMU
X =au x = b KoHeUeH UHTerpas

b
[ |f(x)2dx, —co<a<b< +0o,

I, = [r2(x)dx
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(cM. mpumMep 3 B 11. 59.2) U IMOCTPOUM C IIOMOIITHIO €70 (PaKTOPUIAITUL
o nogupocrparctsy RLY(a, b) QpyHKIuM ¢ HyIeBoi IOTyHOPMOiL:

RLY(a, b) = {f O RLy(a, b) : ||, =0},
HOPMUPOBAHHOE IPOCTPAHCTBO
9= }Ez(a, b) = RLy(a, b)/RLY(a, b).
(B cryuae, Koria TpOMeEXKYTOK ¢ KOHITAMU X = @ U X = b ABJIAET-

cA 0TpesKoM [a, b], —° <a < b < +0, BMmecro RL,(a, b) u I-Jiﬂz(a, b)

numyT Taxk:xe RLy[a, b] 1, cooTBeTCTBEHHO, ola, b].)

3amMeuanue 1. dieMeHTaMU IPOCTPAHCTBA s(a, b) aBna-
IOTCA KJIACChI 9KBUBAJIEHTHBIX (hyHKIUM. B mnanaom ciyuae GpyHK-
MUY HA3LIBAIOTCA SKBUBAJCHTHLIMU (CM. 1. 59.4), ecyiu moJayHOPMA
|, mx pasHocTM paBHA HysIO, MHAYe rOBOPsI, €CIM PABEH HYJIIO

MHTEeTrpaJl 10 pacCMaTPUBAEMOMY IIPOMEKYTKY OT KBajpaTra UX pas-
HocTu. OJHAKO B MaTeMaTUYeCKOI JII/ITepE;ripe YacTo BCTpeUaeTCs

BhIpaskeHmne «(pyHKIUSI U3 IPOCTPAHCTBA 9». OTO YCJIOBHOE BBI-
pasKeHre O3HAuyaeT IIPOCTO, YTO PeuUb HAET O (PDYHKIUHU C MHTEI'pPHU-
pyeMbIM KBaJpaToM M, CJIeJOBaTeJIbHO, IMIPUHAAJIEIKAIIEH OTHOMY
3 pacCMaTPUBAEMbBIX KJIACCOB SKBUBAJIEHTHBIX (DYHKIIUI, T. €. AB-
JISTIOIIelics ero IpeacTaBuTe/eM. ITO BhIpaskeHune ya00HO, TaK KaK
orepaIus CJIOKEeHNA, YMHOKEHNA Ha YNCJIO U OTIepaIiusa CKaasapHo-
r0 YMHOXKEeHUS KJIaCCOB 9KBUBAJIEHTHBIX (QYHKIIUHA CBOJATCA K CO-
OTBETCTBYIOIIIEH OIepaluy Haj UX IPeICTABUTEJISIMU, IPUUYEM pe-
3yJILTAT HE 3aBUCHUT OT BbIOOpPA YKA3aHHBLIX IPEACTABUTENEH. JTO
00CTOATEIBCTBO B M3BECTHOM CMBLICJIE OIIPABABIBAET TAKIKE M YACTO
YIOTPEOJIAIoNIeecs YCJAOBHOE BEIPAKEHNE «IPOCTPAHCTBO I-J»’I{Z(a, b)

o

COCTOUT U3 CPYHKH@ C UHTEerpUPyeMbIM KBaJpPATOM»; B 3TOM CJIy-

yae IpocTpancTBo KL, HepeAKo 0003HauaeTcA IPocTo Yepes RL,.
Bameuanue 2. Eciu B HEKoTOpOM R;@cce 9K BUBAJEHTHBIX

GYHKIUI, T. €. B 3JIeMeHTe IIPOCTPaHCTBA s(a, b), umeercs He-
pepbIBHAA PYHKIINUSA, TO B 9TOM KJiacce HeT APYroil HempepbIBHOM
(byHKIIUK, TaK KaK ec/Iii HelpephIBHbIE GYHKIINYU SKBUBAJEHTHBI,
TO OHU PaBHHI.

IlogMHOKECTBO HENMPEePHIBHBIX (GDYHKIMM, BXOJAIINX B IIPO-
crpaHcTBo RL,(a, b), obosnauaerca CL,(a, b).

ITokaxxem, uTo oTOOpakeHue, CTaBAIEe B COOTBETCTBUE KaiK-
noi HenpepwiBHOI dyrknuu f U CLy(a, b) K1acc sKBUBaJIeHTHOC-

™ F [ s(a, b), kK KoTopomy oHa mpuHamIexut: [ U F aBnsaerca
130MOPGHBIM. ITO OTOOPaAKEHNE HA3hIBAETCS eCMeCmM8eHHbLM OMO-
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opascenuem CLy(a, b) B EEZ(a, b). B cuy ompeneaeHusa oneparuii
CJIO}KEHUS 9JIEMEHTOB (ABJIAIOIINXCA KJIacCaMU SKBUBAJIEHTHOCTH),
YMHODKeHI/IHFgX HA YMCJIO W UX CKAJIAPHOI'O IPOU3BENEHUS B IIPO-

CTpPaHCTBe s(a, b), cBogAmUXCA K TaKUM Ke JeHCTBUAM Hal
IPEeICTaBUTENSIMU KJIACCOB 9KBUBAJECHTHOCTHU, €CTECTBEHHOE OTO-
OpaskeHme SBJAETCA JUHEHHBIM 1 COXPaHAET CKaJISIPHOe IIPOH3Be-
meune. OHO ABJAETCS B3AMMHO-OSHO3HAYHBIM OTOEB_}KGHI/IGM (uHB-

eknueit) npocrpancTsa CLy(a, b) B IPOCTPAHCTBO s(a, b), Tax Kax
ecau ObI IIPKU 9TOM OTOOPAKEHUU [Be HeIllpepPbIBHEIE EHRHHH oTo-

OpasuaNnch B OOUH U TOT K€ 9JIEMEHT IIPOCTPAHCTBA o(a, b), . e.
B OJIMH U TOT 2Ke KJIaCcC SKBUBAJEHTHOCTH, TO OHU 00e IpUHALIeKa-
Jiu ObI BTOMY KJIaccy. A 8T0, Kak ObLIO OTMEUYEHO BBIIIIE, BOBMOYKHO
TOJIBKO B CJIydae, eClIU OHU ABJISIOTCA OJHOHN U TOI JKe HeImpephIB-
HOU (PyHKITHEN.

Jisa n3ydeHus cBOMCTB mpocTpaHcTBa RL, IpeaBapuTesIbHO T0-
KayKeM TPH JIEMMBbI 00 aIllIPOKCUMAIINY IPUHAIeKAIIINX eMy PYHK-
nuit. Bmecto fgz 6yaeM [ KPaTKOCTHU IPOCTO mucaTh | « ||.

AEMMA 9. ITycmv ¢pyurkyus f ¢ unmezpupyemvim K8a0pamom
HQ KOHEYHOM UAU 0eCKOHeYHOM npomexcymire ¢ KOHuamu a u b,
—00 < < a<b< +00, Tozda dna nwbozo € > 0 cywecmayem ma-
Kas punumuas cmynenuamas pyuryus ¢ (cm. n. 55.2), umo

If— ol <€, supp ¢ O (a, b).
NHadue roBops, MHOXECTBO CTYIIEHUYATHIX (DYHKIUI ILJIOTHO B
IIPOCTPAHCTBE UHTErPUPYEMBIX B KBaJpaTe (PyHKIIUIA.

AoKkaszaTeAbcCcTBO. IlpeamosoKuM s IIPOCTOTHI, UTO (PYHK-
nusi uarerpupyema mo Pumany Ha siro6om otpeske [§, N], a < <n<b
(cm. . 55.1). O6IIHMit cirydail JIeTKO CBOJUTCA K 3TOMY.

Ilycrs 3amamo € > 0. 3adpukcupyem Tak & u I, 4TOOBI

& b 2
[ Px)dx+ [ PAx)dx < 5. (59.29)
a n
ITO BO3MOKHO B CHUJY TOTO, UTO MHTErpajJ Ha OoTpeske [a, b] or
dyurnuu 2 cxomurca. ®yHKNuA [, OyAy4u UHTeIPUPYeMoOil II0
Pumany Ha orpeske [, n], orpannueHa Ha HeM:
f)| <M, E<x<n, (59.30)
M — mocTossHHAaA.
CorsacHo jemMme 2 B 1. 55.2, naa marnHoro € > 0 cymiecTByer
Takad (PUHUTHAA cTymeHdYaras (QYHKIUA ¢, UTO ee HOCUTENIb
supp ¢ comep:xkutca B orpeske [&, N] (a caegoBaresbHO, M B HHTEP-

b b b
paze (@) 0(x)| < M, xO[E ] (59.31)

206



(a0 caemyet us 3ameuanusd 1 m. 55.2) u

n 2
[ 1G] = d0)|dx < 57 - (59.32)
3

IlpumenuB mocaemoBaTesbHO HepaBeHcTBa (59.29), (59.30),
(59.31) u (59.32), monyuum

b 3 b
If = ¢l12 = [ [f(x) = 6(x)Pdx = [ fA(x)dx + [ fA(x)dx +
a a n
n 2 n
[ 1)~ 0@Pdx < 5 + [ [F@)] + 9G] /() - (oldx <
3 3

82
<3

n 9 )
+2M!|ﬂﬂ—¢uﬂdx<%~+mwﬁgzsg

Orcrona ciaexyert, urto ||[f — ¢ <e.O

AEMMA 10. ITycmv & — puHummuas cmynenuamas QYHKUUSL
Hocumeaem, colepicauwiumcs 8 unmepsane (a, b); mozda dna nwo-
06020 € > 0 cywecmeyem makas QUHUMHAA HENpPepvl8HAA QYHK-
yus g maxice ¢ HocumeJsem, coO0epHCAWUMCS 8 MOM Jce uHmep-
sazne (a, b), umo
le — ol <.

AOKA3ATEeAbCTBO. JlocTaTOYHO pacCMOTPETh caydail Xapak-
TEePUCTUYECKON (PYHKIIUU MOJYUHTEpBaja, Tak Kak Bcakas Gu-
HUTHasA cTyneHUYaTas (QYHKIUA ABIAETCA KOHEUHOH JHHEHHOMH
KoMmOuHaIuel mogobubIX pyuKnuit (cMm. m. 55.2). tak, nycTs 3a-
naHa QyHKOUA

X = |

u 3azano € > 0. BosbmeMm Kaxoe-i1160 0 > 0 Tax, 4TOOLI BBIIIOJIHS-
JIUCh HepaBeHCTBAa

lpmé<x<n,

Ommmx<&umx>n, a<&<n<b,

e? n-¢§
g A="5
U paccMOTpPUM (PYHKIUIO g(x), rpa@UK KOTOPOM M300pakeH Ha
puc. 14. Ilpu KelaHUU ee MOXKHO aHAJUTUUYECKH ONHCATh CJie-

OYIOIIUM 00pa3oM:

a<

0 mma x<&mx>n,
xT_E s E<x<&+a,
8(x) = 1 gma E+a<x<n-—a,

X
IIa N—asxs<sn.
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0 aa+n a-nb  x ol
Puc. 14 Puc. 15

OueBUIHO, UTO g(x) ABIAAeTCA PUHUTHON HEIIPePBIBHON (PYHK-
muel, HOCUTEJb KOTOPOHM comepsKuTcsi B umHTepBasae (a, b). Ilo-
cKoMBKY |X(x)| < 1, |g(x)| <1, —00 < x < +00, T0

E+ a

n
Ix —&l2= [ X(x) — g(x)PPdx = [ [X(x) ~ g(x)Pdx +
3 3

n i+ a
+ [ IX@) - g)PRdx < [ [Ix)] + |gCx)| Pdx +
a 3

n=

n &+ o n
+ [Ix(x)| + |g(x)|12dx < 4 [ dx+4 [ dx<8u< €2,
n=a t n=a

T.e. |[xX—gll <e.O

AEMMA 11. Ecau f sasnsemca QyHKyueill ¢ uUHMezpUpyemblm
K8aopamom Ha KOHEYHOM UNU OeCKOHEUHOM NPOMedCYymKe ¢ KOH-
yamu 6 moukax x = a u x = b, mo ona Ha IMOM NpPoMeIYymKe
aeasemcsa npedesom 6 cmviciae cpedHezo Kea0pamuiHozo HeKo-
mopoil nocnedo8ameabHOCMU HENPepul8HbLX QUHUMHBLX QYHK-
yuit f,, n=1, 2, ..., Hocumeaiu KOMOPbLX JeHAM HA UHMePEa-

ze (a, b):
b
Tlim_ £, - ]2 = lim_[ [f,(x) - f()Pdx = 0.  (59.33)
AoKkaszaTeAbcT1B0O. KakoBo 0bI Hu ObLTO0 € > 0, B CHTy JIeMMEI 9,

CYII[ECTBYEeT Takasi (PUHUTHASA cTymeHuaTass PyHKIus ¢ ¢ HocUTe-
JieM, colepsKaliuMces B nuHTepBaie (a, b), uto

I7- ol <&,

a B cuuy emmbl 10, g aToit crynenuaroi GyHKIuu ¢ Haligerca
TaKas HelpephIBHASA ()MHUTHAA C HOCUTEJIEM Ha TOM JKe MHTepBa-
ae (a, b) pyHKIUA g, YTO

€
lo—qll <35
", cjaemgoBaTeJbHO (puc. 15),
IF =gl <|f = ol +1If - gl <e.
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Bri6upasi Temepbh HEKOTOPYIO YKCJIOBYIO IIOCJTIENOBATENIbLHOCTD
g, > +t0mpun—oo,n=1,2, ..., u obosHauad yepes f, COOTBET-
CTBYIOIIYIO YHCIYy €,, B CHJIy YKasaHHOW KOHCTPYKIUU, HeIlpe-

PBIBHYIO (DMHUTHYIO C HOCHUTEJIEM Ha mHTepBaJe (a, b) pyHKIInIO,
IIOJIyYMM MCKOMYIO IIOCTIe0BaTeIbHOCTD {f,}, YAOBIETBOPAIONIYIO

ycaoBuio (59.33) (ompezeseHue Ipenesia IIOCJIETOBATEIbHOCTU
(GYHKIIUI B CMBICJIE CPEHETO KBAAPATUIHOTO CM. B 1. 58.4), u Ta-
KyIo, uto supp f, U (a, b) nnascexn=1,2,....0

PuHUTHBIE QYHKIIUYA, HOCUTEJIN KOTOPHIX JieKaT Ha MHTepBa-
ae (a, b), HaspIBalOTCA KpaTKO GUHUTHBIMU Ha mHTepBaje (a, b)
DYHKIUAMA.
Onpeaeaenune 5. IToomnosxcecmeo npocmparcmea CLy(a, b), co-
cmosawee u3 QuUHUMHbLLX Ha unmepsae (a, b) pynryuit, 0603Ha-

yaemcsa éLZ(a, b).

OueBugHO, uTO JeMMma 16 osHauaeT, YTO JIIOOYI0 (PYHKIIHIO
C UHTEerpUPYEeMBLIM Ha IPOMEKYTKe C KOHIIAMU B TOUKAX X = a4 U
X = b KBagpaToM, —° < @ < b < +00, MOKHO CKOJIb YTOJHO TOYHO B
CMBICJIE CPedHero KBaJpPATHUYHOI'0 HIPUOJMU3UTE (PYHKIIUIAMU U3

o o
CLy(a, b). fcuo, uro CLy(a, b) aBnsaeTcA NUHEHHBIM IPeATHUIb-
0epTOBBLIM IPOCTPAHCTBOM U

Co’Lz(a, b) U CLy(a, b). (59.34)
Beprenmcsa Teneps K ecTecTBeHHOMY oToOpaskeHuio CLy(a, b) —
- I-Jg,z(a, b).

TEOPEMA 2. Ecmecmeennoe omobpascernue CLy(a, b) — Ez(a, b),

m. e. omobpaxceHue, cmassaujee 8 coomeemcmeue Kax0oil He-
NPepuLHOll HA NpoMeXdcYymKe ¢ KOHUAMU 6 MOuKax X =aux=2>
PYHKUUU KaaACC IKBUBANLEHMHOCMU, K KOMOPOMY OHA npuHad.e-
aeum, —00 < g < b < +00, ﬂeﬂﬂemlii U30MOPPHBLM 0MOOPAHCeHU-

em npocmpancmea CLy(a, b) 6 o(a, b), npuvem obpas npo-
cmpancmaea CoLz(a, b) (a caedosamenvro, 6 cuay (59.34) u npo-
cmpancmea CLy(a, b)) naomen & s(a, b).

AOKA3ATEABCTBO TeopeMbl 2. O6osnauum uepes P ecre-
cTBeHHOe oToOpaxxeHue mpoctpaHcTBa CLy(a, b) B IpocTpaHCTBO

s(a, b), T. e. oTOOpaKkeHue, cTapAllee B COOTBETCTBUE KaXKI0H
HeIIPephIBHOI HA MPOMEKYTKE C KOHIIAMU B TOUKaX X =au x =b

209



byHKIUM f KJacc SKBUBAJEHTHBIX (PYHKIIUI ¢ MHTETPUPYEMBIM
HA 9TOM TIPOMEKYTKE KBaJpaToOM, KOTOPOMY OHA IIPUHAAJIEKUT,
MHaYe TOBOPS, KJIAaCC SKBUBAJEHTHOCTH, IIPEACTaBUTEIEM KOTOPO-
ro oHa ABaderca. Takum o6pasom, eciu

fUCLy(a,b)nfUFU }gz(a, b),
1o D(f) =F.
Berme (cm. 3ameuanue 2) ObLIO yiKe JOKa3aHO, UTO OTOOpaske-
Hue @ ABIAETCA N3OMOPPHBIM.

o
ITorasxem, uTo o6pas mpocrparctBa CL,(a, b) npu aTom oTo-

OpasKeHUM SBJSETCA TJOTHBIM B ITPOCTPAHCTBE 5(a, b) MHOXe-

crBoM. Ilyers F [ o(a, b) u byHKIUA [ ABAAETCA IpeJcTaBUTe-
geMm saemenra F, t.e. fOF.

ITockonbKy [ aABAseTcA QPYHKIIHEI C MHTETPHUPYEeMbIM Ha pac-
CMaTPUBAEMOM IIPOMEKYTKEe KBagpaToM, TO, COTJIacHO Jemme 11,
OHA ABJIAETCA IIPEAEJIOM B CMBICJIE CPEIHETO KBAAPATUYHOTO HEKO-
TOPO TOCIe0BATEIbHOCTY HEIPEPHIBHBIX (DMHUTHBLIX Ha WHTEPBa-

1e (a, b) pysknuii f, (cm. (59.33)), T.e. f, U éLZ(a, b),n=1,2,....
Ecou f, U F, U (a, b), TO, cOrIacHO OIPEaeIeHNUIO IOJYHOPMbI
B IPOCTPAHCTBE fgz(a, b), monyuum

IF, =l &2, = Ifu = fll

rge cipaBsa, Kak OObIUHO, cTouT moayHopma (59.12). Orcrona, B
cuay paBeHcTBa (59.33), moryuyaem

nllmm ||Fn—F||IQ2=O. (569.35)
ITocKONMBKY KJIacC 9KBUBAJIEHTHOCTU F ABJSICA IPOU3BOJIBHO
GUKCUPOBAHHLIM 9JIEMEHTOM IIPOCTPAHCTBA oa, b), a F, =

= ®d(f,), rae [, — HempepeIBHaA (puHKUTHAA Ha uMHTepBane (a, b)

o
(byHKNUA U, caefgosarenbHo, F, [ ®(CLy(a, b)), n =1, 2, ..., T0
paBercTBo (59.35) M o3HaUYaeT IJIOTHOCTL oOpasa MHOKECTBA
o]
CLy(a, b) B mpocTpaHCcTBe 9(a, b) npu orobpaskenun ®.
s noKkasaTesbCTBA JKe IIJIOTHOCTU 00pa3a MHOXKeCTBa ng (a, b)

IpPU ero eCTeCTBEHHOM OTOOPasKeHWHW B IIPOCTPAHCTBO }%I',Z(a, b)
3aMeTuM, 4TO M3 BKJOUeHuA (59.34) ciaemyer oueBUAHBIM obOpa-
30M, UTO

O(CL,(a, b)) 0 D(CLy(a, b)) O 19,2((1, b).
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A ecsiu B KaKOM-JI100 MeTPUUECKOM IIpocTpaHcTBe X IIJIOTHO MHO-
sectBo A, T.e. A = X u A 0B [0 X, 70, KOHEUHO, MHOKeCTBO B
raksxe wioTHO B X, n60 A 0 BO X urak kak A = X, rou B = X.
ITosToMy 13 IIJIOTHOCTH MHOKECTBA (ID((OJLz(a, b)) B mpocTpaHCTBe
s(a, b) cnepyer u moTHOCTE B HeM MHOxKecTBa D (CLy(a, b)). O
Eciu oTOXKIECTBUTh KaKAYyI0 HeHpepuiBHYyO (yuriuio [ [

U CLy(a, b) c x1accom 9KBUBaIeHTHHIX PpyHKIUM F U }%ﬁz(a, b),

KoTopoMmy oHa mpuHamiexur: f [ F, T. e. 0oTOKAeCTBUTH [ C ee 00-
pasoM IIPH €CTEeCTBEHHOM oToOpaskeHmum P, TO HOLyUYMM, UTO

CLy(a, b)) aBnsieTcA IOSMHOKECTBOM IIpocTpaHcTBa RL,(a, b):
CLy(a, b) U }Ez(a, b). (59.36)
9TO BKJIOUEHNE HA3BIBAETCS €CMECMBEHHbLM GA0HEHUEM TIPO-

crpanctBa CL, B npocTpascTBO RL,.
WUrak, B cuay (59.34) u (59.36), cipaBeAJIUBLI BKJIIOUEHU S
CLy(a, b) 0 CLy(a, b) I-Ez(a, b),

IIpu4yeM, COrjiaCHO Teopeme 2,

—
CLy(a, b) = }Ez(a, b)
— MHOJKECTBO CoLz(a, b), a cnengosarensHo, u CLy(a, b), IJIOTHEL B
IPOCTPAHCTBE s(a, b).
MoskHO ImMOKasaTh, UYTO IPOCTPAHCTBO Igz(a, b) He aBIseTcA
MOJIHBEIM, T. €. He SBJAeTCA M'JIb0epPTOBLIM IIPOCTPAHCTBOM.
3amaua 5. [[oxazaTsb, UTO IPOCTPAHCTBO RL,(a, b) He ABIAETCA IOJHBIM.

Beitire 66110 TOKasamo (cM. 1I. 59.3), UTo BCAKOe IpeaATruaInLoep-
TOBO IIPOCTPAHCTBO MOXXHO JOIOJHUTH OO IIOJHOTO, T. €. IO I'MJib-
6epToBa HpOCTEaHCTBa. B yacTHOCTH, 3TO MOYKHO CAEJIATE U C IIPO-

2((1, b).
OnpeAeF/gHMe 6. IlonosHneHue npedzuavbepmosa NPOCMpaHCcmea

CTPAHCTBOM

9 = RLy(a, b) Hasvieaemca nebezogblm npocmpancmeom L, =

= Loy(a, b).

B cuny oupeneneHusa MONOJIHEHNUA,

,(a, b) 0 Ly(a, b) (59.38)
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u FEZ(a, b) nmoTHO B mpocTpaHcTBe Ly(a, b), T. e.

;?Fiz(a, b) = Ly(a, b).

B cuny Braiouenwuit (59.34), (59.36) u (59.38), umeror mMecTo
€CTeCTBEHHBIE BJIOKEHUSA

CLy(a, b) 0 CLy(a, b) 0 RLy(a, b) O Ly(a, b).  (59.39)

OxasbpIBaeTCs, UTO HE TOJIHKO 1942 ILIOTHO B IIPOCTPaHCTBe L,

o
HO 1 CL, I7I0OTHO B L,.

TEOPEMA 3. IIpocmpancmeo éL2(a, b) niomHo 6 npocmpax-
cmee L, (a, b).

CAEACTBWUE. IIpocmparcmeo CLy(a, b) nromno 6 npocmpancm-
ee L, (a, b).

W3 Teopembl 3 U ee CIAEACTBUSA HEIOCPENCTBEHHO CJIEAYeT, UTO
npoctpadcTBO Ly(a, b) ABIAeTcA IONOIHEeHHMEM He TOJBKO IIPO-

CTpaHCTBa IEZ, HO U IIPOCTPAHCTB COLz(a, b) u CLy(a, b).

AoxkasaTteAbcTBo TeopeMbl 3. Ilycrs f U Ly(a, b) u nycts

IPOM3BOJILHO (UKCcUPoBaHO € > 0. [y mPOCTOTHI BCE 9JIE€MEHTHI
npocrpaHcTBa Ly(a, b) Oynem Takske 0003HauaTh CTPOUHBIMU JIa-

TUHCKUMU GYKBaMU, XOTA OHMU, BOOOIIe TOBOPS, U HE SBJIAIOTCA
dysxnusamu. Taxk xaxk npocTpaHcTBO Ly(a, b) ABIAeTCA MOIOIHE-

HUEeM IIPOCTPaHCTBA }Qz (a, b), TO cyIIeCTBYeT TaKkow syaeMeHT g [

0 RLy(a, b), uto ||f — g||L2 < ¢/2. Coriacso BKJoueHnmo (59.38) u
IIJIOTHOCTY MHOKECTBa CoLz(a, b), B IIpocTpaHCTBE }Qz(a, b), cymiect-

BYeT TaKoii syiemeHT A [ éLz(a, b), uro
e~ Hll,, <e/2.
ITosTomy
3

£
7=y, <1 -gly, +le-hl, <5+ =

9TO U 03HAYaeT, UYTO MHOKECTBO C°L2(a, b) mI0THO B IpOCTpaH-

ctBe Ly(a, b). O

CJIelICTBI/Ie O4YeBUIHBIM o6pa30M BbITEKaeT M3 TeopeMbl, TaK
KaK (KaK 9TO OBLIO TOKa3aHO IIpn noKa3aTeJIbCTBE TEOPEMBI 2) ec-
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JIA IIOJMHOMKECTBO A HeKoToporo MHoxkectBa B, A [J B, ILJIOTHO
B KaKOM-TO MeTpmuecKoM mpoctpaHcTBe X [l B, ToO 1 caMO MHO-

o
skecTBO B Trem 6osee niotHO B X. B manHoM cayuae CL,(a, b) U

UCLy(a, b) O Ly(a, b) n éLZ(a, b) niorHO B Ly(a, b). IloaTomy
CLy(a, b) Takxe nmoTHO B Ly(a, b).

VIIPAJKRHEHHE 5. [lokasaTh, 4To ecaiu X — METPUUECKOe IPOCTPAHCTBO
A U B [J X, MHOXecTBO A ILIOTHO B MHOKeCTBe B, a MHOXeCcTBO B IJIOTHO B
npocrpancTBe X, TO 1 MHOKECTBO A IJIOTHO B mpocTpancTse X.

Sameuanue 3. Ecau RLy(a, b) u RL,[a, b] — nonyHOpPMU-
pOBaHHBIE IPOCTPAHCTBA PYHKIMI ¢ UHTErPUPYEMBIM KBaAPaTOM
COOTBETCTBEHHO Ha KOHEUHOM mHTepBaJie (a, b) u orpeske [a, b], a
RLY(a, b) u RLY[a, b] — uX HOAIPOCTPAHCTBA, COCTOALIUE K3
(GYHKIUHA ¢ HYJEBOH MTOJYHOPMOI, TO (haKTOp-HPOCTPAHCTBA
RLy(a, b) / RLY(a,b)n RL[a, b] / RLY[a, b] nsomop®HEI.

JTo ciaexyeT U3 TOTO, YTO KAXKAYIO (PYHKIIHMIO U3 IPOCTPAHCT-
Ba RL,(a, b) MOXXHO IPOJOJIKUTH B (PYHKIIMIO M3 IPOCTPAHCTBA
RL,[a, b], noonpesenns ee IPOU3BOJIBLHBIM 00pPa30M B TOUKaX X = 4
ux=>o.

VIIPAJKHEHHE 6. Joxkasatb, uTo QyHKIUA f(X) = l/Jo—c Ha orpeske [0, 1]
He ABJISETCS IIPeLejiOM B CMBIC/IE CPEJHEero KBaJAPATUYHOrO IIOCIeJ0BATEb-
HOCTH HEIPEPLIBHBIX (DYHKIIUIA.

MpbI onucaay pasJMdYHbIe TUIILI IIPOCTPAHCTB. B aHammse B oc-
HOBHOM M3Yy4YalOTCA ITPOCTPAHCTBA, dJIEMEHTAMU KOTOPBIX SABJIA-
oTca Gyaknun. Takue IpocTpaHCTBA HABLIBAIOTCA PYHKUUOHATLb-
HbLMU.

Js mpoCcTOTHI B MpUMeEpPax paccMaTPUBAJINCh PYHKITUYU OTHO-
ro nmepemeHHOTO0. ITomoOHBIM JKe 00pas3oM, ecjii B3ATH JUHeHHOoe
IPOCTPAHCTBO (GDYHKI[MII, HETIPEPHIBHLIX Ha 3aMBIKAHUU HEKOTO-
poro usmepumoro no Kopmaumy muo:kectBa G [1 R", BBecTu cKa-
JIApHOe IpousBenenue 1o Gpopmyne (¢, Y) = [ ¢WdG u TOTONHUTD
MOJIYYUBIIIEECA IPOCTPAHCTBO, TO IMOJYUUM Je6eTr0BO IPOCTPAHCT-
BO, KoTopoe obozHauaeTcs Ly(G ).

IIpu 9TOM MOKHO TOKAa3aTh, YTO BCe TAKUM 00Pa30M IMOJIYUEH-
HbIe IpocTpaHcTsa L,(G) 6yayT cenapabeIbHBIMU OeCKOHEYIHOMED-

HBIMY I'MJIb0EPTOBBIMU IPOCTPAHCTBAMMU.
BeckoneunomepHroCTs IpocTpaHcTBa Ly[a, b] Oymer ycranose-

Ha B 11. 60.2, a ero cemapabenbHocTh — B 1. 60.3 (Teopema 2).
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B manbreiimem (cM. 1. 60.5, Teopemy 10) OyzmeT moxasamo, 4TO
Bce 0eCKOHEUHOMepHBIe cerrapabesibHbIe THIbOePTOBLI ITPOCTPAHCT-
Ba 130MOP(HBI MeKAY coboii. Takum oO6pa3om, U3yUUB OIIPeIe IeH-
HbI€ CBOMCTBAa (DYHKITNII OOJHOM MM MHOTHUX IIePEeMeHHbBIX, YIAeTCs
13 HEKOTOPBIX UX MHOXKeCTB o6pasoBaTh IpocTpaHcTBa L,. Onxna-

KO, MPEeBPATUBIIINCH B TOUKK STOT'0 IPOCTPAHCTBA, GYHKIINHU yTpa-
YMBAIlOT MHOTHE CBOM WHIWBHUIyaJbHBIE CBOMCTBa. B uacTHOCTH,
nmpocTpaHcTBa L, HEOTIMYUMBI JPYT OT APyra IO YHUCIy IIepeMeH-

HBIX, OT KOTOPBIX 3aBUCAT (PYHKIIUU, U3 KOTOPHIX 00Pa30BAHbI 9TU
IIPOCTPAHCTBA. JTO, KOHEYHO, HUCKOJIBKO He MEINaeT IPUMEHATH
(GYHKIIMOHAJIbHBIE TPOCTPAHCTBA C GOJBIITUM YCIIEXOM KaK B UHCTO
TEOPeTUUYECKUX BOIIPOCAX, TAK U B MPUIOKEHUAX MaTeMaTUKH.

Beenennsnie B § 57, 58 u 59 MHOrouMcIeHHBIE OIpeaeIeHUs 0Y-
IyT IPUMEHATHCS B AAJbHEHIEeM IJIA ONMMCAHUS ONpeAeIeHHBIX
CBOMCTB Pa3JMYHBIX KJacCOoB (DYHKIIUH B MPUBLIUHBLIX U HATJISAM-
HBIX TeOMeTPUUECKUX TepMHuHaX (IIPOCTPAHCTBO, TOUKA, PACCTOA-
HUe, BEKTOpD, 6a3UC U T. II.); OHU IIOMOTYT YCTAHOBUTH aHAJIOTHUH,
UMeloIecsa MeKIy OOBIUHBIMH 7-MEPHBIMU IIPOCTPAHCTBAMU U
IpoCTpaHCTBaMU (DYHKIIUHA, U BBIACHUTH CIleliuruUyecKre CBOMCT-
Ba 0ECKOHEUYHOMEPHBIX PYHKITMOHAIBbHBIX IPOCTPAHCTB.

59.6. MpocTpaHcTea L,

AHaJIOrUUHO IPOCTPaHCTBY Ly(a, b) s n1060ro KOHEUHOTO MJIN
0EeCKOHEUHOT'0 MPOMEKYTKa C KOHIIAMU B TOUKAax X = a U X = b,
—00 < g < b < +00, MOYKHO HOCTPOUTH IIOJHBIE HOPMUPOBAHHBIE
(T. e. GanaxoBbl) mpocrparcTsa L(a, b), 1 < p < +0o.
PaccMoTpuM HOJYHOPMHPOBAHHOE IIPOCTPAHCTBO RLp(a, b)
byHKIINI, I KOTOPBIX KOHEUEH MHTEerpaJ
b

[ |f(o)|pdx

a

C IIOJIyHOPMOM

b p
171, = 5 Ifeolrax B’ (59.40)

(cm. mpumep 7 B 1. 58.3). IlycTh I%I',p(a, b) — parTOpP-IPOCTPAHCT-
BO IIOJIYHOPMUPOBAHHOTO ITPOCTPAHCTBA RLp(a, b) o ero mogmpo-
CTPaHCTBY RL}(,’ (a, b), cocrosamniemMy u3 pyHKIINI ¢ HyJIeBOH MOJIy-
HOPMOTi

Fg,p(a, b) = RL,(a, b)/RLI? (a, b).
Taxum oOpasoM, 3JIeMEHTAMH IIPOCTPAHCTBA RLp ABJISIIOTCA
KJIACCHI SKBUBAJEHTHBLIX (QyHKINNA. PYHKIUN B JAaHHOM CJydyae
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Ha3bIBAOTCA skxsusasenmubimu (cMm. 1. 59.4), eciu mosyHOPMA
(59.40) ux pasHOCTH paBHA HYJIIO.

OnpeaeneHve 7. IlonosneHue npocmparncmea Ep(a, b) nasviea-
emcs aeb6ezo08vblM NPOCMPAHCMEOM Lp(a, b).

IIpocTpancTBO Lp(a, b), coryiacHO omrpeieIeHNI0, ABJIAETCS II0JI-
HBIM JIMHEHHBIM HOPMHPOBAHHBLIM IPOCTPAHCTBOM. MOJKHO IIOKa-
3aTh, YTO HU IIPU KaKoM p # 2, 1 < p < +00, B mpOCTPAHCTBE Lp(a, b)
HeJb3A BBECTU CKAJIAPHOE IIPOU3BEJEeHNE, ITOPOKAAIOIee ero HOP-
my. Takum 06pasomM, IPOCTPAHCTBO Lp(a, b) mpu p # 2 aBisaercsa 6a-
HAXOBBIM, HO He TMJIHOEPTOBBIM.

Teopema 3 u 3amMeuanme 2 IEPEHOCATCS Ha cJydaii mpo-
CTPAHCTB L, B TOM CMBICJIE, YTO OHH OCTAIOTCS BEPHBIMHU, €CIU B
HUX CTeIleHb 2 3aMEeHUTDh Ha IIPOM3BOJIbHYIO cTelleHb p > 1. MHaue
TOBOPSA, CIIPABEJINBO CIEAYIOIee YTBEPIKIeHUE.

TEOPEMA 4. [Ipocmpancma8o HenpepvL8HubLX QUHUMHbLLX HA
unmepsaJe (a, b) QyrrKyUilL NIOMHO 8 Je6ez080M NPOCMPAHCMEE
Lp(a, b), —© < a <b< +00,

CAEACTBWUE. Jlebezoso npocmpaHcmeo Lp(a, b) asasemca no-

noaHeHueM HOPMUPOBAHHOZO NPOCMPAHCMEA HENPepvl8HuLX Qu-
HUMHbLX HA uHmepsaze (a, b) pynryuil ¢ Hopmoit (59.40).

AOKQA3ATEAbCTBO. [lelicTBUTeNbHO, TeopeMa 4 ciaemyeT u3
anajsoroB jgemMm 9, 10 u 11, KoTopble OUYeBUIHBIM 0OpasoM 0000-
IalTeA Ha cIydail mpousBOJbHOTO p 2 1. UTOGH B 9TOM yOEIUTD-
¢S DOCTATOYHO B MX MOKAa3aTelbCTBAX MOJYHOPMY 9 3a-
MEHUTDb Ha TOJIyHOPMY = |- [|,, samerurs, uro ecim Ha KoHEU-
HoM mHTepBayue (¢, N) y GyHKIuK f CyIIecTByeT MHTErpa OT p-i
cTemneHu ee abCONIOTHOI BeJIUUYNHBI, TO IPU p > 1 pyHKIuA f abco-
JIIOTHO MHTErpupyeMa Ha paccMaTpHUBaeMOM HMHTepBaJie (CM. JieM-
My 3 B 1. 58.3) u moaTOMY IJIs1 Hee CYIeCTBYeT TaKada CTyIlleHua-
Tasg GUHUTHASA HA 9TOM HHTepBasie QYHKIuA ¢, uTO

n

[ 1760 = (o)l dx < i,

e |f(x)] < M, |(|)(x§| < M, £ > 0. Tlooromy
[ 1) - 0G)ldx = [ [f2) ~ 6 I(If)] + [6x)ypdx <
13 ; 13 B B

< @MYP [ [f(x) - dx)ldx < @MY Tl ga—y = 5
3

Orcrofa u caeqyeT aHaJIoOT JieMMbI 9 1Jis caydaa p = 1.
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Eciu B mokasarenbcTBe JeMMbl 10 moxasaTesb cTeleHu 2 3a-
MEeHUTH Ha IMOKasaTesJb CTeeHu p 2> 1, ocTaBUB Bce ocTalbHOE 6e3
M3MeHeHU’sA, TO IMOJYUYNUTCSI TO0Ka3aTeJbCTBO aHajiora dTOM JIeMMBbI
p 2 1. Ecsu B fokasaTenbcTBe JeMMbI 11 oz mosryHOpMOT mo-
HUMATb HOJYHOPMY p» TO MOJIYYHUTCA JOKABATEIbCTBO aHAIOTa

U 9TOM JeMMBI 1A p 2 1. Tem cambiM Teopema 4 morazana. O
Bameuanue4d. Eciu paccMaTpuBaTh IPOCTPAHCTBO Lp(a, b)

KaK IPOCTPAHCTBO, HOJIydaroiieecda us3 mpocrpancrsa KL (a, b)
KOHCTPYKIIHEH MOIIOJIHEHUA IPOCTPAHCTB, OIIMCAHHOII B Teopeme
4 1. 57.5, To ero sjemMeHTaMu OYAYT SBJIATHCS KJIACCHI SKBIBA-
JIEHTHBIX (QPYHIAMEHTAJBHBIX II0CJIEeI0BATEIbHOCTEl, COCTABJIEH-
HbIe M3 KJIACCOB 9KBUBAJIEHTHBIX (DYHKIIMI, Yy KOTOPHIX WHTET-
pupyeMa (B HecOOCTBEHHOM CMBICJIE) p-A CTeIeHb MX abCoJIIoT-
HO#l BeqWuYuMHBI. ECJIM TpM 5TOM TPOM3BECTH OTOKIECTBJICHUE

IPOCTPAHCTB CLp u RL, c ux obpasamu B Lp, KaK dTO YKa3bIBAJIOCh
BBbIIIIEe, a TeM CaMbIM CUMTaTh, 4YTO

CcL,O }QP 0L,

TO OKaXeTCsd, UYTO IIPOCTPaHCTBO Lp COCTOUT M3 HEIIPEPBIBHBIX

(byHKIIMI, 13 YKa3aHHBIX KJACCOB 9KBUBAJIEHTHBLIX (GYHKIUI, He
cofleps;KaluX HENPepPBIBHBIX (DYHKIINI, 1 13 «abCTPAKTHBIX dJIe-
MEHTOB», IIPEICTABJIAIOIINX CO00H KJacchl (hyHIaMEHTAJIbHBIX
mocJjenoBaTeIbHOCTE!, YeHaMU KOTOPBIX ABJSAIOTCS Te Ke KJac-
ChI PKBUBAJIEHTHBIX PYHKIUI. M0OKHO, Hajiee, YCIOBHO B CMBICIE

saMedyaHusa 1 «3aMeHHTL» BCE BJIEMEHTBLI U3 IIPOCTPaHCTBA )

(GYHKIUAMU — IIPOM3BOJBHO BBIODAHHBIMU MX IIpeJCTaBUTENI-
mu. Torza mpocrpaHcTBO L, OKaXeTcsa COCTOAIUM U3 (PYHKITHI C
WHTeTPUPYEeMOH p-H CTeNeHbI0 WX abCONIOTHON BEeJIMYWHBI U TeX
sKe abCTPaKTHBIX BJIeMEeHTOB, HeOOXOJUMO BO3HHUKAIOIIUX IIPHU
Ipolecce IONONHEHNs IPOCTPAaHCTBa RL, BBUAY €r0 HEIOTHOTHI.
IdTa «yClIOBHAsA 3aMeHa» dJIeMeHTOB mpocrpaHcrBa RL (a, b) ux
IpeACTaBUTEIAMU OTPasKaeT TOUHOe YTBePKAeHNe, YTO OlepaIuu
HaJl KJaccaMM SKBUBAJIEHTHBIX (DYHKIMII CBOAATCA K COOTBETCT-
BYIOIIIM OIlepalluaM HaJ UX IIPEJCTAaBUTEIAMH B BBIIIEYKAa3aH-
HOM CMBICJIE.

OxasbIBaeTcs, ¥ 3TO OUeHb MHTEPECHO U BaKHO, YTO YKa3aH-
Hble a0CTpaKTHEIE BJIeMeHThl MOXKHO PacCMaTPUBaTh He KaK KJac-
cel (PyHZAMEeHTaJIbHBIX IIOCJIe[0BATeIbHOCTel KJIacCcoB JKBUBA-
JIEHTHOCTH, & KaK HeKOTOpble (DYHKIUU, TOUHee, KaK KJACChl 9K-
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BUBAJIEHTHBIX (DYHKIIMI, IpuUUYeM B cjaydae p = 2 CcKajJaspHoOe
mpous3BelieHNe IJIsI HUX TaK:Ke olpenesisgerca opmyJioi (59.11),
TOJBLKO HHTErpajbl B 3TUX (opMyJaax cjaeAyeT IIOHHMATL He B
CMBICJIe COOCTBEHHBIX MJIM HECOOCTBEHHBIX MHTErpasoB Pumana, a
B OoJiee 00IlleM CMBICJE, B CMBICJIe TAK Ha3bIBA€MOIr'0 MHTErpaJa
JleGera. PaccMoTperue 9TOTo BOIIPOCA BEIXOIUT, OTHAKO, 38 PAMKU
paccMaTpUBaeMbIX METOLOB U II0O9TOMY He Oy[eT M3JjiaraThCsA B Ha-
crosmeM Kypce. Ero maioskeHre MOMKHO HaWTH, HaIIpUMeEpP, B
yuebnuke: Hurxoavckuii C. M. Kypc MareMaTHueCcKOro aHaJIu3a.
T. I, II. 5-e uzg. — M., 2003.

VIIPA’JKRHEHHA. 7. [JlokasaTh HE9KBUBAJIEHTHOCTD MOHATUIH CXOJUMOCTU B
cpenHeM B cMbIcie L, u B cMbIcie L, N4 ToCIef0BaTeIbHOCTH (PYHKITHI.

8. [lokasaTh, YTO €CJU IOCJeL0BATEIbHOCT, NHTETPUPYEMBIX Ha HEKOTOPOM
oTpeske (GYHKIUI PaBHOMEPHO Ha 9TOM OTPE3Ke CXOAUTCSI K HeKOTOPOii
VHTErpupyeMoi Ha HeM (YHKIMM, TO YKasaHHAadA II0CJIeL0BaTeJIbHOCTh CXO-
IUTCS B TOM Ke QYHKIIMU Ha paccMaTpUBaeMOM OTpe3Ke B CpeJHeM B CMbIC-
e Lp, p=1.

9. ITocTpouTs MpUMep MOCJIEL0BATEILHOCTH HEIIPEPHIBHLIX HA HEKOTOPOM OT-
peske GYHKIUI, cxodamelica Ha HeM K HEKOTOPO# HeIIPepPhIBHOM (WYHKIIUY B
cpenHeM B cMEbIcie Ly, HO He cXozsAlelica paBHOMEPHO Ha 3TOM OTpe3Ke.

10. IlocTpouTh IpPUMEDP IIOCJIEOBATEJIbHOCTH HEOTPUIIATENbHBIX HEIPEPHIB-
HBIX Ha oTpes3Ke GYHKIUI, cXoaAlleiica Ha HeM B cCpeJHeM, HO He CXOAAIIeli-
csl B CMBICJIE CPeSHEer0 KBaJpaTUIHOTO.

§ 60

OPTOHOPMUPOBAHHbIE 6A3NCHI
N POAZAOXKEHWMS MO HUM

60.1. OPTOHOPMUPOBAHHDbIE CUCTEMDI

Onpeaenenne 1. ITycmv X — JauHeillHOe npocmMpaHcmeo ¢ novmu
ckaaapruim npousgedenuem. daemenmovt x 1 X u y 1 X na3swiea-
10mces 0pmozoHanbHbLMU, ecau (x, y) =0, 8 amom cayvae nuuem-
ca maxxce x L y.

Onpeaenenue 2. Cucmema anemernmos {x,, o 0 WA} (A — nexomo-

poe mHoMecmBo underxcos) AuHeilnozo npocmpancmea X ¢ no-
YMuU CKAAAPHbLM NPOU3BedeHuem HA3bL8AEMCS OPMOZOHALbHOLL,
ecau Kaxcovie ee 08a 3JleMeHmMa OPNMOZOHAJIbHbL.
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OueBuzHO, ecu cucreMa Xy, a [ W, oproronansua u ||x,|| = 0
nusa Beex o [ A, To ee MOIKHO «HODMUPOBATH» , TIOJEIUB KasKIbIiH
DJIEMEHT Ha ero IOJYHOPMY, T. e. YMHOXKUB X, Ha uncao 1/| x|,
IIOJIYUMM CHUCTEeMY

0x a
O, a0UAG

alxall 0
BCe BJIEMEHTHl KOTODPOHl MMEIT IOJYHOPMY, DaBHYIO eJuHHIIe.
B cay4yae mpoOCTPAHCTB CO CKAJIAPHBIM IPOU3BeleHIeM TaKue CHC-
TeMbI Ha3bIBAIOT OPMOHOPMUPOSAHHbLML.

HamomuauM, uTOo ecam X — IIPOCTPAHCTBO CO CKAJAPHBIM IIPO-
usBefileHneM, To ycaosue || x| # 0 paBHOCHIBLHO TOMY, uTO X # 0.
AEMMA 1. Ecau cucmema {x,, a [ W} snemenmos auHeilHOz0
npocmpancmea X ¢ noumu cKaLAPHbLM NPOU3EedeHueM 0pmozo-
HaavHa u ||x|| %= 0 dns ecex o O W, mo ona auneitno He3asucuma.

AOKA3ATeAbCTBO. IIycTh 1id HEKOTOPBIX 2JIEMEHTOB X, O 0
OAEk=1,2,...,n, umeeM Axg, FAgxg, + oo H A xg = 0. V-
HOYKUM CKaJIIPHO 00e YacTH 9TOT0 PaBeHCTBa Ha Xq, k — durcu-
poBamo (=1, 2, ..., n), moayuum )\k(qu, x%) = 0, TaK KakK, B CHU-
JIy OPTOTOHATBHOCTH CHUCTEMEI, (X, , xak) =0, j # k. 3ameuas na-

Jlee, 4TO, IO MIPeAIOIOKeHuIo, | x, | # 0 u, ciegoBaTenbro, (x

Gk| a’

xak) #0, monyunm A, =0,k=1, 2, ..., n.
JIuneiiHaA HE3aBUCUMOCTH CUCTEMBI X, O [ A, nokazana.
JlokaxeM elre OOHY JIEMMY, BBIPDAKAIOIIYIO KPUTEPUHA JUHE-
HOIi He3aBUCUMOCTU PYHKITMI uepes CKaJAPHbIe TPOMU3BEIeHMIA.
AEMMA 2. Ecau daa cucmembol 3JeMeHmMo8 X15 «ee 5 X, NPOCMPAH-
cmsea X co CKANAPHbLM npoussedenuem onpedeiumelsv

(g5 29) (x5 x3) ... (g, X))
_ (xg, x7) (X9, X9) ... (X4, X))

(x,, x7) (x,, x9)... (x,, x,)

Ppaeen HYya, MO cucmema JUHEIHO 3a8UCUMA.
Omnpepenurens G(x;, ..., X,) HasplBaeTcA onpedenumeJsem

G(xq, ..., X})

I'pama™ nanHON! CUCTEMEL.

* Y. I'pam (1850—1916) — gaTckuii MaTeMaTUK.
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AOKA3ATeAbCTBO. PaccMoTpuM cucTteMy n JUHEHHBIX ypaB-

HEHUI C n HeM3BeCTHBIMU A, i=1, 2, ..., n:
Axy+..+Ax,x)=0,i=1,2,..,n, (60.1)
W
A(xy, x)+ oo+ A (x,, x,)=0,i=1,2, ..., n.

OmpepennTreseM 3TON CUCTEMbI SIBJISAETCA TPAHCIOHNPOBAHHBIN
oIpemenuTesb I'paMa, KOTOPBIH 10 YCIOBUIO JIEMMBI PaBEeH HYJIIO.
CraenmoBarenbHo, cucreMa (60.1) mmMeeT HeTPUBHAJIBHOE peIlleHIE
Ais oo s A, (T. €. Taroe, uTO He Bce A, i =1, 2, ..., n, paBHBI HYJIIO).
YmHOxuM paBeHcTBO (60.1) Ha A; 1 mpocymMMupyeM 110 i oT 1 1o n:

Axy + oo A%, Ajxy + ...+ A x,)=0.

n*'n’
Orcroza Ayx; + ... + A, x, = 0, 4TO O3HAYaeT JTUHEHHYIO 3aBUCHU-
MOCTBH CUCTEMBI Xy, ... , X,. ]

VIIPAJKRHEHHA. 1. JokasaTb, UTO ecaW KOHEUHAs CHUCTeMa JJIEMEHTOB
IpearuaL0epToBa IPOCTPAHCTBA JMHENHO 3aBHCHMA, TO €€ OIpeae/IATeNb
T'pama paBseH HyJIIO.

2. loxkasathb, 4TO ecau {W,} — OPTOHOPMHUPOBAHHAA CHUCTEMA, TO JJIA JIOOBIX
IBYX ee 3JIeMEeHTOB W, U W, UMeeT MECTO PABEHCTBO

log — @yl = 42, 0 a.

3. IlokasaTh, uTo QPyHKIMH Sin x, sin 3x, sin 5x, sin 7x, sin 9x auHeHO He-
3aBUCHUMBI.

NMpumepsbl. 1. Tpuronomerpuueckas cucreMa QyHKIIUHI
1, cosx, sinx, cos2x, sin2x,..., cosnx, sinnx,... (60.2)

OpTOTOHANBHA B IpocTpaHcTBe Ly[—TT, T] (cM. 1. 57.10). STo GBLIO
IokaszaHo B JyiemMe 1 1. 55.1.

Uz dopmya (55.4) caexyer, uro |sin nx| = J/m, |lcos nx| =
=.Jm,n=1,2, ..., H09TOMy OPTOHOPMUPOBAHHAS CHCTEMA, COOT-
BeTcTBYyIoITasA cucreme (60.2), umeeT BUL

1 1 1 . 1 1 .
E{, _T[ cos X, Ff sin x, ..., ET cos nx, ﬁ[ sinnx, ... .
2. Paccmorpum MHOrouJsieHbI JlekaHapa (cMm. m. 58.1)
Pyx)=1, P)= s EEL o 2 (60.3)

IToxkaxxem, uto cumcrema (60.3) opToromajbHa B IIPOCTPAHCTBE
L,[-1, 1]. [Ina sToro foKaxeM OoJiee o0Iliee yTBep:KAeHNe, 4 UMEHHO

uTo MHorouwieH Jlexxanzapa P,(x) opToroHajeH JII0OOOMY MHOTOUJIEHY
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Q,,(x) crenern m < n. 3aMeTUB IIpeJBADUTEBHO, UTO BhIpakeHNe
db(x2 - 1)"
dx*
x=-1ux =1, umeem, IoC/IefOBATEIbHO UHTETPUPY S IIO UACTAM,
dn(x 1)” n—1(,2 _ 1\n|1

#dx:Qm(x)d (x2-1)

n—-1
dx 1

mpu k=0,1, 2, ..., n— 1, obpariaerca B HyJIb B TOUKaX

IQ()

dr—Yx Logn-m(x2-1)n

1
B e G O Y e e

m—l(x2 — 1)n 1

dxn-m-1 =0.

= (-1)mQ{m(x) L

-1
1
Taxum obpasom, ) Q,,(x)P (x)dx =0, m<n.
-1
B wactHOCTH,

1
[ Pn(®0)P (x)dx =0, m=n.
‘1

IloacumTaem Temeph HOPMY MHOTOWJIEHOB Jle:kaHapa. 3ame-
THUB, UTO
P (x)= x"+ @, (x),
rae @, _1(x) — MHOTOYJIeH CTelleHH! He BhIIIe 71 — 1, 1 MCIO0JIb30BAB

OPTOTOHAJNBHOCTD P, (x) KO BceM MHOro4JIeHaM MeHbIIIell cTelleHN,
IOJIyYUM

(2n — 1N
n!

I P2(x)dx = I P (x)[M Q. (x)}dx -
(2n - 1)" (2n— 1) 1 dn(x2- 1)

nlZn) den Xdx.
-1

j’ P, (x)x"dx =

NuTerpupysa mociienoBaTeabHO II0 YacTAM, IpoaudPepeHIIupoBaB
(x2 — 1)" 1 cHOBa MHTErpPUPYS IO YACTAM, OyJeM UMeTh

dn —1)(x2 — l)n _

1 1
J;P,%(x)dx= [ *¥d—n

=(-1)y"" 1(__2 . d 2_1)yr=
=) Gy [ xd(x-1)
-1

_ 1
=(_1)n—1H I(xZ_l)n—ledxz
=(-1)"- 1222 ;;v:é J—( x2— 1)~ 1dxd =
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= (—1)”E§Z — 1%,,; } (x2-1)"2x4dx=... = } x2ndx =
21

”Pn(x)” = /ﬁ

Cucrema mHOrousieHoB JleskaHapa, KaK U BCAKAS OPTOTOHAJb-
Has cucTeMa HEHYJIEBBIX JJIEMEHTOB, JUHENHO HezaBucuma (CM.
aemmy 1) B npocrpaHcTBe Ly[—1, 1].

2n+1°

Taxum obpasom,

Bopouem, Kak 9To OBLIO IOKa3aHO PaHbIE, OHU JIMHEHHO He-
3aBHUCHUMBI ¥ BOOOIIle Ha JII0OOM IIPOME’KYTKE UMCJIOBOII OCH, He
BBIPOKJafomeMcA B TOUKY (cM. 1. 58.1).

W3 muHeliHOM He3aBUCHMOCTH IIOJIMHOMOB Jle:xaHapa caenyer,
4TO JI000I1 MHOTOUJIEH CTEIIeHHU, He 0OJbIeil n, ABJIAeTCA JUHEH-
HOIl KoMOuHanueil noamuaoMoB Jleskanapa Py(x), P(x), ... , P, (x).

HeiictBuTebHO, B (n + 1)-MepHOM IPOCTPAHCTBE MHOTOUJIEHOB
cTemeHell, He MPEBBIMIAIOIINX 1, Jiobad cuctemMa n + 1 JUHEHHO
HEe3aBUCHMBIX MHOTOUJIEHOB, B YaCTHOCTH YKa3aHHAS CHUCTeMa II0-
auHoMmoB Jlesxamapa, obpasyer 6asuc. IloaToMy BCAKHII MHOTO-
YjieH paccMaTpuBaeMOM CTeIeHH! SBJAeTCA JUHelHoi KoMOumHa-
el 5JIeMeHTOB YKa3aHHOH CUCTEMEI.

3. Cucrema dyukmuii {€"*}, n = 0, 1, £2, ..., opToroHaIbHA
Ha oTpeske [T, T]. B camom mene

m b
J- einx eimx dx = J- ei(n - m)xdx.
= =m

Orciofa, BCIIOMWHAsA, UTO Mepuon (MYyHKINU e* paBeH 2TH (cM.
n. 37.6), mpu n # m DOIyIYUM

I
J— einx eimx dx =

=Tt

1

i(n — | —
i(n —m) eltr m)x|_T[ =0

VYIIPA’JKRHEHHUE 4. HokasaTb, 4YTO IIOCJENOBATEJbLHOCTh (DYHKIIUI
sin (2n — l)g ,n=1,2, ..., 00pasyeT OpTOroHAJIbHYIO cucTeMy Ha orpeske [0, TT].

60.2. OpTOroHaAU3aAUNS

IIycTh cHOBa X — TpeATHIHLOEPTOBO IPOCTPAHCTBO. PaccMoTpum
ciaenymomryio 3agauy. IIycTs gana JuHENHO He3aBUCUMAas CUYETHAA
cucrema 3JIeMeHTOB x,, n =1, 2, ... , npoctpancTsa X. Tpebyerca
C TIOMOIIThI0 KOHEUHBIX JIMHEHHBIX KOMOMHAIINI MOJYUYUTH U3 HeEe
opToroHaJbHYIO cucteMy. OKas3bIBaeTCs, 9Ta 3aZlaua BCeTa MMeeT
pelieHue.
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TEOPEMA 1. Ilycmo

x., n=1,2,... (60.4)

n?
— JUHEIHO He3a8UCUMAA CUCMEMA 3JeMEeHMO08 NpoCmpancmaea
X. Tozda cywecmeyem opmozoHAbHAA CUCTIEMA I/LEMEHMO8 Y, ,
y,#0,n=1, 2, ..., amozo npocmparncmea maxas, 1mo KaicooLil
ee dneMenm y,, n = 1, 2, ..., asanaemcsa AuHellHOU KomOuHayueil
nepsvix n anemenmos cucmemvt (60.4):

Yp=0,1%; +0, g X+ ...+ 0, X, (60.5)
ITocTpoeHue opToroHaNIbHON cucTeMsl {y,} Buaa (60.5) us au-
HeITHO He3aBUCUMOI CHCTeMBI {X,} Ha3bIBAETCA OOBIYHO NPOYECCOM
OpMO2ZOHANU3AYUUL CUCTeMbL {X,}.
AoxkasarteAabcTtBo. IToroxum y; = x;. Tak Kak cucrema
(60.4) nmuneiiHO He3aBUCHMA, TO Y, * 0 (mouemy?).
ITycTs cylecTBYIOT IOIIAPHO OPTOTOHAIbHEIE dJIeMeHTH! i, # 0,

n=1,2,...,k, k>1, ynoBiaerBopsiomiue yciaopuio (60.5). Bygem
HCKATh 2JIEMEHT Y, | ;, OPTOTOHAJIbHEBII BCEM Yy, ... , Y, B BUJe
Yni1=Brria ¥t T By in Y= Xpy 1 (60.6)
W3 ycnoBuil OpTOroHAJIBHOCTHI
(728 yk+1)=---=(yk, yk+1)=0 (60.7)
OJTyJaeM

Yo YPBe 1,1 =W X 1)s oo s Wi YBy 4 1,2 = Wps X4 4 1) (60.8)

Otrcrona 0OfHOZHAYHO ONpPEAeNATCA Kodpduuuentsr B, , | ;, i =
=1, 2, ..., k. OnemesnrT y, , ;, 3a7aBaeMblii npeacTasaerueM (60.6)
¢ HaliIeHHBIMH KooddunueHTamu 3, | Lpi=1,2,...,k, T e.

k(Y 44 1)

Yrsr17™ i=zl (yi’ yi) Yi = X+ 1o
ynmosieTBopsieT ycaoBuam (60.7).
ITopcrasum B (60.6) BEIpaskesua xia y,, n =1, 2, ... , k, 3anu-
canable B Buje (60.5); mocsie mpuBefeHUsA MOAOOHBIX YJIEHOB IIO-
JTYIUM

Yr+1= Q1,101 oo T 0,4 q X~ Xppiqe (60.9)
Orcoza cienyer, 9To v, , ; = 0, Tak Kax B IPOTUBHOM cJIydae dJie-
MEHTBI X, ... , X}, , | OKA3aJIHCh Obl INHEHHO 3aBUCUMBIMU. [J
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3dameuanue. OTMeTUM, UTO €CJIU KaKaA-Iu00 OPTOrOHAb-
Has cucTeMa 3JIeMeHTOB 2,, 2, # 0, n =1, 2, ..., npoctparcTBa X

TaKOBa, YTO KAXK/bINA 2JIEMEHT 2, TaK)Ke ABIAeTCA JIMHeHHO’ KOM-
OuHaI el mepBBHIX N 3J1eMeHTOB cucTeMbl (60.4):

2, =YXt et Y, X, n=1,2, 00, (60.10)

TO 3JIEMEHT 2, OTJINYAeTCA OT JIEeMEHTA Y, JUIIh HEKOTOPBIM YHC-
JIOBBIM MHOXKHUTeneM A, = 0:

2,=MNy,, n=1,2,...

Hoxaxem sTo. O60o3nauum uepes L(u4, ... , u,) I1nHeHYI0 000-
JIOUKY CHCTeMBI 3JIeMEeHTOB U, ... , U, (cM. II. 58.1); L(x4, ..., x,) AB-

JISETCS N-MEPHBIM IIPOCTPAHCTBOM, B KOTOPOM JIMHEMHO HE3aBUCHU-
MBbIe BJIEMeHTHI X, ... , X, 00pasyloT 6asuc (cM. 1. 58.1). d1eMeHTEI

Yy, i=1,2, ..., n(COOTBETCTBEHHO 2;, i = 1, 2, ... , n), IMHE’HO He3a-
BHUCHUMEBI U cofiepskarca B L(xy, ... , X,); ClIefoBaTeIbHO, dJIeMeHTHI Y;,
i=1,2,...,n,usnemMenTs 2, i = 1, 2, ... , n, Takxe o6pasyioT Oa-
suc B npocrpancrse L(xy, ..., x,). Takum obpasom, L(xy, ..., x,) =
=Ly -5 Yy,)=L(z4, ..., 2,),n=1,2, ...

dnemenT y, U L(xy, ..., X,) OPTOroHaJeH IOJIPOCTPAHCTBY
Ly -+ > Y,_1) = L(x4, ..., x, _;), T. €. OPTOTOHAJIEH KAXKJIOMY
BJIeMEeHTYy 3TOT0 MOAIIPOCTPAHCTBA. DJIeMeHT ke 2, [ L(xy, ... , x,)
OpTOTOHAJIEH IOANPOCTPAHCTBY L(24, ... , 2, _1) = L(xy, ... , X, _1).
Urak, siemMeHTHl Y, U 2, n-MepHOro npoctpaHcTsa L(xy, ..., x,)
OPTOTOHAJNBHBI OTHOMY U TOMY Ke (7 — 1)-MepHOMY ITOAIPOCTPaH-
crBy L(x4, ..., X, _;) 4, ClIe[OBaTeJbHO, IPOIOPIIMOHANILHEL: 2, =
=AY, ,A#*0,n=1, 2, ... (mouemy?).

OrmMmeTuM elre, YTO U3

L(xq, ... ,x,)=L(yy ..->Yy,), n=1,2,...,

BHITEKAeT COBIIaJeHUWE JIMHEHHBIX 000JI0ueK OEeCKOHEUYHBIX CHUC-
TeMm (60.4) u (60.5).
PaccmoTpuM Teneps cucTeMy CTEeIeHeH X:

1, x, x2, ..., x",.... (60.11)

B 1. 58.1 OBLIO IIOKAa3aHO, YTO 9Ta CUCTEMAa JIMHENHO He3aBHCHMA
HAa JII060M IIPOMEXKYTKE UNCJI0BOM OCH, He BLIPOKAAIOIIEMCSA B TOU-
Ky, U TaK KaK BXOJAINMe B Hee (PYHKIIMHK, paccMaTpUBaeMble Ha
HEKOTOpOM OTpeske [a, b], mpuHamiaexar npocrpauctBam C(a, b)
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(cm. npumep 6 B 1. 58.3), CL,[a, b] u Ly[a, b] (cMm. m. 59.4), To B
STUX MPOCTPAHCTBAX MMEIOTCA OECKOHEUHLIEe JMHEHHO He3aBUCH-
Mble cucTteMbl. ClemoBaTebHO, YKa3aHHBbIe IPOCTPAHCTBA 0ECKO-
HEUHOMEPHEI, T. €. 3aBeJJOMO He NMEIOT 0a31ca, COCTOAIETO U3 KO-
HEUHOTO YIKCJIA 9JIEMEHTOB.

Ecau cucremy (60.11) B3aTs Ha oTpeske [—1, 1] B kauecTBe uc-
xomHoii cucteMbl (60.4) 1 IPUMEHUTDL K Hell IPoIecc OPTOTOHAJI-
sanuu (cM. (60.5)) B mpoctpancTse Ly[—1, 1], To mosyunm nociezno-
BaTEJBLHOCTh OPTOrOHAJIBHBIX MHOTOUJIEHOB COOTBETCTBEHHO CTeIle-
meii 0, 1, 2, ... . I3 coes1aHHOTO BLIIIE 3aMeUaHUs CIEAYET, UTO 5TU
MHOI'OUJIEHBI MOI'YT OTJHMYATLCA OT MHOI'OUJIEHOB Jlesxamapa
(60.3), KoTOopbIe TaK:Ke OPTOTOHAJBHBI, JIUIIIHL MOCTOAHHBIMY MHO-
SKUATEJIAMMA.

60.3. NMoAHbIe cucTembl.
MoOAHOTO TPUrOHOMETPUYECKON CUCTEMBI
M CUCTeMbl NTOAMHOMOB AeXAHAPA

Hamomuum (cM. 1. 58.5), uTo cuctema sinemenToB Q = {x,}, a O U,
Ha3BIBAETCA NOJHOU 6 NOLYHOPMUPOBAHHOM npocmpanHcmee X,
€CJI MHOKECTBO BCeX KOHEUHBIX JIMHENHBIX KOMOUHAIIMH ee aJie-
MEHTOB IIJIOTHO B pocTpaHCcTBe X B CMBICJIe 3aJaHHOUM B HEM IIOJIY-
HOpMBI. MlHAUe roBops, cucreMa IOJHA, eCIn IJId Kaxkmoro x [ X
u 106010 € > 0 CYIIECTBYIOT TAKMe 3JIEeMEeHTEI Xq, 0 Q u umcaa A,
k=1,2,...,m,dro

m
x — Ax, || <e.
H &y e

Onpeaenenue 3. IlonynopmupoganHoe npocmparncmeo X HaA3bL-
8aemcs. 8J0MEHHLIM 8 NOJYHOPMUPOBAHHOe npocmpancmeo Y,
ecau:

10.x0Y.

20, Cywecmsyem maxas nocmosauwnas ¢ > 0, umo 0aa 1106020
x 0 X umeem mecmo HepageHcma0

||x||Y<c||x||X' (60.12)

ITocTosinHAaA ¢ > 0 HazbpIBaeTCA KOHCMAHMOI 870X eHus. Bio-
JKeHme IpocTpamcTBa X B IIPOCTPAHCTBO Y 0003HAYAETCA CUM-

BOJIOM
XEY.

Jlerxo mposeputh, utoeciun X €YuY € Z, to X € Z.
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NMpumepsbl. 4. IlpocTefinniumM IPUMEPOM BJIOMKEHUA SABJIAET-
cs cJydai, Korja IIoJIyHOpMa mpocTpaHeTBa X SABJIAETCA CYsKeHU-
€M MOJIYHOPMBI IIPOCTPAHCTBA Y Ha €ro IOAMHO:KecTBO X, T. €.
rorza ||x|y = [|x]ly ans Bcex x O X. B arom ciayuae Bnoxxenue X € Y
o3HauaeT mMpPocTo BKJIOUeHme X [1Y, a KoHCTaHTAa BIOKEHUS PaB-
Ha eguuuiie: ¢ = 1. [IpyumepoM TaKuX BJIOMKEHUI AJIA IIPOCTPAHCTB
byHKIIMI, 3aJaHHBIX HA KOHEUHOM OTpe3Ke [a, b], aBiAioTcA cie-
IYIOIMe BKJIIOUEHUS HOPMUPOBAHHBIX IPOCTPAHCTB (CM. mpumep 6
B 1. 58.3)

Cla, b] 0 Cla, b] O B[a, b],

rae Cla, b] — npoctpaHCTBO ()MHUTHBIX Ha uHTepBajse (a, b)
dyuknuii c Hopmoit npocrpanctBa Cla, b], a Takke (cm. 1. 59.4)

Co'Lz[a, bl U CLy[a, b] U Ly[a, b].
IIpumepoM mOmOOHOTO BJIOMKEHUA B MOJYHOPMUPOBAHHOE ITIPO-

CTPaAHCTBO ABJIAETCA BKJIIOUYEHNE
CL,a, b] O RL[a, b], 1<p <-+co.

5. I3 HepaBeHCTBa
1 1
Il < @ -yl X+2

(cMm. memmy 3 B 1. 58.3) cienyer, 4TO UMEET MECTO BJIOKeHUe (IJIs
IMOJIYHOPMUPOBAHHBIX IIPOCTPAHCTB)

RL [a, b] € RLy[a, b], 1<p <+oo,
CJIel0BaTeIbHO, U AJIA UX IIOAIIPOCTPAHCTB
CL/a, b] € CL[a, b]
(KOTOpHBIE ABIAIOTCA yKe HOPMUPOBAHHBEIMU IIPOCTPAHCTBAMU).
B nepBoMm BiIOkeHUM IIpocTpaHCTBa X = RLp[a, bluY =RL,[a, b]
He COBIIQAl0T KaK MHOYKECTBA: MMeEeT MEeCTO CTPOTOoe BKJIIOUEHUE
X U'Y, a Bo Bropom — npocrparcrsa X = CL [a, bl u'Y = CL[a, b]
COBIIAAIOT Kak MHOKecTBa: X = Y, TaKk KaK OHU COCTOAT M3 OJ-
HUX ¥ TeX Ke GYHKIUHE, a UMeHHO (QYHKIIVI, HEIPEPBIBHBIX HA

oTpeske [a, b], ofHAKO 5TH PYHKIMN HOPMUPYIOTCS PASHBIMHU CIIO-
cobamu B npocrpancrsax CL [a, b] u CL4[a, b].

=1

6. 3 mepaBeHCTBa
I7l, < & = a)/7[| ]l

(cM. cHOBa JieMMy 3 B 1. 58.3) caenyer, UTO CIIPABEIJINBO BIOYKEHIIE
Bla, b] " RL [a, b] € RL [a, b], 1<p <+oo.
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3nech mpocTpaHcTBO Bla, b] N RLp[a, b] paccmaTpuBaeTcsa ¢ HOp-
MO «»> T. €. ¢ HOpMOU mpocTtpaHcTBa Bla, b]. Eciu orpamnu-
YNUTHCA TOJBKO OJHUMU HEIPEPBIBHBIMUA (PYHKIIUAMM, TO U3 3TOTO
BJIOKEHUS CJIeAyeT BIOKEHUe

Cla, b] € CL[a, b], 1 <p <400, (60.13)

Orcioma, BCIIOMUHAS, UTO IIPOCTPAHCTBO CLp[a, b] usomeTrpu-
YeCKHU BKJIAALIBAETCS B IIPOCTPAHCTBO Lp[a, b] (cm. . 59.6), moay-
yaeM elre BIOKeHU’e

Cla, b] € L,[a, b]. (60.14)

O6paTuM BHUMAaHWE Ha TO, YTO BO BioKeHUAX (60.13) u
(60.14) BrIagbIBa€MbIe ITPOCTPAHCTBA IJIOTHBI B IPOCTPAHCTBAX,
B KOTOpbIe OHHU BKJaIbIBaioTcA: B ciayudae (60.13) ato ciexmyer
IIPOCTO U3 TOTO, YTO MHOYKECTBA TOUEK 000MX ITPOCTPAHCTB COBIIA-
maiot, a B cayuae (60.14) sto caenyet us Teopemsl 4 1. 59.6.

AEMMA 3. Ecau cucmena Q = {x,}, a O U, norna 6 norynopmu-
posarnHom npocmpancmee X, npocmparncmeo X 6J0HeHO 6 No-
JAYHOPMUPOBAHHOe npocmpancmeo Y u mHouwecmeo X nAoOmHo 6
npocmpancmee Y no noryHopme 3mozo npocmpaHcmea, mo cuc-
mema Q noana 8 npocmparcmae Y.

AOKA3aTeAbCTBO. BosbMeM mpou3BoIbHEIH 91eMeHT Yy 1Y u
aro6oe € > 0. B cuny nyoTHOCTH MHOKecTBa X B IIPOCTPaHCTBE Y,
HaiifeTcsa Takoi siaeMmeHT x [ X, uTo

£
ly = xlly < 35-

ITockoabKy cuctemMa Q moJHA B IPOCTPAHCTBE X, CYIIECTBYET
KOHEUHOE MHOKECTBO TAKUX DJIEMEHTOB Xq 0 Q u uncen A, k =

=1,2,...,m, uro
m
x — ALx
H k; I

rae ¢ > 0 — xkoucraHTa BiIoKeHUuA X € Y. B cuny saToro BiaoxeHusa
(cMm. ompeneneHue 3),

m
.
-

=

€
<353
x 2c

€

<§.

m
< _ )\
X C||X X
Y (60.12) H k; B\ x

ITosTomy myia mepBoHAYANIBLHO BHIOPAHHOTO HAMU 3JIEMEHTA I TIO-
JYIUM

AL x
ke ay,

< ‘

‘y - kzl )\kxak y- xHY * Hx - k; )\kxak Y = 2 + 2 &

ITo U 03HAUYAET IIJIOTHOCTDH cucTeMbI Q B mpocTpaHcTse Y. O

Y
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NMpumepsbl. 1. Cucrema creneHeii
1,x,x2,...,x",... (60.15)

moJiHa B npoctpanctBax Cla, b], CLp[a, b, 1< p<+oo,u L|a, b]
Ias1 a1000ro oTpeska [a, b]. [leficTBUTENbHO, B CUIY TeopeMbl Beii-
epmrTpacca (cMm. Teopemy 8 B 1. 55.8), yKaszaHHas cucTeMa CTele-
Hel mosHa B mpoctpancTBe Cla, b], KOTOpoe BJIOXKEHO B IPOCTPAH-
CTBO Lp[a, b] u mnorHO B HeM. IToaTomy mo JemMe 3 9TOTO MYHKTA
cucrema creneHeii (60.15) nosina B mpocrpancTse Ly[a, b].
O0paTuM BHUMaHME Ha TO, UYTO BCAKUI 0a3UC B TUHEHHOM HOP-
MUPOBAHHOM IIDOCTPAHCTBE ABJIAETCA, OYEBUAHO, IIOJHOHU JIU-
HeliHO HesaBucumou cuctemoii. O6paTHoe HeBepHo. Hampumep,
cucrema creneneir (60.15) xora um oOpasyeT IIOJHYIO JIMHEHHO
He3aBUCUMYIO cucTeMy B OaHaxoBoM mpoctpanctBe Cla, b], ox-
HAKO He ABJsSEeTCA B HeM OasmcoM: eciqu B mpocrpaHcTBe Cla, b]

HeKoTOpasa (PyHKIus [ pacKJIaAblBaeTCA IO CHUCTEMe CTeleHel
(568.15), . e.

f)= 5 axn,

TO 9TO 0O3HAUAET, UTO HANTMCAHHBINA CTEIIEHHOU PAJ CXOAUTCSA PaB-
HOMEDHO Ha oTpesKe [a, b], u, ciegoBaTesbHO, QYHKIINA aHAJIUTU-
yecKasi Ha mHTEepBae [a, b]. [losTomMy 3aBejoMO J100asA HETIPEPHIB-
Had Ha OoTpe3Ke [a, b] GyHKIUA He MOXKeT OBITH IpPEeACTaBJIEHA B
yKa3aHHOM BUJe.

2. Cucrema moamaoMoOB Jlexauapa (cm. (60.3))

. 1 dMx2-1)"
Py(x) = 1, P,(x) = —= ook
nosHa B npocrpancreax Cla, b], CL[a, b], 1 < p <+o0, u L [a, b],
1 < p < +00, naa gio6oro oTpeska [a, b]. 9To cpasy ciegyeT us To-
T0, YTO JIT000H MHOTOUWIEeH Q(X) ABIsgeTcA JUHENHON KOMOMHAIIN-
eii moauHoMOB JleskaHapa (cM. m. 58.1):

Q(x) = kzo AP (x). (60.16)

ITosToMy eciu B KaKOM-TO IIOJYHOPMHPOBAHHOM IIpocTpaHcTBe X
moJiHa cucreMma crenereii (60.15), T. e. g srodoro snementa f [ X u
so6oro € > 0 cyIecTByeT Takoit MHOrouwIeH @ = Q(x), uto ||f — Q| <&,
TO, B cuity (60.16),

-3 AP.|| <e.
(R
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ITo M 03HAUAET IOJIHOTY CHCTEMBI IMOJUMHOMOB JlerkaHapa B mpo-
crpauctse X.

3. O6oszrauum yepes C'[-T, T HOAIPOCTPAHCTBO IPOCTPAH-
CTBa HEMPEePBIBHBIX (GyHKIMi C[-T, T, cocrosdinee u3 (PyHK-
Ui, IPUHUMAIOIINX Ha KOHIIaX OTpe3Ka [—Ti, 7] ofmHaKOBLIE 3HA-

YeHU:
f(=19 = f(m. (60.17)
Tpuronomerpuueckas cucrema (60.2)
1, cosx, sinx, ..., cosnx, sinnx, ...,

moJsHa B npocTtpaHcrax C[-T, T u Lp[—T[, 1. IlosrHOTA TPUTOHO-

METPHUUYECKOM cHCTeMBI B mpoctpanctee C*[—T, T{] ObLIa JOKas3aHA
pambIe: cM. Teopemy 7 B 1. 55.8. JlokaxkeM ee IIOJTHOTY B
TIIPOCTPAHCTBE Lp[—TT, .

o
O6osumaunm ueped C[—TI, T[] TOAIPOCTPAHCTBO IIPOCTPAHCTBA
C*[-m, 11, cocTodAIee n3 PyHKIUI f, GUHUTHLIX Ha HHTepBaie (a, b).

o
Corsacao Teopeme 4 B 1. 59.6, mHOKecTtBo C[-TI, TT], a caemoBa-

TeJIbHO, 1 TpocTpancTBo C [T, 1] O C[-TI, T(], MJIOTHO B IpOCTPaH-
cree L [T, 1. Ilosromy, B cuiy BiroxeHusd (cm. (60.14))

Cl-mmeLI-mm

W JIEMMBI 3 3TOTO IIYHKTa, TpUroHoMeTpuueckaa cucrtema (60.2)
TIOJIHA B IIPOCTPAHCTBE Lp[—T[, .

OrMeTHM, UTO IOCKOJBKY ycioBue (60.17) coxpansercs mpu
DPaBHOMEDHOU CXOAVWMOCTH U KaXKIBIA TPUTOHOMETPUYECKUI MHO-
TOUYJIeH eMy YIOBJIETBOPAET, TO TPUTOHOMETPUUECKAsS CUCTEMA 3a-
BeJIOMO He II0JTHA B mpocTpaHcTBe C[—TI, T{], TaK KaK B HEM 3aBeJIO-
MO ecThb (DYHKIIUM, He yIAOBJIeTBOpAINue ycaoBuio (60.17).

W3 paccMOTpPeHHBIX IIPUMEPOB KaK IIPOCTOE CJIEJCTBUE BBITE-
Kaer cieaylolliee YTBepKIeHNTE.

TEOPEMA 2. Banaxoso npocmpancmeo Cla, b] u 6anaxoso
npocmparcmeo Lp[a, b] asaawmes cenapabenvbHblMU NPOCMPAH-
cmeamu.

HeticTBUTENbHO, cenapabeIbHOCTh MPOCTPAHCTB O3HaYaeT (CM.
ompeneeHue 22 B . 58.5) Hajauune B HeM CUETHOU IIOJHOII cHCTe-
MbI. B yKasaHHBIX IIPOCTPAHCTBAX TAKOBOW CHUCTEMOM ABJIAETCA,
Hampumep, cuctema (60.15) meabIXx HEOTPUIIATENBHBIX CTeIeHel
mepeMeHHOH’ X.
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60.4. Papabl dypbe

IIycTe, Kak u pasbile, X — JUHEHHOE IIPOCTPAHCTBO CO CKAJIAD-
HBIM IIPpOM3BeNeHMeM. PaccMOTpuM cJeAyIionlyio 3amady. IlycTs
3a/laHa CHCTeMa 7 JIMHeWHO He3aBUCHUMBIX BEKTOPOB €1, €y, ... , €,

npoctpancTBa X 1 GUKCUPOBAH HEeKOTOPLIH BeKTop X [1 X. Tpebdy-
eTcsa HAaUTH JUHEeNHYI0 KOMOMHAIINIO BUIA

0,=Ae; +...+Ae,

KoTopas JfaeT Haujaydlllee IPUOJIMIKEeHNE B IIpOocTpaHcTBe X dJe-
MEHTa X, T. €. OCYIIIeCTBJIAET MUHUMYM BhIpaKeHU

lx = Aoy + oo+ 1), (60.18)

WJIN, YTO TO K€, MUHUMYM (QYHKIIUN

n 2 0 n n N
Hx - kzl ANewl| = ¢~ kZI Apeps X — kzl Aen

OT IMepeMeHHBIX Ay, ..., A,.
T'eomeTpuyuecKu 9TO 03HAYAET, UTO B N-MEPHOM IIPOCTPAHCTBE
R" = L(ey, ..., e,), HATAHYTOM Ha BeKTOphl ¢; 1 X, ..., ¢, [1 X, umrer-

cs 2JIEMEHT, HanMeHee yIaJleHHBIN oT 3amanHoro sjaemenTa x [1 X.
Eciu npocrpamcTtBo X — n-MepHOe U, CJIeI0BATEILHO, BEKTOPEI

ey, ... , e, 00pasyroT 6asuc, TO Bcerja MOKHO II0A00paTh TaKue Koad-
¢unuentsr a,, k=1, 2, ..., n, uTo OyAeT BBHIIOJHATLCA PABEHCTBO
x=a.e,+...+a.e, (60.19)

", clemoBaTeJbHO, BhipaskeHnue (60.18) obparurcsa B Hysb. Ecinu
ke X He KOHEUYHOMEPHO, WM KOHeUHOMEPHO, HO MMeeT pasMep-
HOCTB, OOJIBIIYIO UeM 71, To paBeHCcTBO (60.19), BoOOIIE rosopH,
OCYIIIECTBUTH HEBO3MOKHO U 3a/1a4a COCTOUT B OTHICKAHUY JIUHEH-
HOIf KoMOMHaNuu s, = a,e; + ... + a,e,, namoieii MUHIMAaJIbHOE

n-n’
3HaueHue BuIpakeHuio (60.18).

MpbI mokaskeM, uTo chOpMYJIUPOBAHHAS 3a7adya BCerjga MMe-
eT U IPUTOM eJMHCTBeHHOe pellleHHue S,, KpoMe TOro, BBIACHUM
HEKOTOpbIe CBOMCTBA BTOTO peIeHUs
(ma puc. 16 cxemaTumuecKu m3oOparke-
Ha paccMaTpuBaeMas 3amauda). Ilpume- . _..,er)
HsAdA, ecJM Hamo, IIPOIEeCC OPTOTOHAJIH- _ Uy
sanuu (cm. 1. 60.2), cucremy ey, ..., e,
BCerZa MOXKHO 3aMEHHUTb OPTOTOHAJb- Sy
HOUM cHUCTeMOM He pPaBHBIX HYJIO BeK-
TOPOB. Puc. 16

"
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Hna KpaTKOCTH HBJIOMKEHUA DPaCcCMOTPUM cpasdy OecKoHeu-
HOMEPHOe IPOCTPAHCTBO. PellleHue mocTaBjieHHON 3a1aun AJIA KO-
HEUHOMEPHOI'O IIPOCTPAHCTBA OyJIeT CJIeZOoBATh U3 IIOJYUYEHHBIX
pe3yJabTaToB.

WUrak, nycts X — JuHEHHOE HPOCTPAHCTBO CO CKAJAPHBIM
IPOU3BEeHUEM U

{e1, €9, een s €,y .0} (60.20)
— HEeKOTOpas OPTOTOHAJbHAA CHUCTEMA ero 3JIEMEeHTOB.
Bynewm Bcerma npepmonarats, uto e, # 0, n =1, 2, ... . Ecan
xO0Xwu
x= 3 a,e, (60.21)
n=1
TO
(x, e,)
a,= m . (60.22)

IeficTBUTEIBHO, YMHOXKUB 00€e YacTu paBeHcTBa (60.21) Ha aJte-
MeHT €,,, B CUJIy HeIPepbIBHOCTH CKAaJIPHOIO IpPOU3BefeHUA (CM.

aemmy 4 1. 59.3) u ycsioBus oproroHanabHocTu cucteMsl (60.20)
(e, e,)=0, n#*m, (60.23)
TMOJIYUYUM
_ 0O¢ O_ < _
(x,¢,) (60.21) DnZ1 ae,, e, = nzl (a,e,,e,) (60.23) a,la,,e,).

Haiina orcrona a,,, monyuum gopmyay (60.22).

W3 mokasaHHOTO CJeIyeT, YTO eCJU CYII[eCTBYeT PasjioKeHue
snemenTa x [ X B paz (60.21), To 0HO eJUHCTBEHHO, TAK KaK €ro
K03 PUIIMEHTHI OJHO3HAYHO onpeaedaoTcsa popmymaamu (60.22).

Onpeaenenne 4. Ecau x [1 X, mo pad

ae (60.24)

n-n
n=1

¢ Koappuyuenmamu a,, 3adasaemvimu popmynramu (60.22), na-

3vieaemecesa padom Pypve, camu amu KoaIppuyuenmsv. — K0IPDU-
yuenmamu Pypve, a vacmuynsvie cymmvt pada (60.24)

5,= 5 e, n=1,2, ..., (60.25)
k=1

— cymmamu Pypve nopsadka n anemenma x no 3ad0anHHOU Opmo-
zoHaavHOll cucmeme (60.20).
B sToMm cayuae mumryT
(e o]
x Dnzl a.e,.
Ecau |e,| =1, To
a, =_(x,e)=|x| cos xe
n(60.22) 7 T n n’
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T. e. B 3TOM ciay4dae KoaddunuenT Pypre a, paBeH BeJUUYNHEe IIPO-
eKIIMY BEKTOPa X Ha IPAMYIO § = te,, —00 < ¢ < +00,

Harreit 6imsxaiinneil sagaueil ABJIsAeTCS BbIICHEHMUE YCJIOBUIA,
IPU KOTOPBIX pAx Pyphe sJIeMeHTa X CXOOUTCS, 1 YCIOBUM, KoTrga
cyMMa ero paBHa X.

IIpegBapuTeIbHO YCTAHOBMM HEKOTOPbIe CBOICTBA pPAIOB
®dypbe 10 OPTOrOHAJBHEIM cucTeMaM. IlomyTHO OyaeT pellleHa u
3azaua, IIOCTaBJeHHAs B HaUaJje 9TOT0 MMyHKTAa.

AEMMA 4. daemenm
0,= 3 MewM,OR, E=1,2,...,n, (60.26)
E=1

aeasemca cymmoit Pypve nopsadrxa n anemenma x 1 X mozda u
moJavKo mozoa, Kozoa

(x-0,,e)=0, m=1,2,...,n. (60.27)

CAEACTBUE. [[na aobozo anemenma O, suda (60.26) umeem
Mecmo pasencmeo

(x—-s,0,)=0, (60.28)
m.e. aleMeHm X — S, OPMOZOHAJNEH JAUHEUHOU O000L0YKe
L(ey, ey, ... , €,) 21eMEHLMO8 €1, €9, ... , €, : X — S, | L(ey, ey, ... , €,)

(cM. puc. 16).
AoKa3aTeAbCTBO. Umeem

- — O < 0_
(x—0,¢e,)=1(x,¢,)—(0,,¢,) (60.26) (x,e,)— Dkzl Aeps € =

= (x,e,) — kzl NilCis €m) 63 > €m) = Alems €.
ITosTomy ycamoBue (60.27) paBHOCUIBHO YCIOBUIO
(x,e,)—A,e,e,) =0.
A sT0 o3mauaer, corsaacuo (60.22), uro uncaa

(%)
m " (emr e)’

A m=1,2,...,n,

ABJIAIOTCA KOSd)CI)HHHeHTaMH (Dypbe 9JIEMEHTa X.

HoxaxeM ciaencraue: B cuiy (60.27), BEITTOJIHSAETCA PABEHCTBO
(x—s,,¢)=0,k=1,2,...,n, nosTOMYy

_ _ O, _ < 0_
(x—s,,0,) (60.26) K~ Spo kZ1 )\keklj =
= kZ1 A(x—s,,e,) 60.27) 0.0
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Eciu BekTOp X He IPUHAMJIEKUT JUHEHHON 000J0UKe
L(e;, ey, ..., €,) BEKTOPOB €, €5, ..., €,, TO FreOMeTpUUYECKUI
CMBICJI IEMMBI 4 COCTOUT B TOM, UTO BEKTOP X — S, ABJIAETCA eUHCT-
BeHHBIM IIePIIeHJUKYIAPOM K IOAIPOCTPaHCTBY L(ey, €y, ..., €,),
IpoxoaAmuM uepes Touky x [l L(eq, ey, ..., €,) (cM. puc. 16).
TEOPEMA 3 (MMHMMaAbHOe cBoncTBo cymm Pypbe). Ecau s, —
cymma Pypve nopadka n anemenma x [J X, mo 0asn aw06ozo aue-
menma 0, euda (60.26) umeem mecmo Hepasencmeo

Jx =50 <2 =0,
u anemenm S, Aenriemcs eOUHCNMBEHHbLM ILeMEHMOoM 6uda

(60.26), ydosremsoparou,um amomy Yciosuio.
Tarkum o6paszom,

[x—s,|= min [x—0,l. (60.29)
Kpowme roro, ecnu ||x - s,| = |x —0,|[, To0, =5,.

CAEACTBME. ITocaedosamenvrocmy {|x — s, |} a6asemes yooi-
saoweil nociedosamerbHOCMbIO:

c—=s, dI<lx=s,, n=1,2,... (60.30)
AoxkasaTteAbcTBO. [na moboro snemenTta 0, suga (60.26)
nmMeeM
|x-0,|?=(x-0,x-0,)=(x-5,)+(s,~0,), (x=5,)+(5,~0,) =

=(x-s,x—-s)+(s,-0,,x—s,)+(x—-s,,s,—0,)+

+(s,—0,,8,—0,)=|lx—s,l2+ ||s, — 0,/ (60.31)

TakK Kak s, — 0, [l L(ey, ey, ... , ,) 1 mO2TOMY
(s,-0,,x—s)=(x—-s,,5,—0,) (60.28) 0.

ITockonbKy ||s, — 0,2 > 0, us pasencrsa (60.31) ciexyer, 4o

lx=s,|<|x-0,, n=1,2,....

Kpowme Toro, ecin |[x — 0, = |x - s,/, To us Toro »xe paBencrsa

BBITEKaeT, 4to ||s, — 0,|| = 0. [losTomy, B cruity CBOACTBA HOPMEL, B

BTOM ciIydae uMeeM O, = s,. Teopema JokasaHa.

HokaxkeM caemcTBue. 3aMeTUB, UTO BCAKAA JuUHeiHAd KoMOu-
HaIusaA O, BJIeMEHTOB €y, €y, ... , €, MOXKeT TaKKe PacCCMaTPUBATHCA

U KaK JUHelHaA KOMOMHAIUA O, |  BIIEMEHTOB €1, €9, +.. , €,, €, ,
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¢ Koa((UIINEHTOM IIPH €, , ;, PABHBIM HYJIIO, IIOJTYYUM, B CIIY MU-
HuMaJbHOTrOo cBoiicTBa (60.29) cymm @Pyprhe,

”x_ Sn+1|| = g’lirll ”x - 0—n4r1|| < n%%ln ”x - 0—n” = ”x - sn” g

Pasenctso (60.29) osnauaer, uro cymma dyphe s, s1eMeHTa X
ABJSAETCS €r0 HAUAYYUWUM NPUbIUNCCHUEM 8 NpocmpaHcmae
L(ey, ey, ... , €,), T. €. B TUHEHHOII 000JI0UKe 3JIEMEHTOB €7, €y, ... , €,.
Tem caMbIM pellieHa cpopMyJTUpPOBaHHAS B HaUasle d3TOTO MyHKTA
3alaya 0 HAWJIYyYIIeM OPUOJM)KeHUH! dJieMeHTa IIPOCTPAHCTBa B
KOHEYHOMEPHOM IIOAMPOCTPAHCTBE: TAKUM IIPUOIUKEHNEeM SBJI-
eTcs COOTBETCTBYIOIas cymma Pyphbe JaHHOTO 9JIEMeHTa.

T'eomeTpuueckuii CMBICJ TeOPeMBI 3 COCTOUT B TOM, UTO IIep-
IeHAUKYJIADP X — §, K HOAIpocTpaHcTBy L(e,, ey, ... , €,), IpoxXoas-
muii uepes Toury x U L(ey, ey, ... , €,), IMeeT MUHUMAILHYIO JJIH-
HY (HOPpMY) IO CpaBHEHHUIO C AJNHAMU BCeX BEKTOPOB, COeIUHIIO-
mux Touku O, U L(e;, ey, ..., e,) ¢ Toukoii x (cm. puc. 16) —
CBOIICTBO XOPOIIIO M3BECTHOE M3 3JIEMEHTAapHOU MaTeMaTUKH IJId
TPeXMepPHOTO IPOCTPAHCTBA.

AEMMA 5. [[na at060zo aaemenma x 1 X umeem mecmo pasen-
cmaeo

n
5,02 = lxl2= 3 aplle® n=1.2....
AOKQA3ATeAbCTBO. B camom mesne, 3aMeTuB, 4TO U3 (hopmMyJT
(60.22) crenyer, 4TO
(x,e,)=ua,le,e), k=1,2,...,
MOJTyYUM

n n
] e ) 662 ¥~ kZl Bl X7 m; @nn) =

n n n n
=(x, x)— kZI a,(e,, x) — mzl a,(x,e,)+ kZ1mZ1 a,a,(e.e,,) (66.23)

_ _ n < 2 =
(x, x)—2 kzl ay(x, e,) + k; aj; €y €r) 6o22)

2.0

n n n
=(x,x)—2 kZI a}%("’k’ e,) + kZI al%(ek’ e,) = (|2 — kZI af ”ek|

TEOPEMA 4. [Jasa nio60z0 anemenma x U X 0asn ezo koagppuuu-
enmog Dypve no a1000il opmozornanrvroil cucmenme (60.20) gvino-
Hsemcsa HepaseHCcma0

3 aille]?<l=[?, (60.32)
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68 uacmHocmu, ons opmouopmupoeanuoﬁ cucmembuvl

5. ai <l

n'=

Hepagsenctso (60.32) naswiBaercs Hepagencmeom Becceas.

CAEACTBUE. Ecau 0asa opmozoHaavroil cucmembvt (60.20) cy-
wecmaeyem makxas nocmoanuas c > 0, ymo drs ecexn=1, 2, ...,
8bLNONHACMCA HEePABEHCMB0

le, |l >c, (60.33)

mo 0aa awbozo anemenma x [1 X ezo roapppuuyuenmvr Pypve
cmpemamces K HYJ0 npu n — oo;

lim a,=0.
n — oo
AokasateAabcTBo. Ilockoubry |x —s,[|2>0,n=1,2, ..., us

JIeMMEI D cjemyeT, 4To
n
<2~ 5 atle?>o.

Ilepeiigsa Kk mpemesy B 9TOM HEPABEHCTBE IIPU 11 — OO (3TO BOBMOK-
HO, Tak Kak af |e,|? > 0 u, cienoBaressHO, IOCIENOBATENBEHOCTD

cyMM i a? |e,l|? > 0 Bospacraer), nosyuum
k=1

(e ¢]
<2~ 5 atllel?>o.

Orcioga caenyer HepaBeHCTBO (60.32).
HokakeM ciieicTBUE
® 1 1 x 1
2 — 2,2 < = 2 2 < L 2
D ai=a 3 e (Sym 2 anlel?® o5, = el

[ee}
ITosTomy psan > a2 CXOmUTCSA W, CJIELOBATEIHHO, €ro OOIIuii
n=1

YJIeH CTPEMUTCS K HYJIIO: limc>o a,% = 0, a 9TO PaBHOCUJIBHO TOMY,
n -
gro lim a,=0.0
n - oo
EcTecTBeHHO BO3HMKAeT BOMOPOC: IIPM KAKMWX YCJAOBUAX PAI
dypbe s71eMeHTa X CXOOUTC?

TEOPEMA 5. Ecau npocmpancmeo X eunvbepmoso (m. e. noJ-
HO0), mo pad Pypve (60.24) 106020 snemenma x 1 X no nwboil op-
mozornanvroil cucmeme (60.20) cxodumcecsa 6 npocmpancmsee X.
Ecau x ezo cymma:

(60.34)



mo aJjlemMeHm X — X, OpmocoHaJleH KO 6CemM ajlemenmam cucmembvl
(60.20).
n
AoxkaszateabcrtBo. Ilyerb s, = 5 aue, n=1, 2, ..., — 4ac-
k=1

TUYHBIE CYyMMBI panga @ypwe (60.24) BJIEMEHTA X II0 CHCTeMe (60.20);
Torga

9 n+p 2 D n+p n+p D
||5n+p_sn|| szzgﬂakek = Dk=;+1akek’k:g+lakek|]:
n+p 9
= )3 la,f le 2, n=1,2,...,p=1,2,.... (60.35)
=T+

B cuny mepaBenctBa Becceia (60.32), pan

> a? e,
n=1

CXOIHUTCH, CJeJOBaTEJbHO, B CHJy Kpurepua Koim mjas cxo-
OUMOCTH YKCJIOBOTO PAfa, AJA KaxKIoro uwmcyaa € > 0 cyiiecTBy-
eT TaKoli HoMep ng, YTO pU n > n, u p > 0 BEINOJIHAETCA HepaBeH-

CTBO
,
ST aplle < e

=n

II03TOMY, COTJIACHO paBeHCTBY (60.35) mpun > n,up > 0, umeem

”sn +p - Sn” < E,

T. €. IIOCJIeJOBaTEeJIbHOCTb {Sn} ABJIAETCA Q)YHI[aMeHTaJIBHOfI B IIPO-

crpaHcTBe X ¥ BCJIEACTBUE IIOJHOTHI ITOCJAEIHETr0 CXOAUTC.

B ycnoBuAx TeopeMbl IOCIeN0BATEIBLHOCTD S, CXOJUTCHA, BOOO-
e TOBOPsA, He K ajieMeHTy x. IIycTh ee mpenesioM ABJIAETCA dJie-
MeHT X, T. €.

Xy = a,e,.

n=1
Cornacuo seMmMme 4, 11 T000T0 3JIeMeHTa e, IpU 1. > k ©MeeT Mec-
TO paBeHCTBO (x — §,, e,) = 0. Iloaromy, B cUIy HeIPepBLIBHOCTH
CKaJIAPHOro mpousBeneHus (cMm. m. 59.3), umeem

(x —xy, ) =(x— nl{mw S, €,) =
= nl{mw (x—s,,¢)=0.0

Yro ke KacaeTcsa YCJOBUS CXOAMMOCTH psga Pypbe H e K O-
TOPOTO OTAEJNBHOTO 3J€eMeHTa K caMOMy 3TOMY dJie-
MEHTY, TO €r0 MOKHO ¢chOpMYJIUPOBATH B CAEAVIOIIEM BUIE.
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TEOPEMA 6. Pad ®@ypve (60.24) anemenma x JLuUHelHO20 nPo-
CMPAHCMBA CO CKANAPHLLM NPoussedeHuem cxo0umcs K amomy
anemenmy mozda u moabko mozda, Kozoa 0158 Hezo 8blNOJHSEM-
Cs paseHcmao

[e)

Ixl2= 5 aZlle.l?, (60.36)

20e a,, — Koappuyuenmor Pypve anemenma x no cucmenme (60.27).
PasenctBo (60.36) maswiBaercs pasencmeom Ilapcesans—
Cmexrnosa”.
B cayuae, xorga cucrema (60.20) opToHOPMUPOBAHA, PABEHCT-
Bo IlapceBasis mpuHUMAaeT 6oJiee IPOCTOM BUL

|x|2= 5 a2, a,=(x,¢,), n=1,2,...,

U IpeacTaBJisieT co0oii o6obirernre TeopeMbl Ilugaropa Ha 6ecko-
HeUHOMepPHbBIe IPOCTPAHCTBA.

AOKQA3ATEALCTBO TEeOpPEMbl 5. MbI umenu (cM. JeMMy 5)

En ’ || ||2 zn 7 || ”2
X ae =X a e .
rE1 g rE1 k k

ITepexoas 3mech K Ipenesy Opu n — OO, MOJYYUM SKBUBAJIEHT-
HOCTH YCJIOBUS

lim Hx— S ael=0 (60.37)
k=1

n - oo

1 yCJIOBUA
n
. _ 2 _
Jim (2= 5 aille]?) =0,
T. €. YCJIOBUS

n

ol = lim 5 affel

2.0 (60.38)

HanmomHUM Temeph HOHATHE MOJIHON cucTeMbI (cM. 1. 58.5)
IPUMEHHUTEJBHO TOJIBKO K CIIydalo c4eTHBIX cucreM. Cucrema {e,}
snemeHToB e, 1 X, n =1, 2, ..., HagbIBaeTCA IOJHOM, €CJIU MHO-
2KEeCTBO KOHEUHBIX JUHEHNHBIX KOMOMHAIIUN 3JeMEHTOB DTOM CUC-
TeMbI IJIOTHO B ImpocTpaHcTBe X. ITO 03HAYAET, UTO AJIA KayKIOTO
asaemenTa X 1 Kaxaoro uncjaa € > 0 cyIiecTBYIOT TaKOii HOMEp n =
= n(g, X) ¥ TaKue YUCaA Ay, ... , A, UTO BHIIOTHAETCA HEPABEHCTBO

[x—(A\;e;+...+\, e)| <e. (60.39)

ITorHOTA OPTOHOPMUPOBAHHON CHCTEMEBI SIBJIAETCA YCJIOBUEM,
o0ecrieunBaIOIIM CXOAUMOCTL paAga Pypbe JaT0O0TO 3 .Je-
M e H T a IIPOCTPAHCTBA K CAMOMY 3TOMY 3jaeMeHTy. ChopMyaupy-
€M 5TO yCJIOBHE B BUJI€ TEOPEMHEI.

*B. A. Creknos (1864—1926) — pycckuii MaTeMaTUK.
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TEOPEMA 7. Jlnsa mozo umobvlL 8 AUHEUHOM npocmpancmee co
CKAAAPHbIM npouseedeHuem KaxcOvlili anemenm Ovll ObL CYMMOIL
c60ezo pada Pypve no 3a0aHHOU OPMOZOHANLLHOL cucmeme, HeoO-
xo0umo u docmamoyuro, wumobsvL. ama cucmema 6vLiad NOAHOIL.

CAEACTBMWE 1. [[1a mozo wumobbL OpmozoOHAAbHAA cucmema Ovl-
Jla NOJHOU 8 LUHEUHOM NPOCMPAHCMEE CO CKAAIPHbLM NPou3se-
denuem, Heobxo0umo u docmamouHo, umobv. 0asa J106020 JJje-
MEeHma NnpocmpaHCmea 6binoLHANL0Cy paseHcmaeo Ilapcesaas
OMHOCUMENbHO IMOIil CUCMeMbl.

CAEACTBWE 2. Ecau 6ce koagppuuyuenmsv. Pypve HeK0omopozo
aJleMeHma NPoCMpaHcCmea co CKAJAPDHLLM npou3gedeHuem no
NOJLHOIL OPMOZOHANLHOL cucmeMme PABHbLL HYJI0, MO U CAM IMOm
dNleMeHM PABeH HYJI0.

AoKkaszaTeAbcTBO TEeOpPEMBl 7. Ilycth X — nuHEHHOE IPO-
CTPAHCTBO CO CKAJISIPHLIM npomsBeneHueM u cucrema (60.20) aBis-
eTCsA OPTOTOHAJILHOM CUCTEMOM 3TOro ImpocTpaHcTBa. Eciu ais Jiio-
6oro X ero pag @ypwe mo cucreme (60.20) cxogures K x, T. e.

< (x, €,)
x=nzl a.e,, Toea,= el? n=1,2,..., (60.40)
TO
lim |x- 5 e, =0. 60.41
n—»OO‘ kzl kR ( )

CiemoBaTesibHO, IJd KaKI0ro uncija € > 0 cylecTByeT Takas dac-
n
TUYHAS CYMMa S, = 5 a,¢, paga Pypoe (60.24), uto
lx=s,] <€, (60.42)

T. e. BBITTOJIHAETcA yeaoBue (60.39), ecoiu B KauecTBe Koahhuiiu-
€HTOB A, B3ATh Koaddunuentsl Pypre a,, k=1, 2, ..., n.

O6paTtHO, ecau ycaoBue (60.39) BbIOMHAETCA MPU KAKUX-TO
Koa(pdumnuenrax Ay, ..., A,, TO OHO 3aBeZOMO BBLIIIOJHSAETCA CO-
I'JTacHO TeopeMe 3 U B CIy4ae, €CIU B3ATb A = 4y, ... , A\, =a,, T. €.
B 9TOM cJyuae AJd 3afauHoro € > 0 BelmosHAeTca yceaosue (60.42)
Ipu HEKOTOPOM 71, a 3HAUUT, U IIpu Bcex m > n (cm. (60.30)), a aTo
PaBHOCUJIBLHO BBITIOJIHEHUIO yeaoBus (60.41). O

CaencrBue 1 u3 TeopeMbl 7 HEIOCPEICTBEHHO BLITEKAET U3 ca-
MOU 3TOo# TeopeMbl U TeopeMbl 6. MoxaxkeMm cJuenctBue 2. Eciu
{e,} — mosHaA opTOroHANBHAA CHCTEMA B IIpocTpaHcTBe X, TO, CO-

rjacHo teopeme 7, mius Jiroboro snemernTta x [l X ero psg @ypowe
CXOAMTCS K CAMOMY 3TOMY BJIEMEHTY, T. €. MUMeeT MeCTO PaBEHCTBO

00
x= 3 a,e,. Ilosromy ecau Bce a, =0, Tou x = 0.

n=1
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W3 moxkasaHHOTO OYEBHUAHBIM 00Pa3oM CJEAyeT, UTO ABa dJje-
MeHTa JIMHEeHHOTO IIPOCTPAHCTBA CO CKAJAPHBIM IIPOU3BEJeHUEM
PaBHBI TOT[[a U TOJBKO TOT[a, KOT/a OHM UMeIOT paBHble Koa(du-
nmueHTHI Pypbe 10 HEKOTOPOU IOJTHOUM OPTOTOHAJNILHOM CHUCTEME.

Urak, eciau B IpeATrnIb0€PTOBOM IIPOCTPAHCTBE UMEETCH II0JI-
Hasg OPTOTOHAJbHAS CUCTEMA, TO BCAKUH 9JI€MEHT 9TOT'0 IPOCTPaH-
CTBa pacKJIaAbIBaeTcA B PAL II0 9Toii cucteMe (TeopeMa 6), u mpu-
TOM €JUHCTBEHHBIM 00pPasoM, COTJIACHO CAeJaHHOMY 3aMeYaHUIO.
WNnaue ropopsa (cMm. onpenenenue 24 B u. 58.5), 6cakas noanas op-
mozonanvHas cucmema {e,}, e, =0, n=1, 2, ..., 6 wacmnocmu
8CAKAS NOJHASL OPMOHOPMUPOBAHHAS cUcCmema npedzunbbepmo-
80 NPOCMPAHCMBA, ABALEMCA €20 OA3UCOM.

Hanpumep, corsacHo pesyiabratam m. 60.3, momumombI Jle-
Kauapa (60.3) oOpasyoT 06as3uc B ruib0epTOBOM IIPOCTPAHCTBE
L, [-1, 1], a TpuroHOMeTpuyecKkad cucrema (60.2) — 6a3uc B ruib-
GeproBoM IIpocTpaHCcTBe Lo[—TI, TI].

PaccmoTpuM Temeps ele OAWH IOAXOM K HOHATHUIO IOJHOTHI
OPTOTOHAJBHON CHUCTEMBI B IIOJIHOM IIPOCTPAHCTBE.

OnpeaeneHune 6. Opmozonaavruasa cucmema (60.27) nasvieaemces
3aMKHYmMOIl, ecaiu 8 npocmpancmee X He cyuecmaeyem aJemMeH-
ma, omJaudH0z0 OM HYJASL U OPMOZOHANLHOZ0 KAMWOOMY U3 IJe-
MeHmo8 3moil cucmembl.

TEOPEMA 8. Ecau npocmpancmeo X zunvbepmoso (m. e. noJ-
Hoe), mo opmozoHaabHasa cucmema (58.20) noana mozda u mov-
Ko mozda, Koz0a OHA 3AMKHYMA.

AoKkasdateAbcT1B0O. Eciu cucrema (60.20) monuas, x 0 X u x
opToroHaJieH BceM sjaeMmenTaMm cucteMsl (60.20), To Bce ero Koad-
bunuenTtsr Pypbe 1o cucreme (60.20) paBHBI HyI0 (cM. (60.22));
caenoBaTesbHO (Teopema 7), x = 0.
O6partHo: mycrh cuctema (60.20) zamxuyras, x [ X u
x O § a,e,. CormacHo Teopeme 4, pag Pypwe 3IeMeHTa X CXOIUT-
n=1

(o)
Csl, M €CNIA Xo = 5 @,e,, TO X — X le,n=1,2,....IlosTomy, B
n=1
cuy 3aMKHyTOCTH cucTeMsl (60.20), x — x, =0, 1. e. x = x, u, cie-

00
JOBaTeNbHO, X = Y a,e,. Tak Kak X — IPOU3BOJIBHBII d€MeHT

IIPOCTPAHCTBA X, TO OTCIO/Ia, B CUJIy TEOPEMEI 6, U CJIefyeT MOJIHOTA
cucremsl (60.20). O

3amaya 6. BrracHuUTh, SKBUBAJIEHTHBI N HET IOHATHE HMOJHOH OpPTO-
TOHAJILHON CUCTEeMbBI ¥ IOHATHE 3aMKHYTON OPTOTOHAJBLHOM CHUCTEMBI BO BCA-
KOM IIPeATruIb0epTOBOM IPOCTPAHCTBE.
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60.5. CywectBoBaHMe 6asuca
B cenapabeAbHbIX TMAbGEpPTOBbIX MPOCTPAHCTBAX.
N3omopdusm cenapabeAbHbIX TMABGEPTOBbIX NPOCTPAHCTB

TEOPEMA 9. Bo gcakom cenapabesbHOM JUHEUHOM NPOCMPAH-
cmee co CKAMAPHbLM NpousgedeHuem cyuiecmeyem OPMOHOPMU-
posaHHbLIL ba3uc.

AOKO3aTeAbCTBO. B ToM ciyuae, Korga mpocTpaHCTBO X
n-mMepHoe, TeopeMa oueBuAHAa (cM. 1. 35.4), mosTomy Oymem pac-
cMaTpUBaTh TOJBKO Ciydaii, Korjga mpocTpaucTBo X 0eCKOHEUHO-
mepHO. ITockoabky mpocTpaHcTBO X cenapabeabHO, TO B HEM CY-
IIECTBYET IIOCJIe[0BATEIHLHOCTD 9JIEMEHTOB

$,, n=1,2,...,

00pasyoIuX MoJHYI0 cucteMy. OT6pachiBas MOCJIeL0BATEIBHO Te U3
9JIEMEHTOB, KOTOPbI€ SIBJISIOTCA JHUHEHHON KOMOMHAIIMEH OCTaJIb-
HBIX, MOJYYMM IIOCJIeH0BaTeJbHOCTEL dJIeMeHTOB Y, n =1, 2, ...,

UMEIOIUX Ty Ke JUHENHYI0 000JI0UKY, UYTO U MCXOAHAs CUCTEMA
{¢,}, u IuHeiiHO He3aBUCUMBIX (HoueMy?). IIpEMEeHNB K IOTy4YeH-

HOM cucTeMe IIporecc oproronanausamnuu (cm. . 60.2) u HopmMupo-
BaHHA (cM. 1. 60.1), ToJIyuYnM OPTOHOPMHPOBAHHYIO CUCTEMY €,

le,| =1, E=1,2,..., umetouyio Ty ke IUHEHHYIO 0GOIOUKY, UTO
u cucrema {{,}, a 3HAUHT, Ty e, uyTo U cucrema {¢,}. [TockoabKy B
CHITY IIOJIHOTHI cHCTeMBI {(,} oTa IuHelHad 060I04YKa IIOTHA B X,
TO cucreMa {e,} mosHasA. B mpenrpirymem e IyHKTe (CM. 3aMeda-

HIe MOCJIe TeoOpeMbI 7) ObLIO IOKA3aHO, YTO BCAKAS IIOJHAA OPTO-
HOPMHUPOBaHHAs CHCTEMAa 5JE€MEHTOB IPeAruIb0epToBa IPOCTPaH-
CTBa ABJIsIETCs ero 6asucoM. [

TEOPEMA 10. Bce cenapabenvHble OeCKOHEUHOMEPHbLE ZUJlb-
0epmoabL. NPOCMPAHCMBA U30MOPPHbL MeHdy co00iL”.

IIpegBapuTenbHO HOKaskeM ABe JeMMEI. IlepBasd n3 HUX 0600-
miaet paBeHcTBo I[TapceBansa (60.36).
AEMMA 6. ITycmv X — npedzunvbepmo6o npocmpancmeo, e,
(e,#0),n=1, 2, ..., — nornas opmozonanvruas cucmema 6 X,
xU0X,y0X, u nycmo

fo a,e,, ny b.e,;

n-n’
n=1 n=1

* OmpezneneHne 6eCKOHeUYHOMEPHOCTH IIPOCTPAHCTBA CM. B I. 58.1, a uso-
Mopdusma npocTpancTB — B 1. 59.3 (oupenenerue 3).
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mozoa
@ 9)= 3 ab, le,l?, (60.43)

8 YacmHocmu, ecau OONOLHUMELLHO Npednosoxcums, ymo |e, | =1,
n=1,2,...,mo
oo
(x’ y) = Zl anbn‘

dopmyna (60.43) o6obIIIAET, OUEBUAHO, (GOPMYJIY IJIA CKAJILAP-
HOT'O IPOU3BEIeHNA B KOHEUHOMEPHOM IIPOCTPaHCTBe (cM. 1. 35.4).

AoKa3aTeAbcTBO. ITo onpenenenuio Koadduiimeator Pypsne,

_ (x, ep) b — (Y, ep) .
le2 7 7% Jledll®

a
IIO3TOMY HMeeM

EPC B kZ1 apep, Yy — kZI bkekE =(x,y) — kzl by(x, e,) —

- S @ e)t 3 ablep )= (@)~ 3 ablel’.  (60.44)

W3 noHOTEI cucTeMbl €, n = 1, 2, ... , UMeeM

n n
: _ 0_ im oy - U—
Jlim %x kzl aye, =0, lim_ kzl be,q=0,
TII03TOMY, B CUJIy HEIPEPHIBHOCTHU CKAJIAPHOTO IIPOU3BeAeHN A, IIPU

n — ©° jeBas 4acThb paBeHcTBa (60.44) cTpeMuUTCs K HYJIIO, CJIEIO-
BATEJLHO, 9TO MMeeT MECTO U AJIsI IPABOM YacTu, T. €.

lim S ab, |le.|2= x, y).
naookzl kk” k” (%, y)
9To paBHOCUIBLHO paBeHCTBY (60.43). O

AEMMA 7. Ilycmv X — 2unbbepmoso npocmpancmeo, e,, k =
=1, 2, ..., — opmonopmuposannwviii 6asuc 6 X ua,, k=1,2,..., —

(oo}
nocedo6ameibHOCMb HUCeL MAKUX, Wmo pad Yy a? cxodumes.
k=1
o0
Tozo0a psd kZ1 a,e, cxodumcsa 6 npocmparcmee X, u eciu x =

(e}

= 5 ae,, mo ay, k=1, 2, ..,— koapduyuenmor Pypve se-
k=1

menma x.

n
AOKOA3ATEABCTBO. ECHHS”ZkZI ae,,, To

_ Z_D n+p n+p D_ n+p 2
n=1,2,..., p=1,2,...,
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oo
1, B CHJIIy CXOOMMOCTH pAOa z a,%, OH yAOBJIETBOPSAET KPUTEPUIO
n=1

Komu gna cxopamuxces pagos. OTciona ciaeayer, 4TO IOCIeI0BA-
TeJIBHOCTD {8} ABIAeTCA (PyHAAaMeHTaJbHOI B IIpocTpaHcTee X u,

cIesoBaTeIbHO, CXOLUTCH.
00

Iycrs x = lim_s,, T.e. x = 21 a,e,; TOTAa, B CHUIYy eJWHCT-
n&

BEHHOCTH Pa3JIOMKEHNUA 9JIEMEeHTa IIPOCTPAHCTBA o 6asucy (cM. 3a-
MedaHHe K Teopeme 7), (x, e )=a,,n=1,2,...,T.e. a, KospPpu-
nueHTsl Pypoe ssmemenTta x. O

AokaszateabcTBo Teopembl 10. Ilyers X u Y — aBa ce-
napabeJabHbBIX 0€CKOHEUHOMEPHBIX I'MJILOEPTOBBIX IPOCTPAHCTBA.
CorsacHo TeopeMe 9, B HHX CYII[eCTBYIOT OPTOHOPMUPOBaHHbBIE Oa-
3HCHI, COOTBETCTBeHHO €,, n=1,2,...,uf,n=1,2, ...

IIyecrb x 0 X 1 x = > a,e,; Toraa a, — xoa(pdunuent Pypne
n=1

(oo}
BJIEMEHTA X U, CJIeJOBATENbHO, 110 paBeHCTBY [lapcesand, pan 5 a?

n=1

(oo}
cxogutca. Ilomokum y = > a,f,. CornacHo neMmMe 5, 3TO UMeeT
nE

CMBICJI.

OrobpaskeHue mpocTpaHcTBa X B IIPOCTPAHCTBO Y, CTaBAIIlee
B COOTBETCTBHE KaKkaomy sjieMeHTy x [1 X yKasaHHBIN dJIeMEHT
y Y, u ocyIiecTBiasieT n30MOP(MU3M 3TUX IPOCTPAHCTB. [eiicTBu-
TeJIbHO, IIPA STOM COOTBETCTBUU, B CUJIY €IUHCTBEHHOCTU PasJio-
JKeHUsA 9JeMeHTa Mo 0asucy, pasHbIM dJIeMEeHTaM HIpPOoCTpaHcTBa X
COOTBETCTBYIOT PasHbIe 9JI€MEeHTHI IPOCTPAaHCTBA Y.

Hajee, BCAKMWI 3J1eMEHT IPOCTPAHCTBA Y IIOCTABJIEH B COOTBET-
CTBUE HEKOTOPOMY dJieMeHTy mpocTpaHcTBa X (T.e. YKasaHHOe
oToOpasKeHue ABJSIETCA 0TOOparKeHeM Ha IIPOCTPAHCTBO Y); B ca-
MOM JeJie, ecan y 1Y, To, pasyiosKuB ero B Y 1o 6asucy, moJyduM

y= 3 b,f,
n=1

Ilyers x = > b,e, (TaKoii sJleMeHT CyIlecTByeT, TaK KaK HaIll-
n=1

CAHHBIA PAJ CXOAUTCA, CM. JeMMy 7). OueBUAHO, UTO SJIEMEHTY X
M COOTBETCTBYET IIPU YCTAHOBJIEHHOM COOTBETCTBUU JJIEMEHT Y.
ITokaxxem, HAKOHEI[, UTO IPU STOM COOTBETCTBUU COXPAHSAETCS
cKaJIApHOe ImpousBeleHUne. ITO cpasdy caeayer us JeMMbl 4. [eii-
CTBUTEJIBHO, €CJIU

[ee) o)

x=5 aze, x'= nzl be, y= nzl af., y = nZ1 b,f.»

n=1
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TO, B CUJIy YKA3aHHOH JIeMMHBI,
(x, x)=5 a,b,=(,y).0
n=1
B kauecTBe wMomenu cemnapabelbHOTO O0ECKOHEUHOMEPHOTO

ruIL0epPTOBa MPOCTPAHCTBA MOKHO B3ATH IIPOCTPAHCTBO, 3JI€MEH-
TaMU KOTOPOT'O ABJSIOTCSA IOCJEN0BATEIHbHOCTH NeHCTBUTEIHLHBIX

(oo}
9UCET X = (Xq, Xy +ov 5 Xy, +..), AJA KOTOPBIX PAX Y X7 cxopures,
k=1

T. e. IIPOCTPAHCTBO [, (cM. mpuMepsl 6 B 1. 57.1 u nmpumep 5 B
. 58.3).

CransapHOe IPOou3BeJeHNe B 9TOM IIPOCTPAHCTBE BBOAUTCSA IIO
CJIeIyIoeMy IIPABUIY:

eCnU X = (X1, ee s Xy o)UY = (Y1 oo » Yps --2), MO

00

(x,y)= kzl XpYp- (60.45)

ITo ompeleieHrne MMEET CMBICJ, TAK KaK M3 CXOANMOCTHU PSALOB
(o0} oo

2u N y2
> xpu kZ1 Y BBITEKAeT M CXOAMMOCTb PALa kZ1 x,Y,. ITO, Ha-

IIpUMep, cJaenyeT u3 HepaBeHCTBa 'énbrepa A PAOOB IPU p = 2
(oHO B 9TOM cJIydae yacTo HasbiBaeTcs HepaBeHcTBOM Komrn—IIIBap-
11a), HO MOXKET OBITH MOJIYUYEHO 1 U3 dJIEMEHTAPHOTO HEPABEHCTBA

Hopma B mpocTpamcTBe OIpeaessieTcs COTJIaCHO ObIeMy Ipa-

BUJIY IO hopMyJie
2] = /kzlx;% : (60.46)

TEOPEMA 11. Ilpocmpancmeo l, asnsemca cenapabeibHbim
2UunL0ePMOBbLM NPOCMPAHCMEOM.

AoxkasaTteAbcTtBoO. IIpocrpancrBo [, cemapabelbHO, TaK KakK
IocJIeloBaTeIbHOCTH €, B = 1, 2, ..., y KOTOPBIX Ha BCeX MecTax
CTOSAT HYJIU, KpOMe k-T0, T/ie CTOUT eANHUIIA, 00Pa3yioT OPTOHOPMU-
POBaHHLIN 6asuC U, CIeI0BaTENbHO, UX KOHEUHLIE JTUHEHHbIe KOM-

OMHAIIMY ¢ pallMOHAJIbHBIMU K0d(DhUIIMeHTaMu 00pa3yioT CUeTHOe
IJIOTHOEe B IIPOCTPaHCTBE [, MHOKeCTBO (1moueMy?).

ITorroTa mpocTpaHcTBa ObLIA JOKa3aHa paHbIie (CM. IpuMep 3
BI. 57.2).0
B cusy Teopems! 10, mpocTpaHCTBO [, 130MOP(MHO KAKIOMY Ce-

napabeJbHOMY I'1JILO0EPTOBY IPOCTPAHCTBY.
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B 1. 60.3 651110 OKa3aHo, YTO IpocTpaHcTBO Ly[a, b] cemapa-
6esbHO (cM. TaM Teopemy 2) mjdA Jr0oro oTpeska [a, b], ciemoBa-
TeJbHO, OHO TaKKe M30MOP(GHO IPOCTPAHCTBY l,. MoxXHO IOKa-
3aTh, UTO U IpocTpaHCTBO L,(G), roe G — u3MepHUMOe IIOJIOMKU-
TeJIbHOM Mephl MHOKECTBO 71-MEPHOTO IIPOCTPAHCTBA, TaKiKe
cenapabelbHO U, ClIef0BaTeJbHO, N30MOPdHO [,. Takum o6pazom,
BCe T'MJILOEPTOBBI IIPOCTPAHCTBA WHHTErPHUPYEMBIX B KBajaparTe
GYHKIIUI He3aBUCUMO OT YKCJIa IePeMeHHBIX, OT KOTOPBLIX 3aBU-
CAT 9TU (PYHKIINM, N30MOPQPHBI MEKAY COOOI.

60.6. Pasano)xeHue oyHKUum
C MHTEerpupyembiM KBAAPATOM B psa Pypbe

B § 55 usyuanuce Kiaccuueckue psaabl Pypwe, T. e. panbl Pypbe
IO TPUTOHOMETPHUUECKOIi cucTeMe (PpYHKIUH, I aOCOJIOTHO WH-
TerpupyeMbix (DyHKIi. B aToM myHKTE OyAeT moaydeH Psf caes-
CTBUI 13 00Iel Teopun psamoB Pypbe B rMIb0EPTOBBIX IIPOCTPAH-
CTBaX W W3 CBOWMCTBA TOJIHOTHI CHUCTEMBI TPUTOHOMETPUUYECKUX
(ysrnui B mpoctpaHcTse Ly[—T, TT| A1 TPUTOHOMETPUYECKHUX PA-
IoB Dypre Oosiee Y3KOTO Kiacca QYyHKIMHE, yeM abCOII0OTHO UHTET-
pupyeMble, a UMEHHO AJiA (GYHKIIMI C MHTeTPUPYEMBIM Ha OTPE3Ke
[-T, ] xBagpaToM, T.e. AaA QYHKIUN IpocTpaHCTBa RL,[—TI, T
(cm. mpumep 3 B 1. 59.2).

IIpesxe Bcero saMeTuM, YTO €CJAU B TMJIILOEPTOBOM ITPOCTPAH-
cTBe L,[—TI, TT] 3a OPTOTOHAJIBHYIO CHCTEMY B3ATh TPUIOHOMETPH-

YECKYIO CUCTEMY
1, cosx, sinx, ..., cosnx, sinnx,...,

To K03 puireHTs Pyphe anementTa f [ L,[—Ti, 17 mo aToii cucreme
OyayT ompenenraThed, corsacHo (60.25), mo popmyaam

1 1
ay= 5-(f, 1), a, = ~(f, cos nx),

b, =(f,sinnx),n=1,2, ..., (60.47)

TaK KaK |]1||L2 =./2™, ||cos anL2 = |sin anLz = Jm (cm. m. 60.1).

Ecnu f — mempepbIiBHAsS Ha oTpedke [T, T dyHKIUSI, TO f [
U CLy[—m, ] O Ly[—T1, 11]. CpaBHUBas dopmy.sl (60.47) nusa xKoad-
dunuentoB @ypre pyarnuu [ ¢ popmyaamu (55.6) (ckansapuoe
npousBeieHne, KaK OObIUHO, 3amaercsa (opmynamu (59.11)), Bu-
OVM, 4TO BCE€ OHU COBIIQAIOT, KpoMe (hOopMyJIbl IJid KOooaQ(puimreH-
Ta a,, Koropaa B (60.47) orimuaerca oT (popmynasl B (55.6) MHO-
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skureaem 1/2. OrmaBas maHb TPagUIUM, OyaeM B HaJibHeHIIeM
npuAepKuBaThca GOPMyIH! (55.6) 1ia ay, T. e. CIUTATH, UTO

1
ay= ;[(f, 1) (60.48)
¥ 3aIMCHIBATH TPUTOHOMETpUYECKUil pag DPypbe B BUe

%o

5 + Z a, cos nx + b, sin nx.

n=1
IIpumensas treopemy 6 K TpuroHomerpudeckoi cucreme (60.2),
B CHJIy TIOJHOTBI 3TOH CHCTeMBI B IIpPOCTpaHCTBe L,[—T, T (cm.

npumep 3 B 1. 60.3), mosyunM cIeAYIOIIYIO TeOpPeMY.

TEOPEMA 12. Raxcoviit anemenm f U L,[-T, T packaadsiea-
emcs 8 amom npocmpancmae 8 psad Pypve no mpuzoHomempuie-
CKOUL cucmeme

f= % + f a, cos nx + b, sin nx, (60.49)

n=1

npuyem cnpasediuso paserncmaeo Ilapcesans
1 ag | x
Alflz=5 + 3 e+ 0l

CAEACTBMUE 1. Kaxdas ¢yurxyusa f(x) ¢ unmezpupyemvim Ha
ompe3ke [—Ti, T{| k8adpamonm:

1) senaemcecsa npedenom 6 cmbicae cpedHezo K6aOpAMULHOZO
(cm. 1. 58.4) ceoux wacmuunvix cymm Pypve S, (x) no mpuzono-

MempuyecKoll cucmeme QYHKUULL npu n — X, m. e.
nlimoo i [f(x) =S, (x)]2dx = 0; (60.50)
2) u dna Hee cnpasedauso pagencmeo Ilapcesans
L7 @ e 5 e
o J’nf (x)dx = 5 t nZI a; +b5. (60.51)
CAEACTBME 2. Ecau ¢yukyus f ¢ unmezpupyemovim HA ompeske

[Tt T k8adpamom u éce ee Koapguuuenmv. Pypve no MpuzoHo-
MEemPU4ecKoll cucmeme pasHvl HYal0, MO OHA IKEUBAJEHMHA HYJIO.

3mecs Besme kKoadpuimeHTe Pypre npu n = 1, 2, ..., oupene-
aswTea no gpopmynam (60.47), a kosdgpunuesT a, — 1o popmye
(60.48).

ITockombKy cama TeopeMa 12 BeITEKaeT U3 TeopeMsbl 6, TO HY K-
JalOTCs B OKAa3aTeJbCTBE TOJLKO €€ CJIeICTBUS.

Urak, nycth GyHKIIUA f(X) €ecTh PYHKIIUA ¢ UHTErPUPYEMbBIM
KBaZpaToM Ha oTpeske [Tt T, T. e. f(x) U RL,[—TT, T (cM. mpumep
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7 B 1. 58.3 u mpumep 3 B 1. 59.2). IIpexae Bcero samMmeTuM, YTO
a0b0asa eli sKBuBaJeHTHaA (GyHKIus g(x) (cMm. 3ameuanue 1 B
. 59.5) umeer Te ke KoadhduiueHTsl Pypbe U, clegoBaTeJIbHO,
TOT Ke pax DPypbe. ITO caeqyeT U3 TOTO, UTO IIOUTH CKAJLAPHOE
pousBefieENe B IpocTpaHcTBe RL,[—TI, T] He MeHsAeTcA, eCIu eTro

COMHOMKUTEJNN 3aMEHUTL MM OJKBUBAJICHTHHIMU (CM. (QOPMYIY
(59.11)), u moromy, ecau f [1g, To

1 1
ay = ﬁ(f, 1)RL2 = T_T(g’ 1)RL2’

1 1
a, = 7(f, cos nx)RL2 = (g, cos nx)RLZ,

*

1 . 1 .
b,= ﬁ(f’ sin nx)RL2 = ﬁ(g, sin nx)RLz, n=1,2,...

CiemoBaTeabHO, ecu uepe3 F 0003HAUUTH KJACC SKBUBAJICHT-
HBIX PYHKIUI, comepsKaninii PyHKIuIo f, TO, B CUIY OIIpeIeIeHna
(59.11) cranapHOro IPOU3BeNeHN s KJIACCOB 9KBUBAJIEHTHBIX (DYHK-

Ui, T.e. CKAJIAPHOTO IPOU3BEIEHUA B IIPOCTPAHCTBE Ii’lj,z[—T[, 11|
(cm. 1. 59.4), 6ynem uMeThb

1 1 1, .
ay= L (F, 1)&2, a, = - (F, cos nx)}-g2, b, = -(F, sin nx)&z,
n=1,2,

T. e. pag ®ypwe ssmemenrta F [ &2[—1'[, 1] [ Ly[—m, 1] coBnanaer ¢

pagom Pypre raxgoin pyukmuu f [ F. Coraacuo teopeme 12, B
npocTpaHcTBe L,y[—Ti, Tf] uMeeT MeCTO pasjoKeHne

F= %’ + n§1 a, cos nx + b, sin nx (60.52)

u paBeHcTBO IlapceBans
1 > _ 98 S 42 2
1—T||F||L2_ > + =§1 a; + bn. (60.53)

Ecou S, (x) = - 0 4 z a, cos kx + b, sin kx — yacTuuHaaA cyM-

Ma pana Pypne (60 52), 'I‘O CXOAMMOCTD 3TOTO PAMa B IIPOCTPAHCT-
Be L,[—Ti, T] kK a;emenTy F o3Hadaer, 4TO

lim_|F - 8,(2)||,, =0. (60.54)

* IHJeKC y CKAJADPHBIX U IOYTH CKANSPHBLIX IIPOU3BENEeHUN YKA3bIBAET,
B KaKUX IIPOCTPAHCTBaX GepyTcs paccMaTpuBaeMble IPOUSBELECHUA.
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Ecau teneps f U F, To (cm. (59.23))

|F =8,z = 1f(x) = S, () pr, = J_:[f(x) - S, (x)]2dx, (60.55)

rae ||f(x) — Sn(x)||RL2 — nmonyHopMa QyHKunZ f(x) — S,(x) B mpo-
crpancTBe RL,[—TT, TT], 4TO MMeeT cMbICH, Tak Kak f(x) — S, (x) U
UF-S,(x). U3 (60.54) u (60.55) cnexyer, uTo

T

lim [ [f(x) - S,(x)Pdx = lim_ [£(x) = S, (x)| L, = 0,

T. e. paBeHcTBO (60.50) MOKa3aHO.
Hanee, Tak KaK, B CUJIY TOM Ke popmyisl (59.23), umeroT mec-

TO paBeHCTBA
s
||F||L2 = ||f||RL2 = f2(x)dx
=Tt

U TaK Kak Koa(pdumnuenTsl Pyprve y F u f omuHAKOBBI, TO (60.51)
nna yaxknuu [ U RL, cienyer HemocpeacTBeHHO u3 (60.53).

st moxasaTeabCTBA CIAEICTBUA 2 3aMETHUM, UTO €CJIA BCe KO-
appdunuentsl Pypbe pynxnuu f [ RL,[—T, T] o TpuronoMmeTpu-
YeCcKOIi cucTeMe paBHEI HYJII0, TO U3 paBeHcTBa IlapceBassa (60.51)
cienyer, 4To

132, = [ FGdx =0,

a 3TOo, COTJIACHO OIlpeAeeHuIo 5 13 II. 59.4 sKBUBAJCHTHBIX (PYHK-
nuii, 1 o3Hauaer, 4to f ~ 0.

WUrak, obpaTuM BHUMAaHNE HA TO, YTO €CJU y QYHKIIUU C UH-
TEerPUPYyEeMbIM KBaApaToM Bce KoadduiinenTsl @yphbe paBHBI HY-
JIt0, TO OHA He 00A3aTeNbHO ABJAETCS TOKIECTBEHHBLIM HYJIEM, a
TOJBKO 9KBUBAJIEHTHA €MY.

Ob6a caencTBUs JOKa3aHbBI. [

W3 paBencrsa IlapceBans (60.51) ere pas (He3aBUCUMO OT T€O-
pembl 2 1. 55.2) caemyer, uTo KoaddunueHTsl Pypbe QYHKIIUU
f(x) cTpeMsaTea K Hys0 (Tak KaK OOIIUII UJeH CXOAAIIEroCcs psaa
(60.51) Bcerma cTpeMuUTCA K HYJIO), OJHAKO JUIID AJIA QYHKITUH C
MHTETrPUPYyeMBbIM Ha oTpe3Ke [T, T[] kBaaparom. Taxk Kak BcAKadA
(byHKIINA, HeIpephIBHAA HA OTpesKe [—Ti, T(|, ABasgeTcA U PYHKIIU-
el ¢ UHTeTPUPYEeMbIM KBaApPaToM, TO IJIs Hee TaK:Ke CIIPaBeaIrBO
YTBep:KIeHUe IIePBOTO CJAeACTBUA TeopeMbl 12: oHa pacKJaagbIBaeT-
cA B pAn Pypbe, CXOAAITUNCA K Hell B CMBICJIE CPeIHEr0 KBajapa-
TUYHOI'0, U AJIA Hee CIIpaBeaIrBO paBeHCTBO Ilapcesass (60.51).

Bropoe ke ciemcTBHe AJA HEMPEPHIBHBIX (MYHKIIUIT MOMKET
OBITH CyIIlecTBeHHO ycuaeHo. ChopMyaupyeM ero B BUIe OTIeNb-
HOII TeOpEMEI.
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TEOPEMA 13. Ecau sce koagppuyuenmo. Pypve Henpepvl8HOUL
Ha ompeske [T, Tl pYHKUUL PABHbL HYJLIO, MO CAMA IMma PYHK-
yusa moxc0ecmeeHHO PABHA HYLIO0.

Jrot (haxkT ObLT YCTAaHOBJIEH HaMU paHbIe (cM. B 1I. 55.6 cienct-
BUe U3 TeopeMbl 6) 1ia GYHKIINI, HeIPePhIBHLIX Ha oTpe3Ke [—TT, T
U TPUHUMAIOINX Ha ero KOHIIaX OAWHAaKOBhIe 3HaueHuA. OKa-
3BIBAETCS, UTO, UCIIOJb3Ys TEOPUIO PsAnoB Pypbe B Ir'mIb0EPTOBBIX
MIPOCTPAHCTBAaX, MOKHO OTKA3aThCA OT YCJIOBUA PABEHCTBA 3HaUe-
HUH GyHKIINI Ha KOHITaX OoTpesKa [T, 1.

CAEACTBUE (TeopeMa eTWHCTBEHHOCTHU PA3JIOKEHUS HeIlpe-
peiBHOI (yHKIUU B pam @ypswe). Ecau 08e HenpepblHble PYHK-
yuu umerom 00uHAKO06ble KOIPPuyuenmv. Pypve, mo oHU MOXiC-
0ecmeenHO PaBHbL.

AokaszateAbcT1BO. Ecau dpyuxnus f(x) HempepblBHA Ha OT-
pe3ke [T, TT] u Bce ee Koa(hdunuenTsl Pyphbe paBHBI HYJIIO, TO U3
pasenctsa Ilapcesans (60.51) umeem ||]“||RL2 = 0. Ho mosiynopma

npoctpaHcTBa RL,[—T, T{] Ha MHO)XeCTBe HelIPePhIBHBIX (hYHKIUHI

ABJISAeTCsS HOPMOI (cMm. npumep 8 B 1. 58.3), moaTomy f(x) = 0 gua
Beex x [ [-T, ).

CiencTBue BBITEKAET U3 TOTO, UTO PABHOCTh ABYX QMYHKIIHM, ¥
KOTOPBIX OAMHAKOBEIE KOa(PUIeHTE Pyphe, uMeeT Koadduiru-
eHTHI Pyphbe, paBHBIE HYJIIO, ¥ IIOTOMY ABJIAETCA TOKJECTBEHHBIM
HyJaeM. O

SBameuanue 1. Teopembr 12 u 13 66111 cHOPMYIUPOBAHBI
OPUMEHUTEJbHO K TPUTOHOMETPUYecKoll cucreme (pyHKIuii. Ilo-
IOOHBIE YTBEPIKAEHNA CIIPABEIJIUBEI, KOHEUHO, AJIA JI000M IOJIHOM
OPTOTOHAJIBHOM CUCTEMBI DYHKIIMHA, T. €. CUCTEMBI, 00pas3yoIei
OpTOrOHANBHBII 6asuc B mpocTpaHcTBe Ljy[a, b]. B uactHOCTH, aHAa-

JIOTUYHBIE YTBEePIKAEHUS CIIPABeIJINBEI IJIsI PAas3IOKeHUN QYHKITUH
o mosmaOoMam Jle:kamapa (cm. mpumep 2 B 1. 60.3) B mpocTpaHCT-
Be L,[—1, 1]. Hanpumep, eciu Bce KoadhpunueaTsl Pypre Helpe-
pBIBHOM Ha orpeske [—1, 1] PyHKIIUU IO crucTeMe MOJMHOMOB Jle-
JKaHapa paBHBI HYJIIO, TO 3Ta (PYHKIIUS paBHA HYJIO BO BCEX TOU-
Kax orpeska [—1, 1]. IlokasareibcTBa HONOOHBLIX YTBEPIKIEHUI
MOTYT OBITh IIPOBEIEHEI II0 TOI Ke CXeMe, UTO U BHIIIIE.
SamMmeuanue 2. OCHOBHBIM U CYIIIECTBEHHBIM (PaKTOM, ITO-
3BOJIUBIIIUM [OOKasaTh TeopeMy 12, ABJgeTcA IIOJHOTA TPUTOHO-
MeTPUYECKOH CHCTeMBI B IPOCTPaHCTBe Ly[—T, TI], KoTopas, B CBOIO

ouepenlb, OCHOBBIBAETCA Ha BOSMOYKHOCTH CKOJb YI'OZHO TOUYHO B
CMBICJIE CPEHETO KBaAPATUUHOTO IPUOJIU3UTL Ha OTPe3Ke [T, T
BCAKYIO QYHKIINIO C UHTETPUPYEMBIM Ha 3TOM OTPe3Ke KBaJpaToM
HeIIPepPhIBHON (WHUTHOU HA mHTepBajse [T, T dyHKIMEH (cM.
aemmy 11 u3 m. 59.5). UcnosbzoBanue e 00Iell TeEOPUH O PasJjio-
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JKEHUY 110 OPTOTOHAJBLHBIM CHUCTEMaM B I'MJB0EPTOBOM IPOCTPAH-
CTBE HOCHJIO II0 CYIIIECTBY JIMIIb TEDMUHOJIOTUUECKUN XapaKkTep U
MO3BOJIUJIO 0OJlee KPATKO ¥ HATJIAJHO IPOBOJUTH M 3alMCHIBATH
paccy:xkaeHusa. B kadecTBe IpuMepa IIOHATHUS, KOTOPOE BechMa
yI00OHO IPU PACCMOTPEHUY U3YUaE€MbIX BOIIPOCOB, OTMETHUM IIPEK-
Jle Bcero IOHATHE JNHENHOr0 HOPMUPOBAHHOIO IIPOCTPaHCTBA
(B wacTHOCTH, IPEeATrUIL0ePTOBa IIPOCTPAHCTBA), a 3HAUUT, U IIO-
HATUEe HOpPMBI. BBeleHMe 3THMX NOHATUIN IIO3BOJIUJIO U3JIOXKUTH
TEOPUIO PA3JIOXKEHUH 110 OPTOHOPMUPOBAHHBIM CHCTEMAaM BHe 3a-
BUCHUMOCTHY OT MX KOHKPETHOTO BHJA. OTU IIOHATHUA MMEIOT Das-
HOoOOpasHOe MPpUMEHEeHNEe U B PA3JIMYHBIX APYTUX pasfesax MarTe-
MAaTUKH.

B saksiouenue, UCHONB3YyA IIOJydYeHHBIE DPe3yJIbTaThl, NOKa-
JKeM eIlle OHY TeOpeMy.
TEOPEMA 14. IIycmv Qynkuyus f Henpepvi6Ha HA ompe3ke
[T, ). Ecau ee pad @Pypve cxodumcs pagHOMEPHO HA ompe3ke
[-T, T, mo ezo cymma pasHna pyrruuu f.

AokaszaTeAbcTBO. Ilycrs

a o)
f(x) O EO + nzl a,cos nx +b, sin nx

S(x) = %0 + ni a, cos nx + b, sin nx
— cymma paga Pypese QyHKIUH f.

IIpexxae Bcero pyukrmua S(x), KaKk cymMMa PaBHOMEPHO CXOJs-
Ierocs psAAa HEMpPephIBHBIX (PYHKIIUII, TaKyKe HelpepbiBHa. Jla-
Jee, B cuy TeopeMbl 1 1. 55.1, xKoappumuentamu Pypbe PyHK-
nuu S(x) ABIAIOTCA YKCIa 4y, 4,, b,, n =1, 2, ....

Tarkum oOpa3oM, ABe HeIIPepPbIBHBIE HA OoTpe3Ke [—TI, T GpyHK-
uuu f u S UMeoT OfNHAKOBEIE KO3 duiineuTsl Pypbe, 1 MOITOMY,
B CHJIY CJI€ICTBUA TeopeMbI 13, OHM COBIANAIOT BO BCeX TOUKAX OT-
peska [T, 17: f(x) = S(x), TS x < TL. O

60.7. OPTOroHAAbHbIE PA3AOXKEHUS
MMALGEPTOBbIX MPOCTPAHCTB B NPSIMYIO CYMMY

OnpeaeneHne 7. I1o0mHoxcecmaeo JnuHellHO20 npocmpancmea X
CO CKANAPDHLILM npou3sedeHueM HA3LLEAEMCS €20 NOONPOCMpPAaH-
cmeom, ecau OHO A8asemcs nodnpocmpancmeom X Kax JAuHell-
H020 MpocMpaHcmea U A8AAemcs, KPOMe Mmoz0, 3AMKHYMbLM
MHONHCECMBOM.
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IIpuMepoM MMOANIPOCTPAHCTB JUHEHHBIX HPOCTPAHCTB CO CKa-
JIAPHBIM IIPOU3BEAEeHUEM SIBJISIOTCA AIpa OTPAHUYEHHBIX JUHEHN-
HBIX OIIEPaTOPOB.

B camom gmese, mycTh A — JMHEHHBIN OTpPaHUYEHHBIN oIlepa-
TOP Ha IPeAruab0epTOBOM HpocTpaHCcTBe X U

ker A={xU0X:Ax=0}; (60.56)

TOTZA, KaK MBI yoKe 3HaeM (cM. Jemmy 2 B 1. 58.1), aapo ker A aB-
JseTcA IOAIPOCTPAHCTBOM JUHENHOTO ITpocTpancTBa X. 3aMKHY-
TOCTh sapa ker A ciemyeT M3 HempepbIBHOCTH omepatopa A (cM.
. 58.6); ecau
y,UkerA, r.e. A(y,) =0,
u
Am g, =y,
TO
A(y) ZA(nIEmm y,) = nlamoo A(y,) = nlamoo 0=0,
T. e. y [ ker A, uTo 1 o3HaUaeT 3aMKHYTOCTb Anpa ker A. O
OnpeaeneHue 8. Ecau X — JnuHellHOe npocmpancmeo co CKaLip-
HblM npousgedeHuem u Y — ez0 NOOMHONCECMB0, MO MHONCeCm-
60 Y1 scex anemenmos npocmparncmea X, opmozoHaibHbLX 8CEM
anemenmam mMHoxcecmea Y:

Y'Y 20X (x,y)=0,y0Y), (60.57)

Hasvleaemcs opmozoHAJLbHblLM donosHeHeHUueM MHOMcecmaa Y.

Jlerxo BumeThb, UTO
yHhHitovy.
AEMMA 8. Ecau Y — nodnpocmpaHcmaeo JAUHeiiH0z0 NpoCmpaH-

cmea X co ckanapHulm npoussedenuem, mo Y- marice aensem-
ca nodnpocmpancmeom npocmparcmea X.

AokasateAabcTBO. Ecanz, OY*, z, 0Y', ro gus nr06bix uu-
cex Ay, A, 1 mo6oro y [ Y nmeem

A2y T A2, Y =A (21, ) + Ay (25, ) =0

U, CIeR0BATENbHO, A\ 2; + A2, 0 YL, 1. e. Y! aBisercs mogunpocrt-
PaHCTBOM JHUHEWHOTO IIpOcTpancTBa X .

3aMKHYTOCTh MHOJKECTBA Y CJefyeT M3 HEIPEPHIBHOCTH CKa-
JAPHOTO Ipoussefenus: ecnu z, 1 Y+ u lim 2, = 2, To gnsa mro60-

n -
roy Y umeem
(z,y)=(lim z,,y)= lim (z,,y)= lim 0=0,

T. e. 2 Y, a 970 1 03HAUaAeT 3aMKHYTOCTh MHOKecTBa Y. [
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TEOPEMA 15. Ecau Y — nodnpocmpancmeo 2uab0epmosa
npocmpancmea X u x, U X, mo cywecmeyem marxoi. edurncmeen-

HbLil anemenm y, 1Y, umo
lcg = yoll = inf [lxo =yl (60.58)
yay

dJIeMeHT Yo Ha3bIBAETCA OmeZOHaJleOﬁ npoeimueﬁ IJEeMEH-
ma X, B IIOAIIPOCTPAHCTBO Y. O‘IeBI/IJJ;HO, 9Ta TeopeMa ABJIAETCA

oboob1ernem Teopembl 3 1m. 60.4 (cm. (60.29)) ma cayuaii, Korma
MOAIIPOCTPAHCTBO Y He ABJISIETCS 0043aTeJIbHO KOHEUHOMEPHBIM.

AokaszatTeAbcTBO. IIyeth X — ruanbepToOBO HPOCTPAHCTBO,
x 01X, uY — moampoctpaucTBo mpoctpauctBa X. [Tomoxum

def
el L f N
d = inf flxo -y,
Bri6epeM mocsef0BaTeIbHOCTS ToueK Yy, (1Y Tak, 4To6sI
Jim 20— y,l%2=d. (60.59)

BaMe’I‘I/IM, qyTO AJIA JIOOBIX 9JIEMEHTOB U U U KaKoro-Jaubo Jiu-
HeMHOro IIpOCTpaHCTBaA CO CEKAJIAPDHBIM IIPDOM3BEAEHNEM MMeEET
MECTO TOXOECTBO

u+v u-—v
2 2

Yr00BI B 3TOM yOEIUTHCA, JOCTATOUHO 3aIIKCATh 9TO PABEHCTBO Ue-
pes cCKaJsApHbIe TPOU3BEIeHUA

2+

1 1
t =5 lul?+ 5 ll2 (60.60)

u+v u+tv Uu—-v u-—Uv 1 1
5 gt 5 s 5 0= w+50,0)

1 IPOM3BECTH COOTBETCTBYIOIee YMHOMKeHNe, BOCIIOIb30BaBIINCh
AUCTPUOYTUBHOCTBIO CKAJIAPHOTO IpousBefieHusa. Ilomoxus B
roxgecTse (60.60) u = x,—y,, v =x, — Yy,,, HIOTYyIUM

Yot U2, 1 1 1
‘xo— 5+ 11y vl = gl = 4,2 + g Iyl (60.61)
+
Tak Kak ynTym gy, to
+
‘xo— o tnlf > q. (60.62)

B cuny ycaoBusa (60.59), nns npousBosibHO 3amaHHOTO € > 0
CyIIleCcTByeT TaKOil HOMep 7, YTO JJIf BCeX HOMEPOB 7. > n, BHI-

IIOJIHAETCA HEpaBEeHCTBO

lxo-y,lE<d+5. (60.63)
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ITosTomy ecnu n > nyu m > n,, To U3 paBeHcTna (60.61), B cu-
ay HepaBeucTsB (60.62) u (60.63), ciexyer, uTo
1y pcloy 0,10, €0
d+4||yn ym” <2[¢+4D+2[d+4D’
T. €. IIPU L > Ny ¥ M > N, BEIIOJHAETCA HePaBEHCTBO

||yn - ym” < 8‘
9To 03HAUAET, UTO IIOCJIEI0BATEeIbHOCTD {yn} (pyHOaMeHTaJlbHaA, a

O3TOMY, B CUJIY IIOJHOTHI IIPpOCTpaHcTBa X, OHA CXOAUTCA.

IIycts
def _.
Yo = lim y,. (60.64)

n - oo

Orciofia, B CUITy HEIPEPBIBHOCTH HOPMBI, CJELYET, YTO Ha DJIeMEHTe
Yo BOCTHUTraeTCsi MUHIMYM OTKJIOHEHUs ||x, — y| snemenra x,, or moz-

TpocTpaHcTBa Y, T. €. BEINOJHsIeTcs yeaoBue (60.58). B camom nene,
g = yoll = llzg = lim g, |l =
Jd = inf |x,-yl.  (60.65)

Taxum obpasoM, TaK KaK HUKHAA I'paHb B paBeHcTBe (60.58) mo-
CTUTaeTCsI, TO €e MOYKHO 3aMEeHUTbL MUHUMYMOM

e = yoll = min [lxy -yl (60.66)
yoyYy

= nl{mw ”xo - yn" (60%59)

IToxaxxeM, 4TO B IOAIPOCTPAHCTBe Y BdJIEMEHT Y, 00Jafaroniuii
STHM CBOICTBOM, efUHCTBeH. [leficTBuTespHO, ecau y; LY,

|xo = y1lI2=4d, (60.67)

TO, MOJIOKUB B TOKAecTBe (60.60) u = x), — Yy, V = X, — Y;, HOIYIUM

Yot yi]2, 1 1 1
o= 25+ o=l = 5 o — ol + 5 0~ wal1%. (60.68)
+
Tak xak Yo 5 Al 0Y, to, ua ocHoBauuu (60.59), BLITOIHAETCS He-
pPaBeHCTBO
Yo+ Y12

a Tak Kak, KpoMe TOro,
loco = woll* = d, ll2cg — 42 = d,
To u3 (60.68) caenyer HepaBeHCTBO

1
d+ 7 llyo -yl <d,

T. €. ||lyg — ¥,/ < 0, uro BO3MOKHO JUIIE TOTAA, KOTAA Yy = Y, O
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3ameuanue 1.Us noxkasarenbcTBa TeopeMbl 15 BUIHO, UTO
MOJIHOTA IIpocTpaHcTBa X MCIOJIbL30BAJIACH JIMIIE AJIS CYIIeCTBOBA-
HUSA OPTOTOHAJIBHON MMPOEKIINY 3JIeMeHTa B HOAIIPOCTPAHCTBO, a He
s ee equHCTBeHHOCTH. TakuM oOpasoM, ecju y dJaeMeHTa JUHEeH-
HOI'0O IIPOCTPAHCTBA CO CKAJISAPHBIM IIPOM3BEIEHUEM CYII[eCTBYET
OPTOTOHAJBbHASA IPOEKI[MS B HEKOTOPOe IIOAIPOCTPAHCTBO, TO OHA
eIHCTBEHHA.

B paccmarpuBaemMoM ciryuae mMeeT MECTO M 0000IeHMe CJief-
cTBuUs JeMMel 4 1. 60.4.
TEOPEMA 16. [na mozo umobvL aemenm Yy, Obll OPIMOZOHALb-
HOll npoexyueil alemenma x, suivbepmosa npocmpancmea X 6

ezo noonpocmparncmeo Y, Heo6xo00umo u docmamouHo, umoobvl
0as ecex y 1Y gvitnoananocy ycaosue

(xo— Y9y =0, (60.69)
m. e. umobvL x, — Yy, L Y.
AOKA3ATEABCTBO HEOBXOAMUMOCTU YCAOBUS (60.69).
ITlycres 3aman snemenT y [ Y u anemenT x, U X ynosnerBopser yc-

soBuio (60.66). Beibepem mpousBoabHO dyieMeHT y [1 Y u paccMoT-
P¥M BCIIOMOTATEJbHYIO PYHKIIHUIO

£) = Nl — o + tyl12 = (o — yo + 1y, %o — o + ty) =
= (X9 = Yo» Xo ~ Yo) T 2t(xy — Yg» ¥) + 3y, V),
—00 < t < 400,
Haitigem ee mpousBOIHYIO:
F'(®) = 2((xg — Yo, ¥) + £y, y)). (60.70)

Tak kak y, — ty U Y, 7o, B cuny (60.66), pyaknusa f nocruraer Ha-
umMeHsbInero 3suauenusd npu ¢t = 0. CiaegoBarenbHo, f'(0) = 0, uiu, B
cuny popmyasl (60.70),

(X0~ Yo, y) =0
(masa mpousBosbHOrO y 1Y), T. . BEImONHsAETCS yeaoBue (60.69).
AOKA3ATEALCTBO AOCTATOYHOCTU YCAOBUS (60.69).
ITyers xy U X, y; UY u nna Bcex snemeHnToB y U Y, BRIIOJHAETCA
ycJioBUE

(xo— Yy, y)=0. (60.71)
IToxaxxem, UTO dJI€MEHT Y,, YAOBIETBOPAIONIUI 3TOMY YCJIOBUIO,
enuHCTBeH. [leficTBUTENbHO, IIYCTh 3JIEMEHT Y, LI Y TakoB, uTo
I Beex y (1Y TakoKe BBIMIOJIHSAETCSA YCIOBUE

(o= Y3, y) =0; (60.72)
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HaIIncaB TOMXKIAECTBO
Y= Ya T (xg—yy) —(xg—yy) =0 (60.73)

U 3aMeTHB, 4TO Y; — Y, U Y, YMHONKUM CKaJIgpPHO PaBeHCTBO
(60.73) Ha y; — y,. Torza, B cuny (60.71) u (60.72), Oymem umeTn

(yl Yoo Y1 — yz) = 0, T. €.
ly, = y,l =0,

a U3 TOrO CJelyeT, UTO Y; = Y,. BhIlle OBLIO JOKa3aHO, UTO dJe-
MeHT Y,, yAOBJIeTBOpAOIuA ycaosuio (60.66), yrosierBopseT u
ycaoBuio (60.69). CiegoBaTeibHO, B CUJIY €INHCTBEHHOCTH TaKO-
ro dJeMeHTa, UMeeM Y; = Y,, T. €. DJIeMeHT Yy, ABJIAETCH OPTOIo-
HaJIbHOU IIPOeKIUell sJIeMeHTa X, B IPOCTPaHCcTBe Y. [
Sameuanue 2. OrmeruM, UTO AJA JHOOOr0 OHIMHEHHOTO
dyarnuonana A(x, y) (bunmHeiiHOrOo oTOOpaAKEeHUs, CM. I. 58.7)
nMeeT MeCTO TOMKIEeCTBO, aHAJOTHUHOe ToxIAecTBY (60.60):
u-—uv
2

u+ v
R
rae A(x) = A(x, x).

ITosTomMy MeTO, IPMMEHEHHEIN B JOKa3aTeJIbCTBaX TeopeM 15
u 16, aBideTcA TUIWUYHBIM JJIA PelleHUsd 3aad Ha SKCTPEeMyM
KBaJpaTUYHBIX (PYHKIHOHAIOB A(x) B 6eCKOHEUHOMEPHBIX IIPO-
CTpaHCTBaX.

1 1
0= 54@) + 54(v),

TEOPEMA 17. Jluneiltnoe npocmpancmeo X CO CKAAAPHbLM
npousgedernuem ABAAEMCA NPAMOU CYMMOU 6CAKOZO0 CE0e20 N00-
npocmpancmea Y u ezo opmozoHaibHozo donoanenus Y-L:

X=YOY<L. (60.74)

AokaszateAbcT1BO. CorjacHo ompeneaeHUI0 IPIAMOI CYyMMBbI
(cm. m. 58.1), Hamo HJOKas3aTh, UTO KaK bl smeMeHT x [1 X mpen-
craBuM B Bugie X =y + 2, y U Y, z 0 Y1, u npu oTOM equHCTBEH-
HBIM 00pa3oM.

IIycrs x [ X; o6o3nauuM uepes y [1 Y ero opToroHaabHyIo Ipo-

def
eKIIMIO Ha IIPOCTPAHCTBO Y M IIOJIoKuM 2 — X — y. Torma, oueBuaHO,

x=y+z (60.75)
", corJIacHO Teopeme 15, mMeeT MecTO paBeHCTBO (x — ¥, y) = 0, uin
y=x-y,y=0,

T. €. DJIEMEHT Z OPTOrOHAJIEH dJIEMEeHTY J 1, CIefoBaTeabHo, z 1YL,
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HokaskeM eIMHCTBEHHOCTH PAa3JIOMKEHUA DJIEMEHTA X B CyMMY
3JIeEMEHTOB, NPWHAAJEMKAIUX OPTOTOHAJBHBIM IIOAIPOCTPAHCT-
BaM X u Y. X0oTaA OHA CJIeAyeT M U3 IPEeIbIAYIINX Pe3yJbTaToB,
LIS HATJIATHOCTHY IIPUBEIEM ee MPAMOe JOKa3aTeJIbCTBO.

Ecmmx=y,+2,(y; UY, 2, U Y1), To, BEIUNTAA 3TO PABEHCTBO

u3 paBeHcTBa (60.75), momryuyum
Y-y)+(z—2)=0.

Tak kak y —y,; 0Y, 2 -2, OY"' u, cregoarensno, y —y; L 2z -z,
To u3 TeopeMs! IIudaropa

Iy =y + = 2)IP =y = v, + Iz = 2l
nMeeM
ly =4[22 = 2> =0,

OTKyJa Yy =Y, 2 =2;.0

VIIPA’JRHEHHUE 5. [lokasaTb, 4To ecau X — JIMHEHOe IIPOCTPAHCTBO CO
CKaJISIPHBIM IIPOMU3BeZieHreM U Y — ero IOAIIPOCTPAHCTBO, TO

rht=v.

60.8. PYHKLMOHAADBI TMALGEPTOBBLIX NPOCTPAHCTB

ITpu nsyueHUM JUHEHHBIX HOPMUPOBAHHLIX IIPOCTPAHCTB U HPO-
CTPAHCTB APYTUX TUIIOB OOJBIIYIO POJIb UTPAIOT TaK HasbIBaeMbIe
JVHEeNHbIe PYHKIMOHAJLI Ha 9THUX IIPOCTPAHCTBAX, C KOTOPBIMU
MBI BCTPEYaJINCh B CJyuYae KOHEUHOMEPHBLIX IIPOCTPAHCTB (CM.
n. 41.5). B manpHeiieMm Mbl yOeguMcs B CYIeCTBEHHOM 3HAaye-
HUY JUHEeHHBIX (DYHKIIMOHAJIOB Ha IIPUMepe TeOpUU 0000IIeHHBIX
byHKIIUI, a Teneph cHOPMYJIUPYEM UX OIpeAeseHre IJIA Caydas
JVHENHBIX HOPMUPOBAHHBIX IIPOCTPAHCTB.

OnpeaeneHne 9. Jluneilnoe omolOpadceHue JUHEILH020 HOPMUPO-
6AHH020 NPOCMPAHCMEA 8 MHONMECMBE0 0elicmEUMeNbHbLX YUCcel
Ha3vieaemcs LUHEUHbIM QYHKUUOHALOM HA 3MOM NPOCMPAHCIL-
e (unu Had smum npocmpancmeom). O

OueBUIHO, YTO JIMHENHBIE (DYHKIIMOHAIBI INHETHOTO HOPMUPO-
BaHHOT'O IIpocTpaHcTBa X ABJIAIOTCA YaCTHBIM CJIydaeM oOIlepaTo-
poB X — Y, Korza JuHelfHOe HOPMUPOBAHHOE IIPOCTPAHCTBO Y AB-
JISIeTCS MHOYKECTBOM JIeHICTBUTEJIBHBIX UWCEJ, W MO3TOMY IJIS JIU-
HEeWHBIX (DYHKIIMOHAJOB CIPABEJJIVBBHI BCE HOHATHUA, BBEJEHHBIE
I JIMHEWHBIX OIepaTOpOB, HAIPUMED WX OrpPaHMYeHHOCTDb, He-
MIPEPBIBHOCTh, HOPMA, ¥ MMEIOT MECTO BCe MX CBOMCTBA, MOKa3aH-
HbIe BhImIe (cM. 1. 58.6). B uacTHOCTH, HETPEPBIBHOCTh U OT'PAHU-
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YEHHOCTDb JIMHEHHOTO QYHKIIMOHATIA SKBUBAJIEHTHBI MY COOOM.
DYHKIIMOHAJIBI JUHEHHOTO HOPMUPOBAHHOT'O IIPOCTPAHCTBA TaKIKe
(kaK m BOOOIIle omepaTophl) 00Pas3yIoT JIUHEHHOe HOPMUPOBAHHOE
IIPOCTPAHCTBO, KOTOPOE HABLIBACTCS CONPANCCHHLIM OAHHOMY.

B ciyuae KOHEUHOMEDPHBIX IPOCTPAHCTB OBLIO IMOKA3aHO, UTO

Bce (YHKIMOHAJBLI IIOPOYKAAIOTCA CKAJAPHBIM IPOU3BEJEHUEM;
TIOKa’XKeM, UYTO aHAJOTUYHOE YTBEPIKJeHNe BEePHO U JJIA TUIb0ep-
TOBBIX IIPOCTPAHCTB.
TEOPEMA 18. [Jna 6caxo0z20 NMUHEILH020 02PDAHUYEHHO20 (PYHK-
yuonaaa f deiicmeumenvHozo zuavbepmosa npocmparcmea X
cywecmeyem eduncmeernustil aaemenm a [1 X makoii, umo 0as
scex x [1 X svinonnsemcs pagencmaeo

f(x) = (x, a), (60.76)

npuvenm |f| = ||al|. O6pammo: ecau a O X, mo omobpaxrcenue
def
fx) = (@, ), x0X, (60.77)
aenaemcsa nenpepvlénvlm Auneiinvn pynkyuonarom u ||fl| = |a|.

CAEACTBME. ['uavbepmogo npocmpancmeo u3omop@phHo co c8o-
UM CONPANCEHHBbLM NPOCMPAHCMEOM.

AoKkasaTteAbCcTBO. IIpexae Bcero oueBUAHO, UTO PYHKIIHO-
HaJ f(x) = (x, a) tuHeliHbIN U orpanndyenubiii. [locaenHee ciexyer
u3 HepaBerncTBa Komu—IIIBapia

)l =[x, )] < [[x] [la

Tak Kak Ipu X = @ 9TO HEPABEHCTBO IIPEBpAIllaeTCsi B PaBEHCTBO,
TO (cM. 1. 58.6)
17l = lla].

IIycth f — nuHeliHBIH OrpaHWYEHHBIH (QYHKIIMOHAJI HA T'UMJILOEp-
TOBOM IIpocTpaHcTBe X, a Y — ero sapo:

Y ker f={x 0 X : f(x) =0}, (60.78)
Torga, Kax 5To 610 MOoKa3aHo B I. 60.7, MHOXXeCTBO Y ABJISIETCA
IMOAIIPOCTPAHCTBOM IpocTpaHcTBa X. O603HaunM uepes Z OpTOoro-
HaJbHOe JIoNoJHeHre B X MoAIpocTpaHcTBa Y, 1. e. Z =YL,

Eciu f = 0 ma X, uTo paBHOCHJILHO paBeHcTBy X = Y, TO (pop-
myJia (60.76) oueBuaHA, TaK Kak AJad goboro x [ X umeem f(x) =
=(0,x)=0,T.e.a=0.

IIycrs f Z 0 ma X u, caegoBarenbHo, X * Y. ITosTomy cyIiiecTBy-
eT Takoli aanemeHT x, L X, uro x, Y u, cregosarensno, f(x,) # 0.

Coryacuo Teopeme 16, mMeeT MeCTO pasjoKeHUe
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Xo=Yot 20 YUY, 2,UZ.
Tak kax f(x,) # 0, f(y,) = 0 (Tax xax y, Y = ker f), To
f(xo) = f(yo + 20) = f(y()) + f(Zo) = f(zo)
U, CJIeN0oBaTeNLHO,
a & f(z,) = 0. (60.79)
Ilomoxum 2, = %0. Torga
2 1
fle) =5 B= 31z = 1.
Bri6epem mpons3BoabHO sseMeHT X [ X u mycTs
f(x)=B; (60.80)
f(x = Bzy) = f(x) = Bf(z,) = 0.

HOSTOMy JQJIEMEHT X — le IOIpuHALJIEXUT IIPOCTPAHCTBY Y:

TOrga

d
y & x—pz,0Y. (60.81)
Taxum odbpasom,
x=y+Pz, yov, Bz, 0Z. (60.82)
Tak kaxk y L 2, To
(x,2) ©6032) B(zq, 27)- (60.83)
ITomosxum
def 29
a oAk (60.84)
Torza

(x, 21) 21
= = =Ly 2L 0O —
f(x) (60.80) B (60.83) (21, 21) % (21, 2,) 0(60.84)

(x, a).

Taxum o0pasoM, MCKOMBIN 3JieMeHT a HalgeH u opmyaa (60.76)
JOKa3aHa.

Ilokakem, UTO TAKOMU DJIEMEHT a e JUHCTBEeHHBIN. KEciinu sj1eMeHT
b 0 X TakoB, uTo aaa Bcex x [ X BBITTOMHAETCA paBEHCTBO f(x)=
= (x, b), a ciemoBaTesbHO, u (x, b — a) = 0, To, MOJIOKUB X = b — a,
nonayuum ||b — al| = 0 u, cregosarensro, a = b.

CiencTBue TeopeMbI BBITEKAET M3 TOTO, UTO MPU YKAaA3aHHOM
COOTBETCTBUU 9J1eMeHTOB a [] X 1 tuHefHbIX PYyHKIIMOHATIOB f(x) =
= (x, a), x 1 X, nuHeiiHO# KOMOMHAIINY SJIEMEHTOB IIPOCTPaHCTBa X
COOTBETCTBYET aHaJIOTUUYHAA JUHeHHas KoMOWHAanuA (PyHKITMOHA-
JioB. O

Sameuanue 3.H3omophusm ruabdepToBa IMIPOCTPAHCTBA C
€My COTIPSKEeHHBIM MUMEEeT MECTO U AJIA KOMILIEKCHBIX THIB0EpTO-
BBIX IIPOCTPAHCTB.
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60.9%. Mpeo6pasoBaHue Pypbe
MHTErpupyembix B KBAAPATE QYHKLUNA.
Teopema MNMAaHLWepeAs

Ecnu kBagpar pyuKIuu f MHTErpupyeM Ha BCel AeiCTBUTEIbHOM
ocu, To camMa GYHKIUA f, BOOOIIle TOBOPsI, He aBCOJIIOTHO MHTETPHU-
pyeMa Ha Bcell ocu, KaK 9T0O BUJHO Ha TpuMepe QyHKIIUHT

fx) = —.

J1+ x2

ITosTomMy, Ha ocHOBaHMU Teopuu HpeobpasoBanusa Pypbe, UI3JIO-
JKeHHO# B § 56, Hemb3A yTBEP:KJAaTh CYIeCTBOBaHMe IIpeodpaso-
BaHNA Pypbe ANA GYHKIUI U3 IpocTpaHCcTBa Ly(—0, o0). Iloka-
JKeM, UTO B 9TOM cCJydYae MOKHO OIIPEeNeJuTh IIpeodpasoBaHMe
dypre B HeKOTOPOM 00001IIeHHOM cMEbIcjIe. IIpeaBapuTeIbHO ocTa-
HOBHMCA Ha OIIpejesIeHUH IIpocTpPaHCTBa L,(—0°, ©0) and KOMII-
JIeKCHO3HAYHBIX (PYHKITUI.

IlycTs f u & — ABe HempepbIBHLIE PYHKIUY C HHTEIPUPYEMBIM
KBaApaTOM MOJYJIS Ha BCel oCcH UM IMIPUHUMAIOIIKEe, BOOOIIe TOBO-
pA, KOMILIeKCHbIe 3HaueHusA. VX cKalApHOoe IPou3BeeHre ompe-
IeJISeTCSA B 9TOM CJIydae 110 (popmyJie

(. 8) = [ f(x) g(x) dx.

JIerko mpoBepsieTcs, 4YTO BCe CBOICTBA, KOTOPBIMU JOJIKHO 00JIa-
IaTh CKaJIIpHOE IIPOM3BeleHNe B KOMILIEKCHOM JIMHEHHOM IIpO-
crpaucTtse (cMm. . 59.1), B 9TOM ciiyyae BHIIIOJIHSIIOTCS.

IIpoctpancTBo L,(—°, ©0), Koropoe MBI OyZeM paccMaTpu-
BaTb B 5TOM IMYHKTE, OIPEAEeJMM KaK IIOIOJHEeHHE IIPeAruJib-
OepToBa MPOCTPAHCTBA HEIPEPBIBHBIX M C MHTErPUPYEMBIM Ha
BCell ocu KBaJpaToM MOAYJA KOMILJIEKCHO3HAYHBIX (OYHKIIUH
C YKa3aHHBIM CKaJApPHBIM IIpousBeleHueM (cp. ¢ TeopeMmoii 3
B 1. 59.5).

Yepes ||f| B macrosmem maparpade o6o3HayaeTcsa HOpMA dJIe-
meHTa [ U Ly(—00, +00), T. e.

Il = (F, 1),
a Tak/Ke U IOoJIyHOpMa

Il = | [ o) FGaz,

nast GyHKIUA [ ¢ MHETerpupyeMbIM HA BCell OCH KBaApaToM MOXY-
Jd. BeIllle 11 caydas JedCTBUTEJAbHBIX (PYHKIIMHI OTMeUaIoch 6e3

257



JIoKasaTesbCcTBa (CM. II. 59.5), UTO KaK LI 3JIEMEHT ITPOCTPAHCTBA
L, moxHO paccMaTpuBaTh KaK KJjacc (QpyHKIuUN. AHaJIOIHUYHBIN

(axT crnpaBefsiuB U JJIA IPOCTPAHCTBA L, KOMILIEKCHO3HAUHBIX

dyHKIUi, npuyeM noayHopMa ||f| dyaKIuUi f coBnazaer ¢ HopMmoii
BJIeMeHTa IIPOCTPaHCTBA L,, KOTOPOMY IPUHAMJIEKUT (B CMBICIE,
aHAJOTMYHOM YKa3aHHOMY B II. 59.5) pyuriua f. MsI He OyaeM oc-
TaHABJIMBATLCS Ha JOKA3aTeJbCTBE 9TUX (PAKTOB U He OyAeM UX HC-
IMOJIb30BaTh B JaJbHeIHIIIeM.

KommekcHosHaunyo GyuKnuio f(x) = ¢(x) + iY(x), roe §(x) u
Y(x) — meiicTBUTENbHBIE QYHKIIUU, —00 < x < +00, HazoBeM (Pu-
HUTHOM cTyImeHuYaTol (GyHKIHMeH, ecau (GPUHUTHBIMU CTyIeHYa-
ThIMU QYHKEIUAMEA sSBaA0TcA GyHKmun ¢(x) u PY(x) (cm. ompene-
Jgeuue 7 B 1. 55.2). B manbHeimieM AJA KPaTKOCTU (DUHUTHBIE
cTymeHUYaThle QYHKIIUK OyAeM HasbIBATHL IPOCTO CTYMEHUYATHIMU
GYHKOUAMU.

JIto6bie nBe crymeHdaTrbie GyHKIUU ¢(x) u Y(x), IpUHUMAIO-
e TOJbKO NeHCTBUTEJbHBbIC 3HAUEHUSA, MOKHO IIPEeICTABUTH B
BHUJe KOHEUHOI JMHEMHON KOMOMHAIIMU C AeHCTBUTEIbHBIMU
KoahduiimeHTaMu OJHUX U TeX Ke OJHOCTYIeHUaThIX (QYHKIIUH
(cm. 1. 55.2), npuruMatonux 3HaueHus 1 u 0. [Iiga sToro mocra-
TOYHO B3ATh BCEBO3MOJKHBIE HEIYCThIE IIepPeceueHus MOJyHUHTep-
BAJIOB MOCTOAHCTBA QpyHKIME ((x) 1 P(x). ITH HepeceueHust TaK-
e ABIAITCA MOJIyWHTepBanaMu [x, _, X,), k=1, 2, ..., n, Ha
KOTOPBIX IOCTOAHHBI OMHOBpeMeHHO GyHKIun ¢(x) u Y(x). IToaTo-
MY ecau
l,ecmnx, | < x <xp,

cok(x) = {

0, ecnu x < x;,_, UIU X > X,
k=1,2,...,n,

— COOTBETCTBYIOIIME OJHOCTYIIeHUYaTble (DYHKI[UU, TO CYIIIECTBY-
IOT TaKkue JefcTBUTeNbHBIE Uucaa A, Y, =1, 2, ..., aro

0 = 3 M@, W) = 5 W@, (x).

Orcioza cienyer, 4TO KOMILIEKCHO3HAUHAA CTymeHUYaTasd (QyHK-
nus f(x) = ¢(x) + iY(x) mpencraBuMa B Buje

fx)= 3 G lx), (60.85)
rae {, =\, +iM,, k=1, 2, ..., n, — KOMIJIEeKCHbIE YHUCJIA.
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AEMMA 9. IIycmbv [ — KOMNnIeKCHO3HAYHASL CcMYyneHwamas
dynruyua u F[f] — ee npeobpaszosanue @ypve, mozda

IFLAl = 71l

AokasatTeAbcTBO. Ecaum ¢yurmua [ sagana GopmyJaoin
(60.85), To

I£12 =7 #)F(x) dx =

— 4o

40 [ O@@E)dx= 3 |2 (0,2, 1) (60.86)

M:

.k

ITIycrs Temeps 0 < n < +00; Torma

n _— n +o00 4oo
f FUVFTTTdy = 55 [ dy [ fesdx [ F(E) et -
-n = —0o —00

I I f(x)f(z)dx dé J‘ ey - x)dy_

400 +00

=5 [ [ @ 7© P ax e, (60.87)

Bce npeobpasoBaHusa 37ech 3aKOHHBI, TAK KaK Ha caMOM Jiejie Bce
WHTEeTpaJibl 6epyTcA B KOHEUHBIX IIpegesax.

ITockoMbKY AeficTBUTENbHAS U MHUMAS dacTu QyHKOUUA f(x)
YIOBJIETBOPAIOT YCJIOBUSIM TEOPEMEL O IIPEACTABIEHUY (PYHKIIUIH C
moMoIbio uHTerpasa ®Pypre (cm. Teopemy 1 B 1. 56.1), To masa
BCeX X, KpoMe X = x,,, k=1, 2, ... , n, uMeeM (CM. J0Ka3aTeJIbCTBO

YKa3aHHOII TeOpeMbI)
. 1 *° = sinn(§ — x) Iy
nlgrgoo n [ fR) =% =5 d&d=1(x).

OkasbIBaeTCsA, UTO B CUJIY 9TOT0, IIPU HAIIUX MIPEAIOJOKEeHUSIX B
nocaexuem mHTerpasie (60.87) MOKHO mepeliTH K HOpeney IO
3HAKOM MHTerpaJjia mpu N — +0°0, OMHAKO COOTBETCTBYIOIIAS TEO-
peMa He ObLiTa HoKa3aHa B HACTOAIIEM Kypce, M IOTOMY HaM IIpHU-
meTcd CHeJaTh HECKOJLKO MOIOJNHUTEJNbHBIX BhIumcaeHuii. Ilox-
craBisad (60.85) B (60.87), momyuum

! F[f] F[f] dy = l S d K w dE
T
-n i,k=1 Xp_q
1 2 — U M= gin ¢
== Y 4l fdx [ Far (60.88)
jk=1 X1 n(x,_;—x)



PaccmoTpuM moBefeHMe KasKAOTO CJIAaraeMOTr0 MOJYUUBIIIEHCA
cymMmbl pu N — +00, Ecnu j = k, TOo, MEHAA MOPALOK MHTETPUPO-
BauuA (puc. 17) u TpousBoaA UHTETPUPOBAHNE IO ITIePeMeHHOH X,

MOJIYYUM
1 @D Gin ¢ N~ 1) 0 t []sint
nxj'dx T dt—n[ | " Xk-1" 50 ¢ dt +

k-1 nN(x,_;—x) 0
0 .
t t
+ [ B %1t of %—dt}=
N (x, = x,_1) n
2 NG~ 1) sin ¢ 2
=S (=%, ) g n dt+n—n[1—cos(xk—xk_1)].
Tak kax
*° sin ¢t s
[ Fde=3
(cM. 1. 54.4), TO 0
.2 M50 i g
nl}lgrlw ~ (X=X, 1) g At =X, X, .

Iasee, oueBUIHO, YTO

. 2
nl}IEOO m [1—-cosn(x,—x,_{)]=0,

IIO3TOMY
X n(x, — x) .
. 1 5 sin ¢
nlamﬂooﬁ Idx , dt=x,—-x,_4, B=1,2,...,n.
Xp-1 n(x,_;—x)

ITorakem Tenepb, UTO IpU j = k
X; n(x;, = x)
lim I dx
n- -+ _
-1 N(x,_q = %)
IlycTh s onmpeneaeHHOCTH X1 <% < xy,_ 1 < x,,. IIpu apyrux pac-
IIOJIO}KEHUAX IIOJYMHTEPBAIOB IIOCTOAHCTBA [X; _ 1, X)) 1 [X), _ 4, X},)
JIOKa3aTeJIbCTBO aHAJIOTUYHO. MeHsaA CHOBa MOPSANOK MHTErPUPOBa-
HUS U TPOU3BOMA MHTErpupoBaHue 1o x (puc. 18), ¢ moMoIbsio aHa-
JIOTMYHBIX PACCYKACHUN IIOIYUNM

sin ¢
t

dt=0.

X; n(x;, — x) . nx, = x;_4) .
sin ¢ o ! t Osin ¢
[ dx dt= | %}ck—xj_l—r—]D At +
Xj-1 n(x,_q = x) r](xk_xj)
N(x, = x) .
sin ¢
+ (xj—xj_l) n dt +
n(xk—l_x,'—1)
N, 1= %) .
0. _ t gsin t
+ 7 xk—1+nD ;—dt — 0 mpm n— oo,
n(x, -y = x;)
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~t=n(x,—x)

t=n(x, =)

x Ol ¥j-1 X x, . X, - X

Puc. 17 Puc. 18

Teneps u3 (60.88) umeem

+oo

_ n _
|FL71I2 = | FIA FT7ldx= lim [ FIf1F[7]dy =
-n

—00

= kil 12|22, — %, - ) = [If]2. O

AEMMA 10. ITycmdv f — KOMNAEKCHO3HAYHASA (PYHKYUSL, Henpe-
puvieHas Ha ompeske [a, b] u pasHas HYyaw 8He ezo, mozda cy-
wecmeyem nocaedo8amesbHOCMb MAKUX CMYNEHYAMbLX QYHK-
yuii ¢, n=1,2,...,umo

lim_[¢ - ¢,| =0, supp ¢, O [a, b].

AOKA3ATeAbCTBO. [ gelicTBUTEIbHBIX (DYHKIIUHA 3TO CJIe-
nyer u3 jgemmbl 9 . 59.5. Ilyers Temeps ¢ = u + iv — KoMILIEKC-
HO3HauHaA (DyHKIMA, HeIIPePhIBHAA Ha OTpe3Ke [a, b]; Torma meticr-
BUTEJIbHBIE (DYHKIIMM U U U TaKsKe HelIpephIBHBI Ha oTpeske [a, b].
ITosTomMy cyIlecTBYIOT TakKue IIOCJIEOBATEIBHOCTH CTYIIEHYATHIX
dyurmuii {u,} u{v,}, uro |[u —u,| > 0u[v—-v,| > 0npun — oo. Ec-
J ¢n, = un, + ivn’ TO ||¢ - q)n” < ||u - un” + ||U - vn”’ OTCIOHa "q) - q)n,” -
— Ompun — o0, 0

AEMMA 11. ITycmv KomniekcHO3Ha4HAS PyHKUuL O HenpepbLs-
Ha Ha ompe3ke [a, b] u pasHa HYyAl0 8He e20, mozoa

IFTO1 = llo]-
AokasaTteAbcTBO. Ilycts ¢, — mocIeroBaTEIBLHOCTH CTY-
IIeHYaThIX QYHKINHI TaKUX, YTO

Tim_ 6~ 6,1 =0
(cMm. memmy 10), Torza, B CUJIYy HEIIPEPBIBHOCTHA HOPMBI,

Tim_ 6, =[4]. (60.89)
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13 HepaBeuncTsa ke Komu—ByHAKOBCKOT0 IOIyUnM

[ 10,0~ d)ldx < & axZ”H 16,00) - d)PaxD” =

a a

=0~ 025 16,00 - dCopaxd”,

", CJIef0BaTeIbHO,
b
Tim_ [ [9,(x) - ¢(x)|dx =0,

T. €. IOCJIe0BaTeIbHOCTD {{,} cxoquTca B cpefHeM K QYHKIUH ¢
u B cmbIcae L. [TosTromy eciu

¢="F9], ¢,=F[¢,], n=1,2,...,
TO MOCJIeOBATEeILHOCTh HEIIPEePBIBHEIX (CM. CJIeICTBHE TEOPEMbI 2
B 1. 56.7) pyrknwuii {{),} paBHOMEpHO cXoAUTCA K PyHKIUA ), KO-
TOopas B CUJY 3TOTO HeIpepbIBHA Ha Bceil umcaoBoit ocu. Kpome
TOTO, B CHUJIY JIEMMBbI 9,

Orcrona cienyeT, B YaCTHOCTU, YTO HeNpepbIBHBIe GyHKIuM Y,
ABJIAIOTCA (PYHKIUAMHU C UHTErPUPYEMBIM KBaJpaTOM MOXIYJIS,
T. €. IPUHALJIEXAT IPOCTPAHCTBY Ly(—0, +00). Ilanee, GyHKIUN
y,, n=1, 2, ..., o0pasyoT QpyHIaMeHTAJIbHYIO IIOCJTel0BaTeb-
HOCTb B IPOCTPaHCTBE Ly(—00, +00), 9TO cienyeT U3 CXOAUMOCTH B
CpeZHeM B CMbICTIe L, II0CIe0BaTeIbHOCTH {{,} 1 13 pAaBEHCTBA

1 9.0 - vy = [ 16,0~ 0, )%,

KOTOpOe TaKsKe BBITeKaeT U3 JeMMbI 9, TaK KaK pasHOCTb CTYIIeH-
YaThIX PYHKIIUHA TaKKe ABJIAETCS cTyneHuaTolr pyHkiueii. [loka-
3KeM, UTO IIOCJIeJ0BaTeNIbHOCTD {,} cxoxuTca K QyHKIuM | u B

npocrtpaHcTse L,. [leficTBUTENIBHO, IyCTh (hUKCHpPOBaHO € > 0, TOT-
na, B CUIy (PyHZaMeHTAJbHOCTH IIOCJIeROBaTeJbHOCTH {,}, Cy-
IIeCTByeT TaKO! HOMED I, UTO JJIA BCeX N > Ny U m > N, BBIIOJIHS-
eTcsA HEPABEHCTBO

9, =W, = [ 10,0) ~ b, @)dy <.

Tem 6osee, guasa goboro uucia ¢ > 0 OygzeM UMeTh

c

J W)~ W, )%y <e. (60.91)
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IIpu GUKCUPOBAHHBIX 1 U € IIPU M — OO TOABIHTETPAILHOE BBIPAYKE-
Hre B (60.91) pasHOoMepHO cTpemuTesa K QyHKIME [P (y) — Y(y)|2.

ITosTomy B HepaBeHcTBe (60.91) MOXKHO ITepeiiTy K Ipeaesy o 3Ha-
KOM MHTerpajia mpu m — o0, B pesyabrare 0y1eM UMeThb

c

[ W) - w(y)2dy <e.

-C
YcTpemsasa Temepb ¢ K +00, MOJTy4YUM, UTO IPHU 11 > N, BBIIOJ-
HseTCA HePaBEHCTBO

T 10, - vy <e, (60.92)

uTO X O3HAUYaeT CXOJUMOCTEL B CpefHeM B cMbIicie L, mocienosa-
TespHOCTH {,} K DyHKIIIN .

W3 noxasaHHOTO ciexyeT Tak:ke, 4To ) [ Ly(—o0, +00). Ileii-
CTBUTEJBbHO, B cuiy (60.90) u (60.92),

Wl < llw =W, |l + llw, || < +oo.

Haxomren, us Hepasercrsa | |U,| — @] | < [|@, — @] u Toro, uro
nl{mm [w, — W[ =0, noryunm
Jim [, [l = [lw[l. (60.93)
W3 (60.89), (60.90) u (60.93) cnenyet, uTo
lwll = lw,ll.

TEOPEMA 19 (teopema MAaHwepeAs®). ITycmv @pyukuyus ¢ He-
npepvi6Ha U ¢ uHmezpupyemvim Keadpamom molynrsa Ha 6ceil

YuUCa0801 ocu U nycmo
M

Wy (y) = J_;—T'[ _{4 d(x)e*¥dx, M > 0.

Tozoa:
1) pynryua P, (y) marxice nenpepviéna u ¢ UHMeZPUPYEMbLM

Ha 6cell wucn060il ocu Keadpamom;
2) npu M — +0° ¢gynryuu P,, cxodamcsa 6 npocmpancmee L,

(—00, +0) k¥ nHexomopomy anemernmy P [ Ly(—00, +0);

3) [l = llwl.

AokasaTeAbcTBO. Ecan

_ | ¢(x), ecim x U[-M, M],
Oul) = { 0, ecumx U[-M, M],

* M. Ilnaamepens (1855—1967) — mBeiinapcKkuii MaTeMaTUK.
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TO, OYEBULHO,

Mlirri $pr =9 B Ly(—0, +0), (60.94)
tim oyl = loll. (60.95)
o 400
Coruacuo gemme 10,
lwall = l9pll, M>o0, (60.96)

| L|JM1 - LUMZH = ”le - LUMZH’ M,>0, My,>0. (60.97)

"3 (60.94) u (60.97) cnenyer, B CUIy IIOJHOTHI IPOCTPAHCTBA
L, (-0, +00), uro B L, (-0, +00) cymecTByeT mpejeJ (mouemy?)
Mlim Y,, = Y. B cuny HeIpepBIBHOCTH HOPMEI,
— +oo
im )=y (60.98)
us (60.95), (60.96) u (60.98) umeem |P| = ||¢|. O
duement P U L, (—o0, +00), nonydeHHBIH B Ipolecce TOKasa-
TEeJIbCTBA, MBI OyZeM Ha3bIBATh npeodpasosanuem Pypve 3ajanHON
HelnpepeIBHOH PyrKIMH ¢ [1 L, (-0, +°0) 1 mucars

Y=FI[o¢]. (60.99)

9Ta 3amuch eCTECTBEHHA, TAK KaK ecau QyHKIuSA ¢, Kpome TOTO, U

a0COJIIOTHO MHTErpupyema, TO Mlim Y,, coBImazaeT ¢ OOBIUHBIM
+ o0

—

npeobpasoBaHueM Pypne. [lelicTBUTEIBHO, B 9TOM CJydae

Lm0~ peoldx = 0.

CnenoBarensHo, dynknuu Y,, = F[¢,,] npu M — ©© paBHOMepHO
cxomATeA K npeobpasoBanuio ®ypoe F[¢] pyuxmuu ¢. Kak Ml Bu-
nenn, Y,, CXOOUTCA B CPeHEM B cMbIcie L, K QyHKNuM |J; oTcrona
HeTpyIHO yOenurhbesi, uTo P = F[d] (cpaBHUTE aHAIOrMYHOE pac-
CysKIeHNe B JOKAas3aTeJbCTBe JeMMbI 11).

IIpeo6pasoBanue Pypbe (60.99) ompeneseHo moKa JUIIL IJIs
Tex saemeHToB ¢ [ L, (—°°, +00), KOTOpBIE ABIAIOTCA HEIPePHIB-
HBIMU QYHKIIMAMU C UHTETPUPYEMBIM KBaJApPaTOM, OAHAKO IO He-
IPEPHIBHOCTU OHO MOJKET OBITH PACIIPOCTPAaHEHO Ha BCE MPOCTPAH-
ctBOo L, (—00, +00). JleficTBUTEILHO, IYCTh ¢ — IIPOM3BOJILHBIHN
BJIeMeHT U3 IpocTpaHcTBa L, (—o0, +0). Kak 6bL10 I0Ka3aHo, MHO-
JKeCTBO HEIPEePHIBHBIX C MHTEIPUPYEMBIM KBaJAPAaTOM Ha Bceli uuc-
JIOBOI ocu (pyHKIUI IJIOTHO B IpocTpaHcTBe L, (—00, +0) (caen-
cTBUe TeopeMbl 3 B 1. 59.5). CiemoBaTenbHO, CYIIIECTBYET IIOCJTE-
JIOBATEeJIbHOCTDh HETTPEePHIBHBIX (hYHKITUH

¢, 0L, (-0, +0),n=1,2, ...,

raxad, aro lim ¢, =¢,r.e. lim [l¢, - 4[| =0.
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ITycrs F[$,1=Y,, n=1, 2, ... . B cuny Teopems! Ilnanmepens,

W, —w,ll=l¢,-¢,l, n,m=1,2,...,
II09TOMY IIOCJIefoBaTeIbHOCTh {Y,} dyHAaMeHTaNbHA B L, U, Cie-
goBaTeabHO, cxoxurcs. Ilyers P = nl{mw y,. ITo onpezesnenuio mo-
Jjaraem
Y= F[]. (60.100)
duemeHT Y = F[§] U Ly(—00, +°) HazsIBaeTcsa npeobpasoBaHu-
em Dypbe anemenTa ¢ 0 Ly(—o0, +00). Ecau ¢, 0 L, (=00, +00),

n=1, 2, ..., — Kakaa-aubo Ipyraa IocjJeqoBaTeJIbHOCTh Helpe-
PBIBHBIX (DYHKIUH, cxomAmasaca B L, (—00, +0) K siaeMeHTy ¢, u

ecau P = F[¢ ], To u3 paBeHCTBa
6, = &nll =1l w, — Wyl

nMeeM nlimoo g, = Y. Takum obpasom, ounpenesnerue (60.100) ue

3aBHCHUT OT BBLIOOpA IIOCJIELOBATEJIbHOCTH HEIPEPBIBHLIX (DYHK-
Ui, CXOAAIIENCS K 91eMeHTy §.
s moboro ¢ [ L,y(—00, +00) cpaBeInBO PAaBEHCTBO

17161 = lloll,
YTO Cpasy cjaenyeT u3 Toro, 4To 9ToO paBeHCTBO IMeeT MeCTO OJId He-
npepsIBHBIX GyHKOUI ¢ [ L,y(—00, +00) 1 HeIpepbIBHOCTY HOPMEI.
Hajee, JIerKo IPOBEPUTH, UTO HpeoOpasoBaHme Pypbe F Jiu-
HeliHO Ha Ly(—0, +0), T. e.
F[)\1¢1 + )\2¢2] = }\1F[¢1] + 7\2F[(|)2]

ana ao0beix ¢y u ¢y u3 Ly(—00, +00) m mr06bIX UYmces A; u A,.

ITO BEePHO IJIS CTymeHUYaThIX PYHKINUNA. OH1 00pasyoT IMJIOTHOE B
Ly(—o0, +0) mHO:KecTBO. OTCIO[]a IpeJeJbHBIM IIePeXoJoM YKa-
3aHHOE PABEHCTBO MOJIYYaeTCs AJSA JIOBIX dJIEMEHTOB IPOCTPaH-
cTBa Ly(—00, +00).

Haxowuer, mpeo6paszoBanue Pypbe OTOOpasKaeT HPOCTPAHCT-
BO Ly(—0, +00) Ha cebsa, T.e. KakKoB Obl HU ObLI daemMeHT | [
U Ly(—%0, +0), cymiecTByeT Takoii aneMeHT ¢ [ Ly(—o°, +0), uTo
F[¢]= Y. Ous Toro uToOBI 3TO IOKA3aTh, CJIELYET TEM Ke METOA0M,
KaK 9T0 OBLJIO CHeJIaHo JJid mpeobpasoBanusa Pypbe, OIpeaeuTh Ha
npocTpaHcTBe Ly(—00, +00) o6parHoe mpeobpasoBanne @ypbe F1 u
IIOKasaThb, 4TO JAJIA Jtoboro asnemenTa Y [ Ly(—o0, +00) cipaBeniu-

Bo paseHnctso ||FY]| = ||y|. Barem mosxHO mOKa3aTE, YTO

FIF' Il =y u FUFYII =y
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nis Beex P [ Ly(—00, +00), ncxofs us TOro, 4To 9TO BePHO Ha MHOXe-
CTBe CTyIleHYaThIX (PYyHKIU, 00pasyIoIuX INIOTHOe B Ly(—00, +00)
MHOKecTBO. Ecyim remeps ama asemeHTa P U Ly(—00, +00) B3ATH
snemenT ¢ = F-I[Y], To monyuum F[P] = Y, uro u o3Hauaer, 4TO
npeobpasoBaHue F oroOpaskaeT Bce IPOCTPAHCTBO Ly(—00, +00)
Ha cebd.

CyMMupys Bce CKazaHHOE, MMOJYUYUM CJIEeAYIOIYI0 TEOPEMY.

TEOPEMA 20 (teopema lMNMAaaHwepeAas). IIpeobpaszosarnue Dypve
F nuneiino u 83auMHO-00HO3HAYHO 0MOOPaAMCAem NPOCMPAHCI-
60 Ly(—0°, +0) na cebsa, npu amom 0aa 11006020 snemenma ¢ [

U Ly(—00, +0) cnpasedauso pasencmeo

IFIo11 =l

§ 61
O606LEHHbIE DYHKLNM

61.1. O6wme coobparkeHus

B sTom maparpadge MBI paccMOTPUM OLHO 0000IIeHIIe KJIACCHTUECKO-
IO IOHATHA (PYHKIINI, & UMEHHO IIOHATHE 0000II[eHHO (DYHKI[HUH.
OHO BO3HUKJIO IIPU PeIIeHNY HEeKOTOPBIX (pM3MUYeCKUX 3a1ay U B
TmocJyiefHMe TOAbI OBICTPO M IMPOYHO BOIILJIO B MareMaTuky. C mo-
MOIIIBIO 9TOr0 IIOHATUA MOXKHO PaCIIPOCTPAHUTHL IIPeodpas3oBaHme
dypbe Ha cyIIecTBEHHO 0oJjiee IIMPOKUH KJjace PpyHKIUHI, yeM ao-
COJIIOTHO MHTETPpUpPyeMble NN WHTerpupyeMble B KBagpaTe QyHK-
muu. OHO I03BOJIsAET CPOPMYIUPOBATL HA MATEMATHUYECKOM S3BIKE
Takue UAealn3uWpPOBaHHbIE MOHATUSA, KaK, HAIpUMED, IJIOTHOCTD
TOUYEUYHOT'O 3apANa, IJIOTHOCTh MATEPUAIBHON TOUKN, MTHOBEHHBII
UMITYJbC U T. II.

ITosicaum aTo mompobHee. [Ipu usyuennu GU3MUECKUX ABJIE-
HUI C TOMOINBI0O MaTeMaTHYeCKOro almapara HaM Heu30e:KHO
MIPUXOAUTCS IIOJb30BATHCS PA3IUUYHBIMIA MATEMATUUYECKUMHU a0CT-
PaKIUSIMHU, B YaCTHOCTHU MOHATHEM TOUYKH. MBI TOBOpUM, HAIIPU-
Mep, 0 Macce, COCPEIOTOYEeHHOI B JaHHOI TOUKe IMPOCTPAHCTBA, O
cuje, MPUJIOKEHHON B JAaHHBIN MOMEHT BpeMeHU (T. €. B JaHHOU
TOYKE OCH OTCUeTAa BPEMEHM), O TOUEUHOM MCTOYHUKE TOT0 WJIU
WHOTO (DMBUYECKOTO IOJIA U T. II. ITO YA0OHO MPU NCIOJIb30BaAHUU
MaTeMaTUYEeCKOT0 almnapara, XOTA IIPKU 3TOM MbI BOCIIPOM3BOLUM
He BIIOJIHE TOYHYIO PeaSbHYI0 KapTUHY: BCAKAA Macca MMeeT OIl-
peleeHHBIA 00beM, BCAKAsA CUJa AefiCTBYeT oIpeleIeHHbIN Ipo-
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MEKYTOK BpeMeHU, BCAKUI MCTOUHUK II0JIA UMeeT OIpeiesIeHHbIe
pasmepsl u T. 1. OKasbIBaeTCA, YTO IPU TAKOM IIOAXOMe K 1U3yde-
HUIO0 QUBNUECKUX ABJEHUN HEJOCTATOUYHO METOLOB KJIACCUUECKOI
MaTeMaTuKu. VHOrJa OPUXOJUTCA BBOAUTH HOBBIE MaTeMaTHue-
CKUe MMOHATHUA, CO3/IaBaTh HOBBI MaTeMaTUYEeCKUH armapar.

PaccmoTpuM B KauecTBe MpuMepa JefCTBHEe « MI'HOBEHHOM» CH-
abl. IIyecTs B MoMeHT Bpemenu ¢ = 0 Ha Tesio maccwl m # 0 mopgeiicT-
BOBaJIa CuJja, COOOIMUBINAA €My CKOPOCTh v # (), mocJjie uero aeicr-
BHUe CUJIBI IpeKpaTtuioch. O6o3Hauas uepes F(t) cuny, meicTBylO-
IIyI0 Ha TeJ0 B MOMEHT BpeMeHU t, mosyuum F(t) = 0 pu ¢ #= 0.
ITonbiTaemcs HaiiTu, yemy ke paBHa cuJja F(t) mpu t = 0. Ilo BTO-
pomy 3axoHy HbioTOHa cuja paBHA CKOPOCTH M3MEHEHUS KOJIrue-
CTBa MBUKEHUA OTHOCUTEIHLHO BpeMeH!

d(mv)
dt

", cJIeI0BaTeJIbHO, AJIA JI000ro MoMeHTa BpeMeHu T, 0 < T < +00,
uMeeM

F(t) =

f F(t)dt = mo. (61.1)

B xauecTBe HMIKHEro Ipejesia MHTErPUPOBAHUSA B3ATA —O0, MOMK-
HO, KOHEYHO, BMECTO Hee B3AThb U J0boe uncio a < 0, TOCKOIBKY
o MoMeHTa BpeMeHu ¢ = ( TeJI0 HaX0MJIOCh B TIOKOE.

O6paTuM BHUMaHNE Ha TO, UTO C TOUKU 3PEHUA KJIACCUUECKOI
MaTeMaTUKH, T. €. C TOUKU 3PeHUs TOTO MOHATUA WHTerpaJaa, Ko-
TOpoe OBLIO HAMH H3yUYeHO, paBeHCTBO (61.1) suIiteHO cMbIC-
na: pyaknua F(t) paBHa HYJ 10 BO BCeX TOUKax, Kpome ¢ = 0, u mo-
TOMY CTOANIHII B JieBoii wacTtu (opmynanl (61.1) maTerpas, pac-
cMaTpUBaeMbIil KAK HeCOOCTBEHHBIN, paBeH HYJIO, B TO BpeMs KaK
mIpaBas YacTh 9TOTO PaBeHCTBA He paBHa HYJ0. BmecTe ¢ TeM, uc-
xoAa U3 (pUBUUECKUX COOOpaKeHM!il, eCTECTBEHHO OKUAATH, UTO
HAIlMCaHHOEe PABEHCTBO MMeeT ONpeAesIeHHBIN CMBICI. 9TO IPOTHU-
BOpeure 03HaUaeT, UTO MBI OKa3aJiCh 3a MpeAeiaMu BO3MOKHOC-
TH HKCIOJb30BAHMNSA WM3BECTHOI'O HAM MAaTeMaTHYeCKOro ammapa-
Ta, YTO HeOOXOAMMO BBECTH KaKue-TO HOBbIe MaTeMaTHuUecKue mo-
HATUS.

IIpenmoso:KuM, AJISA IPOCTOTHI, UTO KOJUUYECTBO ABUKEHUI,
KOTOpOe TIOJIyUHJIO TEJIO, PABHO eIUHUIIE, T. €. uT0o mv = 1. B aTom
cayuae cuny F(t), IeficTBYIOIyIO Ha Tejo, OyaeM o0o3HAUaTh ue-
pes &(t), caemoBarenbHO, (popmyaa (61.1) GymeT Temepb UMETh BU

f o(t)dt=1,1>0. (61.2)
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Dyuxinusa O(t) HazblBaeTcsa 00BIYHO AebTa-(pyHKIIIe (O-QyHK-
nueit), nwan pyarnueii Jupaxa”.

YT006bI JyUIlle BHUKHYTH B CYIITHOCTH BOIIPOCA, IIPE/IIOJIOMKUM,
YTO HA TeJIO AefCcTByeT He MT'HOBEHHAS CUJIa, a UTO B TeUeHUe IIPo-
MeKyTKa BpeMeHH oT —€ 1o 0 (€ > 0) Ha TeJio AeficTByeT HEKOTOpas
IIOCTOSHHAA CHJIa, KOTOPYIO MBI 0003HaumM uepes Oy (t). IIpenmo-
JIOKUM TaKJKe, UTO 9Ta CUJIa COODIIaeT HAIIIeMY TeJIy TO JKe caMoe
KOJIMUEeCTBO IBUKEHUs, paBHoe enmHuie. Kopoue rosops, pac-
mpegenuM ucKomyio cuay O(¢) Ha mHTepBaJ OauHLI €. Halizem cu-
ay O,(t).

ITo saxkouy HbioToHa aasa goboro Bpemenu T = 0 umeem

[ 80t =1.

Tax xak cuia O(t) paBHa HyJII0 BHe oTpesKa [—¢€, 0], a Ha sTOM OT-
pesKe MOCTOAHHA, TO

T 0
1= [ O (t)dt = I O (t)dt =¢€d,(t), —e<t<O.
ITosTomy - N

1
= —e <t < s
5.0) z» ecmm —€ t<O0

0, ecau t<-tuaut>0.

(61.3)

EcTecTBEeHHO IIPEAIIONOMKUTDL, UTO MI'HOBEHHAA cuia O(t) moy-
4JaeTcd U3 «PacIpesieIeHHON CUIbI» O(t) IpesesbHBIM IIePeX010M
npu € — 0, T. e.

o(t) = lim0 O.(%),
€ -
TOTZA
| 400, ecim t=0,
8(t) = { 0, ecau t=0.

dra popMysa He faeT HaM BO3MOYKHOCTU, HCIIOJL3YSA M3BECT-
HbIe OompejesieHus nHTerpaja (CoOCTBEHHOrO MJIM HeCcOOCTBEHHO-
ro), moayuuthb (opmynay (61.2). PaBeHcTBO Hy 0 (GQYHKIIUU BO
BCEX TOUKAaX, KPOMe OIHOM, I'ie OHa paBHA OECKOHEUHOCTH, U OJ-
HOBpPEeMEHHOEe PAaBEHCTBO WHTerpajia OT 9TOM (GYHKIUU eIUHUIlEe
MIPOTUBOPEYAT APYT APYTY B paMKax TOW MaTeMaTUKU, KOTOpas B
HACTOdAIllee BpeMdA Ha3bIBAETCA KJACCUUYECKOHW. JTO IPUBOAUT K
MBICJIA O HEOOXOAMMOCTY BBeIEHUA HOBOTO OIIPEJIeIEHNA — OIIpe-
neneHudA «uHTerpaaa» (61.2).

(61.4)

*II. Dupak (1902—1984) — anrnauiickuii QU3UK.
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®PU3NUEeCKN €CTECTBEHHO CUMNTATh, UYTO KOJUUYECTBO IBUIKE-
HUA, NPUAAHHOE TeJly MIHOBEHHOM cuiaoi O(t), T.e. HMHTerpal
(61.2) aBaserTcsa mpeneoM KOJUUYECTBA ABUIKEHUS, HPUTAHHOTO
TeJly paclpeieIeHHBIMH BO BpeMeHHU cuiamu O/t), Korgza BpeMs
uX JeMCTBUS CTPEMUTCS K HYJIO, T. €. Korga € — 0. IlosTomy mo-
JIOXKUM, TIO OpeAeIeHnIo,

,L o(t)dt = slifr}) ,L O(t)dt, 1>0.

Orcioma, B cuJy paBeHCTBa J’ O(t)dt=1,1>0, gnaBcex €>0nm

cJaeayeT HeIoCcpeaCcTBeHHO paBeHCTBO (61.2).

TakuMm oOpasoM, Korja TOBOPUTCS, uTO mHTerpay (61.2) or
geabTa-QyHKIINY PaBeH eIUHUIIe, TO STOT MHTErpaj CJIeAyeT IIO-
HUMAaTh KaK IpPeJesl COOTBETCTBYIONINX OOBIUHBLIX HHTEIPaJIOB OT
d,-pyrr1uii mpu € — +0.

OkasbIBaeTcsA IIOJEe3HBIM JaTh aHAJOTHUYHLIM 00pa3oM oIIpee-
JeHue u 6ojiee OOIIUX «MHTETPAJIOB», a UMEHHO MHTErpajoB BUIA

f 3(£)f(t)dt, —co <T < +co, (61.5)

rae f(t) — HexoTOpas HellpepbIBHAS (PyHKIUA. VIMeHHO, ompese-
aum cuMBoJ (61.5) paBeHcTBOM

[ N(T)f(t)dt = lin}) [ d(t)f(t)dt. (61.6)
o € - —0o
Yrob6BI OKA3aTh, UTO 9TO OIIpeleseHlie KOPPEKTHO, HAJO0 JIO0-

KasaTb, uTo upenes (61.6) Bcerga cymiecrsyer. Ilokaskem, 6oJiee
TOTO, YTO

lim fés(t)f(t)dt={f(00) Eiﬁzgj (61.7)
Ilycth cHavana 1 > 0. Ucnoab3ys (61 3), mIoJIyYuM
[ 3o - 1) =1 | e - K2 paf <
0
<% I - rolar. (61.8)

B cuny HenpepwiBHOCTH hyHKIMHA f(x) ipu x = 0, a1 106010 N > 0
CyIeCTBYyeT TaKoe €, > 0, 4To 151 BCeX ¢, yAOBIETBOPAIOIINX YCIO-

BHIO |t| < €, BRIMOMHSAETCSA HEPABEHCTRO
|f(t) = £(0)| <n.
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IToaToMy A BCeX € < €, U3 HEPABEHCTBA (61.8) crexgyer, uTO

[ 8(0fwdt - f(0)

Tak Kak 1N > 0 — OTpou3BOJILHOE YNCJIO, TO paBeHCTBO (61.7)
npu T 2 0 goxasano. Eire mporrie oHo mokasbiBaeTca mpu T < 0.
Wrak, us onpenenenns (61.6) ciaegyer, uTo aJisd 1000 HelIpephbIB-
HOIT pyuKIuu f(¢) cipaBegiuBa opmyia

' >
[ 3oiwa={ TP mr T

dopmy.ia (61.2) caenyet orcioga upu f(t) = 1. Eciiu moI0XKUTH

no o, _
<z dt=n.

=€

(61.9)

1 nmpu t=20,
9@)=w{0 Hgn t<0. (61.10)
To hopmyaa (61.9) mpu f(t) = 1 nepenuiiiercs B BUIe
0(r) = [ o(t)dt. (61.11)

Dyurinua 0(f) uMeer crenuasbHOE HA3BaHWEe — OHA HAa3bIBAETCH
@ynruyueit Xesucaiida®. Boruncasasa npousBogHyio GyHKIuu 0(t)
COTJIACHO KJIACCMUECKOMY OIpeeJIeHNI0 IIPOou3BOAHOM, u3 (61.10)
TMOJIYUYUM

N opu t=0,
() {0 opu t#0.

Ha ocuoBaHuu 5T0ro 661710 ObI HEBEPHO YTBEPKIATh, uTO 0'(¢) sABIA-
eTcsa menbTa-QyHKIMEH, TaK KaK OJHOU JuIL (popmyoii (61.4)
dyurusa &t) He ompeneAeTcs, IIOCKOJbKY Jake (PU3UUECKH ACHO,
YTO TOJBKO M3 9TOI (POPMYJIBI HE MOMKET CJIeoBaTh, uTo cuia O(t)
CO00IITaeT pacCMaTPUBAEMOMY TeJIy UMEHHO eTUHUYHOE KOJIUUECTBO
nBrskeHnsa. OgHAKO yAOOHO MOJIOKUTE, IO OIIPENeIeHUIO,

0'(t) = &(t).

Ito momumo paBeHcTBa (61.12) ompaBabpIiBaeTcAa T€M, YTO B 9TOM
caydJae cCOXpaHseTcsa OCHOBHAA ()OPMYJIa MHTETPAIBHOTO MCUUCIIE-
HUs, BOCCTaHaBJIMBAaMIaAd (yHKIINIO II0 ee TPOU3BOAHOIT — (hop-
mynaa Herorona—Jleiiouumna. [eiicTBuTe bHO, Telephb (opmyJia
(61.11) moskeT OBITH mepencaHa B BUE

(61.12)

6(t) = II 0'(t)dt, —oo0 <T <400

(ormeTtum, uto 6'(—o0) = 0).

* 0. Xesucaiig (1850—1925) — anrauiickuit QU3nK.
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3aMeTuM, YTO MbI He JAJIM YeTKOr0 MaTeMAaTHUUYEeCKOr'o olIpee-
JeHus: camoil yHrnuu O(f) Kak GYHKIIUMU TOUKU (BBIIIE OTMeYa-
Jochk, uTo (popmytia (61.4) He ABIAETCS TaKUM OIIpelesIeHUEM);
9TO BOOOIIe HEBO3MOKHO CIeJIaTh, TaK KaK AeJbTa-QyHKIIUA AB-
JdeTcs IMOHATHEM IPYrod mpuponbl. Bbelia ke ompenesieHa He
dyurmua &(t), a «<uaTerpay» (61.5). 9ro He cayuaiino. XapaxkTep-
HBIM JJIS MHOTHX 3aJau (PpU3UKU ABJIAETCA TO 0OCTOATEIHCTBO,
YTO BBOAMMEIE IJIsI ONMCAHUSA TOT'O MM MHOTO 00beKTa (DYHKIIUU
WMEIOT CMBLICJ JINIIB IIOCTOJIBKY, IIOCKOJIBKY HEIIOCPEeICTBEHHbIH
(pusuUeCcKMii CMBICI UMEIOT HEKOTOPbIE NHTErPAJILI OT 9TUX (PYHK-
nuii. O600mIeHHEBIe GYHKIINNM ¥ BO3HUKAIOT KaK HEKOTOpoe 0000-
IeHle CeMeMCTB MHTEerpajioB OT IIPOU3BEIEHUs ABYX (PYHKIMIL,
OIHA W3 KOTOPBhIX (DPMKCUPOBaHA, a ApPyras MOYKET BbBIOMPAThCA
TIPOM3BOJILHO 13 HEKOTOPOM COBOKYITHOCTH.

WUrak, HaM1 OIIpenesieH0 HOBOE IIOHATHE — IIOHATHE MHTerpasa
oT menbTa-QyHKIUN (M gaxke Gojee oO0Illee IOHATHUE HHTErpaja OT
MIPOM3BeAeHNsT HEIIPEePhIBHONM (PYHKIIUK Ha AeabTa-QYHKIN). ITO
He OOBIUHBINA HHTErpaj, T. €. He IIpees MHTEerPAJIbLHBIX CYMM, a IIpe-
eJl COOTBETCTBYIOIIIMX WHTErpajioB, WJIMN, OOpPasHO BhIpPAsKasiCh,

«IIpefiesI IPeeioB MHTEerPAIbHLIX CyMM» . VIHaue roBops, IJIs oIpe-
+o0
fle/IeHus uHTerpana [ x)f(x)dx, HAIO K IpeneILHOMY IIEPEeXOny,

2o .
IarolneMy 3HaueHIe MHTerpaja J’ O, (x)f(x)dx, nobaBUTH elte onuH

mpefeabHBIH mepexon mpu € — 0. 3mech HabIOmaeTCA cBOeoOpasHas
aHaJIOrusA C OIpeJeeHNeM HeCOOCTBEHHOI'O0 MHTerpajia MCXONd W3
M3BECTHOTO OIPEeeIeHI UHTErPaja, MbI C IIOMOII[bIO AOMIOJTHUTEIh-
HOTO IIpefeJbHOrO Iiepexofia ImoiyuaeM HOBOE MaTeMaTHdecKoe II0-
HaTtue. KoHeYHO, MOMOJHUTEIbHBIE MpefebHbIe IIePexoabl B dTUX
cJIydasx PasjguYHbI, 3TO IIPUBOAUT K PABIUYHBIM MOHSITHAM.

IIpu moBOM ompeneneHuu cuMBoJia (61.5) MbI HAXOOUMCS B KPY-
re MPUBBLIYHBIX HAM MaTeMaTUYECKUX OIpeAeseHUuil, PacIIUpPSIO-
X 3amac MOHATUI, ¢ KOTOPBIMU MMEJH [eJI0 paHbIlle; HAM yaa-
JIOCH BBISIBUTDH OJHO MHTEPECHOEe CBOMCTBO Aeabra-GyHKiun O(f) (cM.
(61.9)): oHa cTaBUT B COOTBETCTBUE KaK/I0U HEIIPEPBIBHOU (DYHKITUN
f(t) uucno f(0), T. e. geabTa-GYHKIINIO MOYKHO PAacCMaTPUBATL KaK
(GyHKIIUIO, oIpeeIeHHYI0 Ha MHOKECTBE BCeX HeITPEePhIBHBIX (PYHK-
muii. OTobpasKkeHus, 00JIACTH OIPeNeeHnA KOTOPLIX IPeACTaBIAIOT
€000 HEKOTOPhIe MHOYKECTBA (DYHKITMII, HA3BIBAIOTCA (QYHKYUOHA-
aamu (cp. c oupenenerreMm 9 B . 60.8). Ileabra-QPyHKIIUSI ABIAETCA
OJHUM M3 IIPOCTEHIINX MPUMEPOB (pyHKIMOoHATOB. O000IIIEHHBIMU
(YyHKIIMAMY, KOTOPble YIIOMUHAJINCH B HaUaJie 9TOT0 IYHKTA, HA3bI-
BaloTCA (PYHKITMOHAJBI OIIpeieJieHHoro Buaa (cMm. m. 61.2).
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Kak MBI Bupenm, cBOMCTBa HAeJbTa-QYHKIUU ONPEAEIAIOTCA
coiicrBamu GyHKnui O (x). Eciu B3are € =1/n,n =1, 2, ..., T0
MOJIYUNTCS HOCJIeA0BATEIBFHOCTh (DYHKIIUI, KOTOPas, KaKk U aHaJo-
TUYHBIE el B OIIpeieIeHHOM CMBICJIe, Ha3bIBAeTCs MeJIbTa-II0CIe/I0-
BaTEJbHOCTBIO (TOUHOE OTIpeiesIeHNe TeJbTa-0CJIeJ0BATEeTHbHOCTEMH
OymeT maHo HUMKe: CM. yopakHeHuwe 7 B 1. 61.3). Becakas menb-
Ta-moCJIeOBATEIbHOCTh MOMKET CIYKUTDH JJIS OIpeAeeHus CBOIi-
crBa (61.9) memvra-pynknuu. CieayeT OTMETHUTb, UTO MbI yiKe
BCTpEUAJIVICh PAHBIIe C Je/IbTa-II0CJIe0BaTeILHOCTAMM: ITPUMEPOM
TaKOH MOCJIeIOBATEIBHOCTU ABJSAETCA IIOCJENOBATEIHLHOCTh ANEP
®Deitepa @, (n), n =1, 2, ... . OgHAKO MBI He aKIeHTUPOBAJY BHU-
MaHMUA Ha MOCJETOBATEeTbHOCTAX TAKOTO POJia, MOCKOJIbKY OHU, He
ABJSACH CAMOCTOATEIbHBIM 00BEeKTOM U3YUEHUA, UTPAU BCIIOMO-
TaTeJIbHYIO POJIb.

Temepsb IepeiieM K CHUCTEMATHUUECKOMY M3YyUYEHHUIO 000OIIEeH-
HBIX Gyurnuii. OTgeabHbIe 0000IeHHbIE (PYHKIUU BO3HUKJIN
mepBoHAUYaJbHO B padorax IlI. [lupaxka u apyrux (Gu3NKOB B Kaue-
CTBE CUMBOJIMYECKOTO CII0cO0a OMUCAHUSA ONpeAeIeHHBIX (husuue-
CKUX saBJieHU#. [ MCIIOJIb30BAHUA 9TUX IIOHATUHN B TeOpeTUUe-
CKUX HCCJIeJJOBAHNAX BO3HUKJIA HEOOXOIUMOCTD CO3IAHUA TEOPUU
000011IeHHBIX (QYHKIINI, UTO U OBLIO caesaHo. Teopus oOOOGIIEH-
HBIX QYHKIIMH ABJIAETCA BeCcbMa II0JE€3HBIM MaTeMaTUUYECKUM all-
napatoMm. C ee TIOMOIIBIO yAAJOCHh PEIUTh PAM 3aaad, He MoAma-
BaBIIIMXCA pPEIIEeHUI0 cTapbiMu MeTomamMu. HpiHe 00600IIeHHEBIE
GYHKIIUY HIMPOKO HNPUMEHSAIOTCA KaK B IIPUKJIATHBIX, TaK U B
YHUCTO MAaTEMaTUYECKUX MCCIEeTOBAHUIX.

B crepymomux myHKTax 3TOro maparpada OyayT HM3JI0KEHBI
OCHOBBI 00IIeii Teopuu OOOOIEHHBIX (MYHKINI, TOCTPOEHHOI
C. JI. Co6onesrim™ u JI. IllBapuem.

61.2. AHeWHbIe NPOCTPAHCTBA CO CXOAUMOCTbIO.
DYHKUMOHAABI. ConpsyKeHHble NPOCTPAHCTBA

Onpeaenenune 1. Ilycmv X — Hekomopoe MHOMCeCmME0 U nYycmo 8
COB0KYNHOCMU 6cex nociedosamenbHocmell {X,} ezo lemenmos
evldenen HeKomopulil Kaacc nocredosamenvHocmeil, HA36AHHbLX
cxodawumucs, u Kaxdoii cxodaweiica nocredosamenbHOCMU
nocmaenen 8 coomeemcmeue anremenm x U X, Ha3vieaembLil ee
npedesaom.

*C. JI. Co6ones (1908—1989) — coBeTcKuii MaTeMaTUK.
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Ecau npu smom 8blnONLHAIOMCA MPU YCAOBUS:

1) kaxncdasa nocnedosamenvHocmsb dnemenmos8 mHoxecmaea X
MoKHcem umemou He GoJee 00HO0z0 npedena;

2) scarasn nocnedosamenvHocmb 8U0A {X, X, X, .o y X, ...} AB-
asemesa cxodaweiics, u ee npedesom A8ALEMC IJIEeMEeHM X}

3) scaxas nodnocnedogamenvHocmsb cxodaueiica nocaedosa-
meabHOCMU MAaK}ice A8AAemMCcs cxodauleiics U umeem mom ice
npedes, 4¥mo u 6cs nOciedo8amelbHOCMY;

mo MHoMcecmao X HaA3vbl8aemcs nPocmpaHcmeom co cxo0umo-
cmoio.

YcaoBusa 1), 2) u 3) HaswIBawOTCA akcuomamu Ppewe.

Ecnm x aBIsieTCA IIpesesioM IIOCTIe 0BATeTbHOCTH {X,}, TO, KaK
OOBIYHO, TUIITYT

x= lim x,.
n —» oo

OnpeaeneHue 2. Jluneilnoe npocmpancmeo X Ha3bieaemcs Jau-
HellHbLM NPOCMPAHCMEOM CO CX00UMOCMbIO, eCAU OHO ABALEMCA
npocmpancmeom co Ccxo0umMoCmsvio, OMHOCUMEAbHO KOMmMOopoil

onepavuu CJ0MNCEeHUA IJleMeHnoe npocmpaHcmea u YymMHOMEHUA
UX Ha 1UcCJo AB8JAANMCA HENPepobl8HbLMU.

9To 03HAYAET, UTO AJIA JIIOOBIX CXOLAIIUXCS IIOCIELOBATENH-
Hocreil {x,} u {y,} seMeHTOB U3 X, UMEIOITUX CBOMMI IIpefieslaMu
coorBercTBeHHO X [J X m y [0 X, 1 s106BIX Umces A U | IOCTIETOBAa-
TeJIBHOCTh {AX, + [y, } TaKKe CXOAUTCA U

nlimoo {Ax, + py,} =Ax + py.

Kpome toro, ecam {A\,} — wuncioBad IOCJIELOBATEIbLHOCTh U
lim A=A, t0 lim A x = Ax mna aroboro x O X.
noo N noo M

IIpumepom TUHEHHBIX TPOCTPAHCTB CO CXOJUMOCTBIO ABJIAIOT-
cA HOPMHUPOBaHHBIE JUHEHHBIE IPOCTPAHCTBA; OJHAKO CYIIIECTBY-
IOT JINHENHBIE IPOCTPAHCTBA CO CXOAUMOCTHIO, B KOTOPBIX HEJIb3d
BBECTU HOPMY, IIOPOKAAIONTYIO 3aJaHHYIO CXOAMMOCTS II0CJIe[0Ba-
TeJbHOCTEMH.

BaxxHBIM [Uia JasbHEHNIIETo ABJIAETCA MOHATHE JUHEHHOTO
(yHKIIMOHAa A HAa TPOCTPAHCTBE CO CXOAMMOCTBHIO, C KOTOPBIM MBI
BCTPEUAJINICH B YACTHOM CJIyUae JMHEHHBIX HOPMUPOBAHHBIX IIPO-
crpaucTB (cM. 11. 41.6 u 60.8).

OnpeaeAeHue 3. Omoobpaixcernus auHeiinozo npocmpancmea X 60
MHOMcecmBo OeilicmeumenvHvlx yucenr R (uau 8o mnoxcecmeo
KomnaexcHolx yuces C) Ha3vlgaomcs QYHKUUOHALAMU, onpede-
JeHHLIMU HA 3MOM NPOCMPAHCMEe, UAU QYHKYUOHALAMU HaAD
2MUM NPOCMPAHCIEOM.
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3HaueHMe PYHKIIMOHANA f B TOUKe X JUHENHOTO IPOCTPAHCTBA
X ob6osuauaercs uepes (f, x), T. e. TaK Ke, KaK CKaJIPHOE IPOU3-
BeJleHNe 3JIEMEHTOB [ 1 X B JInHeHHOM IIpocTpaucTBe X CO CKaJIAp-
HBIM ITPOM3BeJeHreM. OTO 0003HAUeHUWEe OIpPaBAbIBAETCS, B UaCT-
HOCTU, TEM, UTO CKaJspHOe IpousBegeHue (y, x) mpu QUKCUPO-
BAHHOM 3JIeMeHTe Y ABJseTcA QYHKIIMOHATIOM, ONpPeaeIeHHbBIM Ha
yKasaHHOM IIpocTpancTBe X.

Onpeaenenune 4. ITycmv X — nuneiiHoe npocmpancmeo. Pynxyuo-
Han, onpedeseHHbLL HA IMOM NPOCMPAHCMEe, HA3blBAeMCs JU-
Hellnbim (mouHee, JUHEUHbLM 00HOPOOHBIM), ecal 0N A00bLX dJe-
menmos x 1 X, y 0 X u awbvix yucen A\, |1 8binoNHAeMCs Ycaosue

(s Ax+uy) = A (f, x) + U (f, y).

Onpeaenenne 5. @ynkyuonan f, onpedeseHHblii. HA JAUHEUHOM
npocmparncmee X co cxo0umocmyvio, HA3bl8AEMC S HENPEePbLEHbLM,
ecau 0na awboil cxodaujeiica nocaedosamenvrhocmu x, U X,

lim x = X, 8blnoJjiHdaemcasa ycJjuosue
n oo I
Lim (f, x,) = (f, x).

DyHKIMOHANBI, KAK U BCAKNWE UYUCJIOBble (DYHKIIUU, MOXKHO
CKJIaAbIBaTh, YMHOXKATh APYT Ha Ipyra, B YaCTHOCTHU Ha YHUCJO.
Hampuwmep, ecau f u & — QyHKIIMOHANBI, TO 3HAUeHUe (DYHKIIU-
omasa Of + Bg (0 u B — umcua) ompenensiercsa B Touke x [1 X mo

(l)OpMyﬂe (Gf + Bg, x) =Q (f, .’)C) + B (g, x)

AEMMA 1. JIuneiinble Henpepvl8Hble QPYHKUUOHALbL 00pa3ynom
JUHellHOe npocmparcmaeo.

AokaszatTeAbcTBO. Ilyers f u g — nuHeNHBIE PYHKIINOHAIEI,
0 u B — umcna. Iloxaskem, uto Af + (g — TakKe JTUHEHHBIH
(QPYHKIIMOHAJ:

(af + Bg, Ax + py) = a(f, Ax + py) + B(g, Ax + uy) =
=o[A (F, x) + 1 (F, Y]+ BIA (8, x) + p(g, Y] =
=A[a(f, x) +B(g, x) +ula(f, y) + B (g Y] =
=A(af +Bg, x) +p(af + Bg, y),
T. €. Of + Bg — auHelHbIN QYHKIIMOHAI.
IIycTh Temepb f U & — HempepbIBHBIE (GyHKIIMOoHAaNBI. [IoKa-

sKeM, uTo Torga u Of + g — TakiKe HempPepPHIBHBIN QYHKIIMOHAJ.
IIycre lim x, = x. Torga
n —» ©0

Jim (af +Bg, x,) = lim [o (f, x,) + B (g, x,)] =
=a lim (f,x,) +B lim (g, x,) = o (f, x) + B (g, x) = (af + Bg, x).
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TakuMm o06pa3oM, BO MHOKECTBE JIMHEHHBIX HEIPEPBIBHBIX
(GYHKIIMOHAJIOB €CTeCTBEHHBIM 00PAa30M OIpeAesIeHBbI OIlepalluu
WX CJOKEHUSI W YMHOMKEHUSA Ha YMCJ0. BhImosHeHUHe A 9TUX
omepanuii akKCUOM JUHEHHOTO IIPOCTPaHCTBA IIpoBepseTcs 6es30
BCAKOI'O Tpyza.

JIo60it pyHKIIMOHAN f, KaK W BCAKUIN JUHEHHBIH olepaTop
(cM. 1. 58.1), oToOpaskaer HyJIb B HYJIb.

DYHKYUOHAL, NPUHUMAOWUL HA 8CeX MOYKAX NPOCMPAHCM-
64 3HAUeHUe HYJ]b, HA3bL8aemcs HYLeGblM QYHKUUOHAJLOM.

OTMeTHM, UTO ecJiM JUHEHHBIN (QYHKIIMOHAJ NPUHUMAaET Ha
BCeX TOYKAaX IIPOCTPAHCTBA OAHO 1 TO Ke 3HaueHWUe, TO 9TO 3Haue-
HUe paBHO HYJ10. Haue roBopsi, KpoMe HYJIeBOTO, He CYII[eCTBYeT
HUKaKOr'o APYTOoTo JIMHEHHOro QyHKIMOHAJA, IPUHUMAIOIIETO O -
HO ¥ TO Ke 3HAaUeHMe Ha BCeX TOYKAX IPOCTPAHCTBA.

B camom gmese, ecau ajd Bcex x [1 X mmeeT MeCTO PaBEHCTBO
f(x) = ¢, To, B yactHOCTH, ¢ = f(0) = 0.

B simHEliHOM HIPOCTPAHCTBE JUHENHBIX HEIPEPBIBHBIX (DYHK-
IIUOHAJIOB IPOCTPaHCTBA X MOHATHUE CXOAMMOCTHU TOCJIEOBATEb-
HOCTEeH oTpeesieTca CAeIYIOINNM 00pas3oM.

OnpeaeAenue 6. Ilocaedosamenvhocmsy QYHKUUornaros f,, n =

=1, 2, ..., Ha3v8aemca cxodaweiica ¥ QyHKyuonary f, ecau
nocnedogsamenvHocms 3HAUEeHUll QYHKYUoOHALo6 [, cxodumcsa 6
rKaxcdoit mouxke x 1 X k 3HaueHuio 8 Hell pyHKyuoHara f, unaye
zo8ops, ecau 0nsa aw60z0 anemenma x [l X wucnosas nocaedosa-
meavrnocmbs {(f,, x)} cxodumea k wucay (f, x).

TakuM o6pas3oM, yTBep:KIAeHUE limoo f, = [ PaBHOCUIBHO yT-
BEPIKIECHIIO "o
limC>o (7, x) =(f, x) nna Bcex x U X.
n -

IIpu TaxkoM ompeesieHHN CXOAMMOCTH (PYHKI[MOHAJIOB OIlepa-
IIUY UX CJIOXKEHUS M YMHOMKEHUS Ha YHCJI0 HeIPePLIBHEI (9TO HEIIo-
CPEeICTBEHHO cJIeqyeT U3 JIUHEHHOCTU (QYHKIIMOHAJIOB U U3 CBOMCTB
IpeaeJioB YKCJIOBBIX IIOCIeI0BaTeIbHOCTEIl), 1, CIeq0BaTeJbHO, ec-
JI BBECTHU IIOHSATHE CXOOUMOCTH (PYHKI[MOHAJIOB COTJIACHO OIIpere-
JieHUI0 6, TO OyZeT cupaBeAJuBbIM CJIEeAYIOIlee YTBEPKIeHNe, KOTO-
poe MbI chOPMYJIUPYEM B BUJE OTAEJILHOMN JIEMMEI.

AEMMA 2. JIuneilHble HenpepbleHble QYHKUUOHALLL, onpedeien-
Hble HQ NPOCMPAancmee co cxo0umocmuio, marxice o6pa3yom Jau-
HeliHoe nPoCMpaHCcmeE0 co cX00UMOCmbIO.

Onpepenenne 7. JIuHeilHoe npocmpaHcmeo co Ccxo00umocmyio,
dNeMEHMAMU KOMOPO20 ABAAIOMCS JUHElHble HenpepbleHble
PYHKUUOHALLL, onpedesieHHble HA npocmpancmae X, Ha3vleaem-
csa NPOCMPAHCMEBOM, CONPAHCEHHLIM X .
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Kak MbI 3HaeM, B ciaydae TUJILOEPTOBBIX IPOCTPAHCTB (CM.
m. 60.8) compsisKeHHOEe IIPOCTPAHCTBO M30MOP(PHO CaMOMy IIPO-
cTpaHCTBY. B 0011IeM ciiyuae sTo He UMeeT MecTa.

IIyets X m Y — JiuHeliHBIE IIPOCTPAHCTBA CO CXOAMMOCTHIO,
mpuueM KaKIBIM 29JIeMEeHT IIpocTpaHcTBa X SBJSETCS dJIeMeH-
TOM IIPOCTPAHCTBA Y, U IIyCTh BCAKAA IOCJIefoBaTeIbHOCT X, [ X,
n=1, 2, ..., cxogamasica B X K 3JIeMeHTY X, CXOTUTCAK X U B Y.
B sToMm cayuae 6ymem mucaThb

XgY.

Onpeaenenue 8. I'ogopam, umo JUHELHbLI HenpepvLeHbLl PYHK-
yuonaan f, onpedenennuviii Ha npocmpancmee X Y, npodoaxicaem
Ha npocmpaHcmeo Y 6 JUHElHbLl HenpepvleHblil PYHKUUOHAL,
ecau cywecmeyem makKoll JUHEUHbLIL HenpepvbleHblil QYHKYUO-
Haa F, onpedenennvlit na npocmpaucmee Y, umo (F, x) = (f, x)
oas ecex x U1 X (m. e. F={fmnaX). Bamom cryvae QYHKUUOHAL
F nasvieaemca npodonxcenuem ynkuyuonaaa f.

VIIPA’CRHEHHE 1. Ilycts X u Y — JuHEHHBIE IPOCTPAHCTBA CO CXOIMMO-
croio. Jlokasars, uto ecniu X [§ Y u mHOMecTBo X IJIOTHO B IPOCTPAHCTBE Y
(T. €. KaXKABIM 9JIEMEHT U3 IIPOCTPAHCTBA Y SBJIAETCSA IIPEJEJIOM B 3TOM IIPO-
CTPAHCTBE MOCJIeA0BATEILHOCTH 3JIEMEHTOB 13 X ), TO BCAKUM JUHEHHBIN Hemlpe-
PBIBHBIN (DYHKIIMOHAJ IIpOCTpaHCTBA X, IPOJOJIKAeMbIil B JIMHEHHBIN Hempe-
DBIBHBIN (DYHKIIMOHAJ IIPOCTPAHCTBA Y, IPOLOJIXKAaeM eANHCTBEHHLIM 00pa3oM.

Kak u amsa oroOpakeHMT JIIOOBIX JUHENHBIX IIPOCTPAHCTB IJIs
IIPOCTPAHCTB CO CXOAMMOCTBLIO MMEET CMbICJ IIOHATHE JUHENHOTO
oroOpaskeHusa (JIHMHEHHOIo olepaTropa) OSHOI'0 IIPOCTPAHCTBA CO
CXOIMMOCTBIO B IPYTO€ TaKoe JKe IIPOCTPAHCTBO (CM. oIpeaeseHne
7 B 1. 58.1). BBegeM ellle IOHATHE HEIIPEPHIBHOT'O OTOOPaKeHUA
OHOT'O JUHENHOTO IIPOCTPAHCTBA CO CXOMMOCTBIO B IPyToe.

Onpepenenune 9. ITycmov X, u X, — 06a MuHElHbLX NPOCMPAHCM-
e6a co cxodumocmovio. Omobpadscenue ® npocmpancmea X; 6 X,
Ha3bl8aeMca HenpepvleHblM 6 mouke x, U X, ecau, karxosa Ov
HU ObLna nocaedosamenvhocms x, 1 X, n=1, 2, ..., cxodawas-
ca 6 npocmpancmee X, K mouke x,,, nocaiedosamenvrnocms D(x,) [
UX,,n=1,2,...,cxo0umca 6 X, k anemenmy ®(x,).

Wuaue rosopsi, orobpakenue P ABISIETCA HEIPEPLIBHBIM B
TOUKE X, €CIIA U3 nl{mm X, = X, ClIefyer, 4To nli_,moo D(x,) = D(x,).
AEMMA 3. Ecau auneilHoe omobpaixceHue ® AuHelH0z0 npo-
cmpancmea co cxodumocmvio X, 6 JUHeHOe NPOCMpPAHCME0 CO
cxo0umocmuio X, Henpepvl6HO 6 HYJle npocmpancmea X, mo OHO
HenpepvieHO U 6ctody 6 X .
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AOKO3ATEAbCTBO. HYCTBxODXI/IHpe,ZLeJInlimOO X, = X,; TOTHA

nl{mm (x, — xy) = 0. B cury HenmpepbIBHOCTH OoToOpaskeHus @ B Hye,
n11_>moo D (x,— x5 =0.

Tak Kak oTobpaskenune P JuHeiHO, TO

D(x, — x5) = D(x,) — P(x)
#, CJIeZIOBATEJIbHO,
nl{mm [®D(x,) — P(xy)] =0,
OTKyJa
lim ®(x,) = D(x).
n — oo

Taxum obpasom, orobpaskeHre @ HeIpepbIBHO B KaXKJ0I TOUKEe
x0X.0O

Onpeaenenune 10. Omobpascernue @ nuHeliH020 NPOCMPAHCMEA CO
cxodumocmuio X, 6 JNUHeElHOe NPocCmMPAHCME0 €O cx00UMOCHbIO

X, Ha3vl6aemca HenpepviéHbiM HA X, eClU OHO HEenpepbléHO 6
Kax0oi. mouke npocmpancmea X .

1A BCAKOro JMHENHOTO IPoCTPaHCcTBa X CO CXOAUMOCTHIO TMe-
[ee)
IOT CMBICJI IIOHATHE PALA Y U,, U, O0X,n=1,2, ..., cxogqaierocsa
n=1

psAla ¥ ero CyMMBbI. OTH MOHATUA BBOJATCS aHAJIOTUYHO CJIYUato JIU-
HEeHHBIX HOPMUPOBAHHBIX IIPOCTPAHCTB. OTO BO3MOYKHO, IIOCKOJIBKY
B COOTBETCTBYIOIINX OMPENEIEHUIX 13 CBOMCTB HOPMBI UCITOJIb3YeT-
€SI JINIIB TO, YTO BO BCAKOM HOPMMPOBAHHOM IIPOCTPAHCTBE OIIpezie-
JIEHO TIOHATHE CXOAAIIEHCSA MOCIe0BaTeILHOCTH.

IIpumMepbl JUHEHHBIX ¥ HEINPEPHIBHBIX OTOOPa'KeHUil IIpo-
CTPAHCTB CO CXOAMMOCThIO OyAyT maubl B mm. 61.6 u 61.7.

61.3. OnpeaeAeHne 0606LeHHbIX PYHKLMA.
MpocTtpaHcTsa D n D’

OnpenpeauM IIpeske BCero OCHOBHOE IJIsI HAC JUHENHOe IPOCTPaH-
cTBO hyukrnuit D. [ya sToro paccMoTpuM QyHKIIMY, 3aJaHHbIe HA
MHOJKeCTBe BceX AefCTBUTEIbHBIX unces R u npruHuMaroiue KoMII-
JIeKCHbIE 3HAUEHU .

WHTepecyiolilee HAC TPOCTPAHCTBO D COCTOUT m3 OECKOHEUHO
muddepeHIUPYeMbIX (GMHUTHBIX (DYHKIUI (ompenesieHue (pUHUT-
HBIX (QOYHKIIUH cM. B I. 55.2). Bce punuTHBIE QYHKIINY ITPU €CTECT-
BEHHBIM 00pa30M OIIpeeIeHHBIX OIepaIlluiX UX CJIOKEHUI U YMHO-
JKeHUs Ha YKCJIO 00pas3yioT JIMHEHHOe IIPOCTPAHCTBO, a 0ECKOHEYHO
nuddepeHnupyemMbie puHUTHBIE GYHKIIUY (KOTOPhIE MBI Oy/eM Ha-
3BLIBATH 37IeCh OCHOBHBIMI) — €TI0 IIOAIIPOCTPAHCTBO. BBemeM B aTOM
THOJAIPOCTPAHCTBE MMOHATHE CXOAUMOCTH IIOCJIEIOBATEILHOCTEH.
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Onpeaenenue 11. IlocaedosamenvHocms 6eckOHeuHO Ouddepen-
yupyemvlx puHumuuix Qynrxyuii §,, n =1, 2, ..., Ha3vi6aemca
cxodauieiicsa Kk 6eckoHeunHo Ju@epernyupyemoil. GuHUMHOINL QYHK-
yuu §, ecau:
1) cywecmeyem ompesox [a, b], 6He Komopozo 8ce pyHKUUU
,n=1,2,...,ud oopawarwmecsa 8 Hysb";
2) Ha amom ompeske nocnedogamenbHocmy QYHKYUL ¢,, n =

=1, 2, ..., u nocaedosamenvhocmu 6cex ux npouzeodHovix ¢,
n=1, 2, ..., pagHOMEePHO CcX00MCs COOMBEMCMBEEHHO K (QYHK-
uuu ¢ u k ee npouszsodnvim O, k=1,2, ....

CoBOKYITHOCTh OecKOHeUHO AUPPEPeHINPYEMbIX (QUHUTHBIX
byHKIUI ¢ BBEeJeHHOU omepalueil IpelebHOTO Iepexona sBJIA-
eTcA JUHENHBIM IIPOCTPAHCTBOM CO CXOAMMOCTBIO. ITO HETOCPE-
CTBEHHO CJIeZlyeT 13 CBOMCTB IIpelesioB (DYHKIIUI 1 CBOMCTB PABHO-
MEPHO CXOIAINNXCA ITOCIeI0BATEILHOCTEMN.

Onpenenenue 12. IIpocmpancmao OeckoHeuHO OuppeperHyu-
pyembLx GUHUMHBLX PYHKYUIL ¢ 66€0eHHOIL cX00UMOCMbIO HA3bL-
saemcs npocmpancmeom D ocHOB8HbLX PYHKULIL.

OueBuauo, uro ecau ¢ [ D, To u a106as IPOU3BOIHAA PYHK-
nuA ¢ IPUHAIJIEKUT IPOCTPAHCTBY D.

3ameTum eire, uTo ecau {¢,} cxogurca k ¢ B D, To u mocueno-

BaTeJbHOCTD {d,)glk)} MIPOM3BOAHLIX JI00Oro mopAnka k = 1, 2, ...
cxomuresa K ) B D. 9To HelOCpPeACTBEHHO CIeAyeT U3 OIpejeie-
HUA CXOAUMOCTHU B mpocTpaHcTse D.

TpuBHAJLHBEIM IIPpUMePOM (GYHKIMK IpocTpancTBa D ABJseT-
caA (DyHKIUA, paBHAsA HYJIO HA Bcell ocu, MeHee TPUBUAJIBHBIM
dbyurmua (puc. 19)

_q2 2_,2
e~a*/(@®~x%)  ecmm |x| <a,

x)= 61.13
() 0, ecau |x| > a. ( )
y VIIPAKHEHMHA. 2. [lokasaTs, 4TO
dyurmus (61.13) Geckoneuno audde-
peHIIIpyeMa Ha BCcell YMCJIOBOM ocu (cp.
£ () c (33.25)).

dbyurunu ¢ [ D cymecrBoBana QpyHKIMa

; ¢ O D raxas, uro ¢ = ', HEOBXOAUMO U
a [0) b X 400
JIOCTATOYHO, YTOOBL J' o(t)dt = 0.

|
|
I
| 3. llokasaTb, UTO JJIsT TOT'O UTOOBI IJI
I
I

* Orpesok [a, b] comepskuT HOCUTENN BCeX DYHKIMIA §, $,n=1,2,....
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OnpeapeneHue 13. Beakuil JauHeliHblll HenpepvleHblil QYHKULO-
Han f, onpedenennuiii Ha D, Ha3bieaemcs 0600ULeHHOU QYHKUUELL.

Onpeaenenue 14. Pyuryua f, onpedenennas Ha 8ceil deiicmeu-
MeAbHOU 0CU, HA3bLEAEMCA JOKAJLbHO UHMEeZPUPYeMOoll, ecal OHA
abCONIOMHO UHMezpupyema Ha 11060M KOHeLHOM ompesKe.

Ecau f — nmokanbHO umHTerpupyemasa QyuHrmud, a ¢ 0 D, to
npousBenenue fO abCOMOTHO MHTErpUpPyemMo Ha Bceil ocu. [leii-
CTBUTEJIBHO, ITycTh supp ¢ [ [a, b] (oupexnenenne HocuTess supp ¢
dyuknuu ¢ cm. B 1. 55.2); QyHrnua ¢, oueBUIHO, OTrpaHUUEHA:
|(d(x)| < C, —00 < x < +00, moaTOMY

+oo b b
[ [f@)¢@)|dx = [ [f0)p(0)|dx < C [ [f(x)]dx < +oo,

TaK Kak QYHKIUA f abCcoJI0THO MHTErpupyeMa Ha oTpeske [a, b].
Ompemenum AJiA JOKAJbHO MHTErpupyeMoi GyHKIuu [ QyHK-
nuoHax (f, ) Ha D paBeHCTBOM

(7 0)= [ F)0(x)dx. (61.14)

—co

9TOT QYHKIMOHAJ JIMHEEH M HelpepbiBeH. JIMHEeNHOCTh OUeBHUI-

Ha; JOKa)KeM HelpepbIBHOCTh. IIycTs lim ¢, = ¢ B D. Torza cy-
n - oo

IIeCTByeT TaKOU OTPes3okK [a, b], uto gusa Bcex n =1, 2, ... , UMerOT
MecTO BRJIoUeHus supp ¢, U[a, b] u supp ¢ U [a, b]; mosTomy

(7, )= (7= 0,0 < [ [Fl0G0) = ,(0)ldx =

b b
= [ [F)6G) ~ 6,(0)ldx < sup [6) = 0,0 [ [l dx 0

opu n — ©°, TaK KakK B CUJIY OIpPeNeJIeHUA CXOZUMOCTH B IIPO-
crpauctBe D nmeem

Jim, sup [0(x) = ,()|= 0.

TakuM 060pas3oM, BCAKOMH JIOKAJIbHO MHTETPUPYeMoil hyHKITUU
f(x) coorBercTByeT 0o600mIenHas GpyHKIua (f, ¢)°, B 3TOM cMBICIe
BCAKYIO JIOKAJTLHO MHTEIPUPYEMYIO QYHKIIUIO MOKHO pacCcMaTpHu-
BaThb KaK 00O00OIeHHYI0 PYHKIMIO. Kak MbI 3HaeM, He CYII[eCTBYeT
JuHelHOro (GyHKIMOHAJNA, IPUHUMAIOIIEro OAHO U TO JKe 3Haue-
HUe, He PaBHOE HYJII0, Ha BCeX TOYKAaX mpocTpaucTBa (cM. m. 61.2).

* B aTOM ciryuae FOBOPUTCS TaKsKe, 4To 006o0mmennas Gynkuusa (f, §) mo-
poskmaercs pyHKIHEH f.
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ITocmosHHoU 0000uwennOll PYHKYUell ¢ (B YaCTHOCTHU, HYJIEBOMH)
HasbIBaeTCsa 0000IIeHHAA QYHKIINA, TOPOKIEHHAS JIOKAJIbHO MH-
Terpupyemoi pyurnuei f(x) = c, —00 < x < +0o, Takum obpasom,
IJIsA JIF000M OCHOBHOM (DYHKIIMY ¢ MMeeT MeCTO PABEHCTBO

oo oo

(, 0) = ] ch(x)dx=c [ d(x)dx.

—0o

VIIPA’JKRHEHHE 4. loka3aTh, UTO [Be HEIPEPBLIBHBIE Ha YKCJIOBOH OCH
GYHKIUU pa3JuYHBI TOTAA U TOJBKO TOTAA, KOTa PAa3JIUYHBI IIOPOKIEHHBIE
MU 0000IIeHHbIe PYHKIINH.

Wuorpa o6ob61ieHHbIe (PYHKITIK 0003HAUYAIOTCS cUMBOJIOM f(x).
ITo 0603HAUEHNE UYNCTO CHMBOJIMYECKOE; OHO OTHIOAL He 0003HAa-
yaeT 3sHaUeHUA 0000IIeHHOM (PYHKIINK B TouKe X [] R, a oTpakaer
JINIIB TOT (PAaKT, UTO 0000IeHHbIe (DYHKIIUY ABJIAIOTCSI B YKa3aH-
HOM BBIIIe CMBICJe 0000IeHneM OOBIUHBIX (JTOKAJhbHO WHTETPHU-
pyeMbIx) GYHKIMI; HUKAKOe 3HaueHue O0O0OIIeHHON (PYHKIIUU B
TOUKe X 3[ech He mojpasyMeBaercs. [[Jisg o0o3HaueHUA 3HAUECHUS
06001menHoi Gyuriuu f B Touke § = ¢(x) npocrpancrsa D Hapsagy
¢ 3anuceio (f, §) yrmorpebisiercsa TakiKe 3alnCh

T’ f(x) (x)dx. (61.15)

Taxum ob6pasoM, 110 oIpeaeIeHIIO,

[ ) 0(dx = (7, 9).

ITO pPaBeHCTBO ABJIAETCS olmpereeHueM cumBoJa (61.15), Koro-
pBIil (hopMaJILHO UNTAETCS KaK «MHTerpaJl OT IPou3BeAeHus [ Ha
¢». OTa 3ammch orpaskaer coboit ToT (harT, uTO 0000IIEHHBIE
byHKIIUU ABASIOTCA 0000IMeHMeM (GyHKIImoHasoB (61.14), rme
{ — JokasbHO MHTErpUupyeMasa QyHKI[AA.

+00
VIIPAJKHEHHE 5. [lokasaTsb, 4To (OYHKIIMOHAI V. P. I @ dx, ¢ LD, as-
JsieTcss 0000IeHHOM hYyHKITHIe E)Ha 00bIuHO 0003HaUaercsa P % Er

B kauecTBe Apyroro npumepa o600IIIeHHON (QYHKIIUU PACCMOT-
puM PYHKIMOHAJ, KOTOPEIA o0o3Hauaerca O = O(x) U HA3LIBAETCA
O-pyukrmuei (cm. m. 61.1).

Onpeaenenne 15. Dynkyuonas, onpedensemvlii opmynoil

(%, $) =9(0), ¢ U D,

Ha3bvieaemces O-PyHKyUell.
Ero nmuHeiHOCTD 1 HEIIPEePbIBHOCTD JIETKO IIpoBepaoTcsa. OH He
MOJKeT OBITH mpefcTaBiieH B Buje (61.14) Hu mpu KaKoii JOKaJIbHO
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uHTerpupyemoit dyuxnuu f. lelicTBuTe bHO, ecau ObI HAILJIach
Takasd JIOKAJIbHO MHTerpupyemMasa QyHKIusa f, 4To

(3. ¢)= [ 7() d(x)dx, $ O D,

TO IJiA TO¥M PyHKIuu f u 1uda Qyurmum ¢, 3aganaoi GopMyJIOH
(61.13), MBI uMesu OBI

1

a +00
[ f(x) d(x)dx = [ 1(x) d(x)dx = $(0) = P (61.16)
Ho, B cuay abGcomtoTHO# MHTErpupyeMocT QyHKIINA f,
lim I |f(x)ldx =0
(mouemy?). lanee, sameuas, uto e~ 4>/ (a* - %) < % ,—a < x < a, 11o-
JIYIAM
+eo a 27002 _ 52 1 ¢
[ 76 9| = | [ fx) eat/@* =Dz < 3 [ |7,

MO3TOMY JieBadA uacTh paBeHcTBa (61.16) npu a — 0 cTpeMurca x
HyJII0, a npaBada HeT. [loayuyeHHOe HMPOTHBOpPEUNE U JOKA3BIBAET
Hallle yTBep:kaeHue. Takum obpas3oM, 3amac 00OOIIEeHHBIX (PYHK-
Ui B YKa3aHHOM CMBICJIE GOJIbIIIEe, YeM 3aIac OOBIUHBIX.

OnpeaeneHve 16. Qyrkyuounas, cmasawuil 6 coomeemcmaeue
kaxodoit pynryuu ¢ U D wucno §(x,), 20e x, purcuposano, Ha3vl-
saemcsa O-pynryuell u obosnaraemesa d (x — x,).

IIpumenss sanuchk (59.15), MOKHO HaIMCATh

]: 8(x — xo) d(x)dx = d(xy), ¢ O D.

Onpeaenenne 17. CosokynHocmb 0000WeHHbLX (PYHKUUL, KAK U
6CAKAA COBOKYNHOCMb QYHKYUOHALOE, OnpedeleHHbLX HA JUHEell-
HoM npocmpancmee co cxodumocmvio (cMm. 1. 61.2), obpasyem
AUHEHoe NPOCMPAHCME0 CO CXO00UMOCMbIO, cOnpaxcernHoe K D.
Omno Ha3vleaemcs npocmMpancmeom 0600W,eHHblx QYHKUUL U 000-
3navaemca D'.

TakuMm 06pas3oM, CXOAMMOCTb IOCJIEJOBATEIbHOCTH 000OIIEH-
HBIX QyHEKOUi f,, n =1, 2, ... , K 0600menHoi pyHKIMY [ 03HAUA-
€T, 4TO

n11_>moo (fn’ ¢) =(/, ¢)
s rio0oit pyarmuu ¢ O D.
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Sagaua 7.Ilycrs f, U D', n =1, 2, ..., u nycrs aua mo6oit GyHKINU
¢ O D cymiecTByeT IpezieJl YUCI0BOI ocaenoBarensHocTu (f,, ¢). Iomorxnm,

F(9) = nl{mw (f,» ¢). Moxasars, uro F(¢) aBrgerca 0600meHHOH QyHKIMEH.

B n. 61.1 6611 paccMoTpeHB!I pyHKIUU O/(X), KOTOpHIE, OUe-

BUIHO, JJOKAJIbHO UHTETPUPYEeMbI. MBI BUAEIM, UTO OHU 00J1aat0T
TeM CBOMCTBOM, UTO [JIdA JII000I HeIpephIBHOI HA BCcel ocu (PyHK-
uuu ¢ u, caenoBaTeNbHO, A 060l dyariuu ¢ (1 D

+o00o
slinlo (S, 9) = Sliqo I 3 (x) ¢(x)dx = ¢ (0) = (3, b).
C Touku 3peHus 0000IeHHLIX (DYHKIIUHA 5TO 03HAUAEeT, uTo B D’

lim &, =20.

e - +0

Taxkum o6pasom, O-QYHKIMA B IIpOCTpaHCcTBe D' ABIAeTCA Ipe-
IeJIOM TIOCJIeJOBATEJIbHOCTH O0OOIEeHHBIX (DYHKIIWI, MOPOKIEH-
HBIX JIOKAJBHO NHTEIPUPYEMbIMU QYHKIIUAMU.

VIIPA’JKRHEHH /. 6. Haiitu tipegen ﬂlimoo cos nx B mpocTpaucTse D'.

7. IIycTe mociienoBaTelbHOCTh abCONMIOTHO MHTEIPUPYyeMBIX QYHKIuUi f,(x),
n=1,2, ..., rakosa, 4TO:

a) KaKoBo 65l HU 65110 uncao M > 0 npu |a| < M, |b| < M, Benuuuns!

b
[ f@dx|, n=1,2,...,
a

OorpaHUYeHbI IOCTOAHHOM, He 3aBUCAIIEH OT a, b, n (OHa 3aBUCUT TOJIHKO OT M);
0) mpu J00BIX GPUKCUPOBAHHBIX @ U b, OTJIUYHBIX OT HYJIA,

b

. 0 mpu a<b<0ul<a<b,
,}En%offn(x)d’C:{l mpu a <0 <b.
a

Taxue mocnegosarensHOCTH f,(x) (puc. 20) HasbIBaOTCA 0enbma-nociedosa-
MesbHOCMAMUY.

HokazaTrb, UTO AJa JII000H HEIPEPHIBHOM
dyuruun ¢ u 11060#1 AenbTa-IOCIELOBATENb-
wvocru f,(x),n=1,2, ...,

y o
Tim [ 7,00 0(x)dx = (0);
“HAaYe TOBOPA, -
lim_ (£, §) = G, 9).
8. Ilycrs f(x) = %e,xz/ t, loxasarTk, UTO B IIPO-
—a o a X crpancTBe D' CIIpaBeJInBO PABEHCTBO tlirgrlo fx)=
Puc. 20 = &(x).
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1
x t iy

9. [loxasaTh, YTO B IPOCTPaHCTBe D' CYIIECTBYET IIpeet lilrn0 B)H o6o-
y —

EI/I YTO CIpaBeAJINBbI (DOPMYJIBI

1
HavaeT -
3aaecaxilo

— 1
—_— = i 0 =
prraer Fimd+ 1/ o
(oHE HaseIBatoTca Gopmyaamu Coxomkoro®).

3amaua 8. [ToxasaTb, uTo BcAKas 0600UIeHHAS (GYHKIUA SBJIAETCA
npeneaoM 0600IIIeHHBIX (PYHKI[NIT, TOPOKAEHHBIX JIOKAJIHHO NHTETPUPYEMBI-
MU QYHKIUAMH.

B sTOM cMBICITIE TPOCTPAHCTBO O0OOIIIEHHBIX (DYHKIIUH SABJIAETCA «IIOIOJI-
HEeHHEeM» IIPOCTPAHCTBA OOBIUHBIX (JIOKAJIBHO MHTEIPUPYEMBIX) QYyHKITHUIH.

Kax MbI Bumeau, HOHATHE 0000IIIeHHOM (PYHKIINY He CBOIUTCS
K IOHATHIO (PYHKIMKA TOUYKH, U IIO3TOMY I'OBOPUTL O 3HAUCHHUU
000011IeHHOM (DYHKIIMY B JAHHOI TOUKE, B YaCTHOCTHU O0OpaIlleHuu
ee B HYJIb B 3TOH TOUYKe, BOOOIIle rOBOPs, He nMeeT cMmbicjia. OgHa-
KO MOJKHO BBECTH €CTECTBEHHOE IMOHATHE o0pallleHnusd B HyJIbL 0000-
II[eHHOM (PDYHKIMKU HAa NHTEpBaJe.

Onpeaenenune 18. Bydem zogopumv, ¥mo o0b6o0uieHHas GyHruyus f
obpawaemcsa 8 HYab Ha uHmepsase (a, b), ecau (f, §) = 0 daa
scex ¢ 0 D, xomopovle umeiom Hocumeav, COOePHCAUUILCA 8 UH-
mepsaJe (a, b).

VIIPA’CKHEHHE 10. TokasaTh, UTO IJA TOTO UTOOBI HEMpepbIBHAS (PYyHK-
musa obpalianiack B HyJIb B KasKI0H TOUKe MHTEepBaJia, HEOOXOJMMO U J0CTAa-
TOYHO, UTOOBI OHA obpalliajach B HyJib Ha 9TOM MHTEepBaje KaK 0000IneHHasd
(QYHKITUA.

Onpeaenenne 19. O6o6uiernnvle Qyrkyuu f u & Ha3vl8aomces pas-
HblMU Ha uHmepsase (a, b), ecau f — g = 0 na (a, b).

61.4. AnddepeHunpoBaHme 0606 EeHHbIX PYHKLUA

OmnpepeanM Telepb MPOU3BOAHYIO 0000IIeHHON (PyHKINN. Bhlsc-
HUM IIpeXKJe BCero, UTo IpeAcTaBJaAeT cO00M IIPOu3BOaHAA O0OBIU-
HOM HempepbIBHO Aud@GepeHIIupyeMoil Ha BCeMl YMCJIOBOA ocu
dbyurmuu f, paccmarpuBaemasa Kak dpyuxiuonai (f', ¢) za D. 9to
WMeeT CMBICJI, TIOCKOJbKY IPOU3BOgHAA ', OyAydYN HEIIPePLIBHOM
Ha BCeHd UYHNCJIOBON OCHU, SBJIAETCA JOKAJIBHO HHTETPUPYEMOM
GyHKIIIEN.

*10. Coxonxuii (1842—1929) — pycckuii MaTeMaTHK.
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WNHTerpupys mo yacTam, B cuiy puautHocTy Qyukmuu ¢ [J D,
MOJIYUYUM

(F,0)= [ F'®) ¢()dx == [ ) ¢'(0)dx =~ (£, ), (61.17)

o
mpuyeM, Kax ussectHo, ¢' [ D. Takum obpasom, mpousBogHas f'
ABJsAeTCA QPYHKIIMOHAJIOM Ha D, 3HaUeHUS KOTOPOTO BBHIPAKAIOT-
cdA uepes 3HaUueHUA QPYHKIUU f, pacCMaTpUBaeMoOil KaK (PyHKIIHO-
HaJl, ¢ moMoIbio opmyanl (61.17). 3To mesaeT ecTeCTBEHHBIM
cjemayIolee ompeaeaeHme.

Onpeaenenue 20. I[1poussodroil 0606weHHOll pyHKyuu [ Ha3viea-
emcsa QyHkyuonan Ha D, o6o3nauvaemvlii f' u onpedensemolii pa-

B8CHCMB0OM
(f” ¢)=_(f, ¢')9¢ 0 D. (61°18)

WNuaue roBops, sHauenue (pyHKIuoHana f' B J000# Touke ¢
mpocTtpancTBa D paBHO 3HaueHuIo pyHKIIMOoHAaaa f B Touke ¢' [ D,
B3ATOMY C IPOTHUBOIIOJOKHBIM 3HAKOM.

Taxum obpasom, Jrodasd 0000IeHHAA PYHKINA MMEeT IIPOU3-
Bonuyto. OTciozia cjIenyeT, 4To 1 Jio0as JOKAJIbHO NHTerpupyemMas
(YHKIIUA UMeeT B CMbICJIe onpeeaerHns 20 IpousBoIHYO!

W3 ¢popmyasr (61.17) ciaexyer, 4To IPOU3BOJHAA B OOBIYHOM
CMBICJIE HETIPEPHIBHO AUMDEPEeHINPYEeMOi Ha BCell YMCJIOBOU OCHU
GyHKIINU, paccMaTpuBaeMasa Kak (pyHKIuoHaJ Han D, coBoamaeTr
¢ ee TPOMBBOAHOM B CMBICJIE 0000ITIEHHBIX (PYHKITUH.

Omepanuio BHIYMCIECHUSA IPOM3BONHONU 0000IIIeHHON (QYHKIUU
Ha3bIBAIOT II0 aHAJIOTUM CO CJAydyaeM OOBIUHBIX QPYHKIUM mudde-
PEHITMPOBAaHUEM.

AEMMA 4. Dyuryuonaa ' aeasemcsa AUHEUHbIM HENPepPul8HbLM
PyHKYUOHAOM U, clefo8amenbHO, 0000UeHHOl PYHKUUeIL.

AoKa3aTeAbcCTBO. IIpoBepuM JUHEHHOCTD:
(F's A + ) = =(f', Ad + pp)) = ~(f, A¢" + py’) =
=ACGO)-pEW)=AG, O, Y), 0 UD, g UD.

Il Toro uToOBI IIPOBEPUTh HEIPEPLIBHOCTH (hyHKIMOHAka f,
BcrmoMHuM, uro ecain ¢ U D, ¢, 0D, k=1,2,..,n klimoo d.=¢

B D, To, B CUJIy OIpeAeJeHUsI CXOAMMOCTH B IIpocTpaHcTBe D,
u klimoo ¢', = ¢' B D; nosromy, ecau ¢, = ¢ B D, TO klimoo 7, ¢,) =
=—lim (£, ¢'p) = =(f, §") = (f", §).

Taxum ob6pasom, ecau f [ D', To f Bcerma cyliecTByeT u
ffO0D'.O
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IIpousBoAHbIE BBICIITUX MOPAIKOB 0000ITTeHHOM (DYHKITUH OIIpe-
IeJSIOTCS MOCIef0BaTeIbHO, KakK U AJA OOBIYHBIX QYHKITHI:

=Y, F= Y
FO = (f VY, k=12, ..., fO=T.

Ilo mHAYKIMY JIETKO IIPOBEPUTH, UTO

(f(k)’ ¢) = (_1)k(f9 ¢'(k))7 ¢0D, k=1,2,....

CorsiacHO 2TOMY OIpeJeJIeHNI0, O000INeHHbIe (PYHKIIMNA HNMEIOT
MIPOM3BOAHEIE JIIOOBIX MOPAAKOB, MK, KaK WHOTIa TOBOPAT, Gec-
KOHeYHO JuddepeHIupyeMbl.
Hapsany ¢ o6o3HaueHUAMY MPOM3BOAHBIX O0OOIMEHHBIX (PYHK-
nuit [ cumBosamu ', f(?) ynorpebiasaroTca paBHO3HAUHBIe 0003HA-
df dEf

YeHUA T, m,k=1, 2, ...

BOOOIIIE

NMpumepsbl. 1. IlycTs

1, ecaim x>0,
0, ecim x <0.

B(x) = {

®yuknusa 0(x) maseiBaercs pynryueir Xesucaiida (cm. (61.10))
uiau e0uHuuHoll Qyrkyueil. OHa JOKAJIBLHO MHTETpUpyeMa U IIO0-
9TOMY MOJKET pacCMaTPUBATBHCA KaK 00o0IenHaa pyuriiusa. Haii-
neMm ee nmpousBoaHyo. Corsacuo oupenenenuio (61.18),

(8, 9)=~(8, ¢) =~ [ 8(x) §'(x)dx =

— = ¢'(x)dx = $(0) = (5, ¢), $ O D,
0

T.e. 0 =0.

B cMbIc/Ie OOBIUHOM IIPOU3BOAHOI IpHU J060M X # 0 mMeeT Mec-
10 0'(x) = 0, a mpu x = 0 npousBoxHaa pyHKIUY O(x) OecKOHEeUHA:
0'(0) = +oo. ITosTomy, coryiacuo paBeHCTBY 08' = O, mHOrzma roBso-
pAT, YTO PYHKIIMA O paBHA HYJIIO BCIOAY HA YKCJIOBOM OCH, KpoMe
Touku x = 0, rge orHa paBHa +° (¢p. ¢ . 61.1). XoTs 5T0 BLICKA-
3bIBaHUE He ABJIAETCS JOTUYECKHU CTPOTUM, TaK KaK QyHKIua [u-
paka O He ecTh OObIUYHAA (DYHKIUA U II09TOMY HEJb3s TOBOPUTH O
ee 3HAYEHUSAX B OTAEJbHBIX TOUKAX, OHO OBIBAET MHOTAA YI00HBIM
IIPU IIPABAOIOLO0HLIX PACCYKICHUAX.

2. B kauecTBe [Ipyroro mpuMepa BBIUKWCJIUM IIPOU3BOSHBIE

O-pyHKIMU:
(M, ) = (—1)#(3, ¢ = (-1)#¢® (0).
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VIIPAJKHEHHA. 11.Ilyers f u g — 06o06iienHble GQyHKIUK, A U || — YKcJa.
IMoxkasaTb, uto (Af + pg)’ = Af' + pg’, T. e. uTo oneparop nuddepeHIuPOBAHUS
ABJIAETCS JUHEHHBIM OIIePaTOPOM Ha MHOMKeCTBe 0000IIeHHBIX (DYHKITUIA.
12. lokazaTh, UTO B IPOCTPAHCTBE 000OIIEHHBIX YHKITMIH:
a) |x|' = sign x;

x, ecau x = 0,
6) x; =86, rme x, = { 0, ecmm x < 0.

13. Hokasars, 4TO [D(%C + )\% 0(x) e ™ = 3(x).

d2 0(x)sin wx
14. Morasars, uTo ED@ + w2t % = &(x).

L npu || <

15. Eciu §(x) = 0 mpn |x| S

&
2’ .
¢ TO B IIPOCTPAHCTBE 0000IEHHBIX (DYHKIIUH
§ ’

5(x +€/2) — 8(x —e/2)

gizr}) O (x) =d(x) m & (x)= .

f1(x) mpu x < x,,
16. ITycrs f(x) = f,(x) mpm x> x,, rae dyuknuu f; (x) u f, (x) HempepoIB-

HBI M KYCOYHO-HeIIpephIBHO AuddepeHIupyeMbl Ha BCEil YMUCJIOBON ocu R
(cnenoBaTeIbHO, B YACTHOCTH, CYIIleCTBYIOT Ipefesl ' (x, = 0)). Haiitu npo-

usBogHYIMo f (x) B mpocTpaHcTBe D'.

17.Ilycth dyuknua f(x) HenpepsiBHO AuddepeHupyeMa Ha BCel YMCIOBOM
ocu. Hatitu nmpoussoauyro (6f) B mpoctparcTse D'.

18. lorkaszaTh, YTO ecam [ — KYCOUHO-HEeIpPepPLIBHO auddepeHIUpyemMas

(YHKINSA, UMEIOIIasd B TOYKAX Xy, ... , X, PA3PBIBBI IIEPBOT0O POJa CO CKAUKa-
MU Py, .. 5 P, TO
. df(x n
o=+ 5 s,
rae f' — o0o0IeHHasd, % — ofbIuHAA OpU X * X, IpousBojHadA, k=1, 2, ..., n.

AEMMA 5. ITycmo f, UD', fUD"u

nlimoo f.=T1 (61.19)
mozda u h
nlimoo fn=f, (61.20)

m. e. 0na a060il cxodauweiica 6 D' nocaedosamenvrHocmu 0600-
WEeHHbLX QYHKYUL npou3eodHas npedenivHoOll QYHKUUU pPABHA
npedeny nocnedo8amenbHOCMU NPOU3BOOHbBLX.

AokasateAbCcTBO. Iua aoboit dpyarmuu ¢ [0 D umeem

-, 0)=0LF¢)—(f,, $)] = Ompun — o0, rak kax ¢' 1 D. O
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ITocsiemoBaTEIbHO IPUMEHUB JIEMMY 5, IOJYYHM, UTO U3 CXO-
OUMOCTH IIOCJIeIOBATEILHOCTH OOOOINEeHHLIX (PYHKIIUHA CJIeayeT
CXOAMMOCTD IIOCJIEAOBATEIBHOCTEN ITPOM3BOAHBIX BCEX ITOPATKOB
00001IIeHHBIX (PYHKIIUI paccMaTPHUBaeMOM II0C/Ie0BATEeIbHOCTH!.

Mo:KHO pacCcMaTpPUBATh U PAABI 0000IITEHHBIX QYHKITUHI

(61.21)
rreu, UD',n=1,2,....Cymma

S =

n kzl Uy

Ha3bIBaeTCA YACMUYUHOU cymMmoil n-zo nopadxa (n=1, 2, ...) paga
(61.21). Pan (61.21) mHasbpIiBaeTcA cXOAAIUMCA, ecaix B D' cyImecT-
ByeT mpezen lim s, =s.
n — oo
006001eHHYI0 (QYHKIIUIO S Ha3bIBalOT cymMmou panxa (61.21);
TIPYW BTOM THUIITYT
s = nzl u,.

AEMMA 6. Cxodawuiica pad 0000ujeHHbLX QYHKUUL MONCHO NO-

YJeHHO Ju@eperyuposame 1000e YUCIO pa3: ecau s = 5 U,, mo
=1

sh=5 ul, k=1,2, ...

n=1
JTo ciaenyeT U3 JeMMBbI 5.

VIIPA’CKHEHHA. 19. JokasaTh, YTO B IPOCTPAHCTBE OOGOGIIEHHBIX (PYyHK-
nuii D' cupaBeAJinBO PAaBEHCTBO

< sinnx s 1 gy
[Dz TE= z cosnx =—3 + 1 z O(x — 2kT).

=1 ns1 k<=0
Y k a3 aHue. BocnoabzoBaThes hopmyioii (cM. mpumep 3 B M. 55.4)

sinnx _ m—x

- 5 0 <x <271

n=1
20. loxasaThb, 4TO B MpoCTpaHCTBe D' cropaBemanBa (GopMy.Jia 73316 = (In | x|y
(cMm. yopaskHeHUe 5).

61.5. MPOCTPAHCTBO OCHOBHbIX QYHKUUNA S
M NPOCTPOHCTBO 0606LLEeHHbIX YHKUUN S’

O6o3HaumM yepes S MHOYKECTBO Bcex OecKoHeuHO AuddepeHIiu-
pyeMbIX Ha BCEH YMCJIOBOM OCM KOMILJIEKCHO3HAUYHBIX (GYyHKIIUI,
KOTOpBbIe BMECTe CO BCEMM CBOMMM ITPOUBBOAHBIMU CTPEMATCA K
HYJIO IpU X — ©0 OpicTpee Jitoboit crenenu 1/x. MHaue rosops,
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MHOKECTBO S COCTOUT M3 TeX U TOJBKO Tex OecKoHeuHO audde-
peHIUpPyeMbIX MYHKIUN ¢, 1A KOTOPBIX IIPU JOOBIX ITEJIBIX He-
OTPUIATEJBHBIX 7l I M BBIMOJIHAETCS YCIOBUE

lim_ x" 0 (x) = 0. (61.22)

YcioBue npuHamiae:RHOCTH GYHKIUU ¢ K MHOMKECTBY S MOMKHO
chopMyIUPOBATH ¥ HECKOJBKO MHaue: 6ecKkoHeuHO nuddepeHIiy-
pyemasi GyHKIHA ¢ mIpUHAIIEKUAT S TOTAA U TOJLKO TOTZA, KOTIA
JIJIST JTIOOBIX I1eJIBIX HeOTPUIATEIBHBIX 1 U M TMeeM

sup [x"p™ (x)| =c,, , < °°. (61.23)

—oco<x<+00
IleficTBuUTEILHO, €CJIH 9TO TaK, TO, 3aMeHsadA B (61.23) nHan + 1,
noxyunm |x" *1M(x)| < ¢, ,,» HOITOMY

e ()] <
oTKyza u ciaenyer (61.22).

Hao6opoT, ecau BbImoJaHEHO ycaoBue (61.22), To GyHKIUS
x"$(™ (x), uMes KOHEUHBIM Ipefes] B GECKOHEUHOU yAaJeHHON
TOUYKe OO, OyJeT orpaHrYeHa Ha HEKOTOPOU ee oKpecTHOCTH U(0) =
={x : |x| > a > 0}. Byayuu e HenpepsIBHOI, QyHKIUA X" (x)
orpaHnyeHa u Ha orpeske [—a, a] = R \ U(c°). Takum obpasowm,
Gyukmua x*¢(™ (x) orpaHnYeHa Ha Beell YMCIOBOM mpamoii R u,
CJIe/IOBATEJBHO, I Hee CYIeCTBYeT IIOCTOAHHAA C, ,,, YAOBJET-
BOpsAtoIaa ycaosuio (61.23).

OueBUIHO, YTO MHOKECTBO S ABJISAETCA JUHEHHBIM IIPOCTPAaH-
crBom. IIpu saTom ecam ¢ [ S, To u nr06as mpousBogHas GyHKIIUU
¢ TpuHaAMIEIKUT IPOCTPAHCTBY S.

Onpeaenenue 21. ITocaedosamenvrocmev pyrnryuil ¢,(x) 0 S, k=
=1, 2, ..., Ha3vieaemca cxodaweiica 6 S k pyurxuyuu d(x) O S,
ecau 0ns 8cex yesvblX HeompuuameavbHuvlx N U M Kaxcdas nocae-
dosamenvrocmos x™ ¢, (x), k=1, 2, ..., pasHomepHo Ha 6ceil

ocu cxodumcea k Qyrryuu x* ¢ (x).
OueBUHO, YTO klimoo ¢, = ¢ B S Torma m TOIBKO TOrAA, KOTHA

Ipn JIIOGBIX OeJblX HeOTPpUuIlaTeJIbHbIX 1 1 M
lim  sup |7 [¢{™ — ¢t (x)]| = 0. (61.24)
k - 00 —co<xy< 400

Ormerum, uto ecnu ¢, — ¢ B S, TO AJ1A IPOU3BOSHBIX JIIOGOTO

mopsiaKa ¢§g’”) —¢mMpS, m=1,2,....JIu"eiiHoe IPOCTPAHCTBO S
C BBeJI€eHHOH oIllepalnueil mpeaejibHOTO IIepexona ABJAAeTCs JIUHeH-
HBIM IIPOCTPAHCTBOM CO CXOAUMOCTBIO.

OueBugHO, uTo D [J S, B YacCTHOCTH, IIOCJIEIOBATEIHHOCTD
bysknuit ¢, D, k=1, 2, ..., cxogamasca B D k pysxnuu ¢, cxo-
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nures K Gyakiuu ¢ u B S. Bmecre ¢ Tem D # S, Tak Kak e=** [0S, Ho
2
e *" [0 D.

3amaua 9. Jloxazars, uTo mpocTpaHcTBO D IIOTHO B S, T. €. 4TO J06as
dyaxnus ¢ [ S apaserca mpesenom B S HEKOTOPOIi MMOCTIeN0BATENLHOCTH
dyuxnuii ¢, 1D, k=1, 2, ....

OnpeapeneHue 22. JIuHelHBIN HenpepbvieHbLll QYHKYUOHAL, Onpe-
OJesenHblii. Ha npocmpaHcmee S, Ha3vleaemcs 00600ULeHHOIL
pyrryueil medrennozo pocma. MHoiecmeo 6cex maxKux QYHK-
YUOHAI068 HA3bLEAEMC s NPOCMPAHCIE0M 0000ULeHHbLX PYHKYUL
MedeHH020 pocma u obo3navaemca S'.

Kaxknerii pyuxmuonan f [ S', paccMaTprBaeMbIil TOJBKO HA
MHOKecTBe D, siBiiseTcsa 0000IIeHHON GYHKIIEH, clIeI0BaATEeJIbHO,
9JIeMEeHT MHOKecTBa S' MOYKHO MHTEPIPETUPOBATHh KaK IIPOIOJI-
JKeHre HeKOTOPOTro JWHEWHOTO HEempPephIBHOTO (YHKIIMOHAJIA C
mHosxectBa D Ha S (cm. m. 61.2). Hanpumep, pyHKIIMOHAI O, OII-
penenenublii Hamu B 1. 61.3 Ha npocrpancTee D dopmyoii (O, ¢) =
= ¢(0), & 0 D, mokeT GBITH IPOAOJIMKEH C MIOMOIIBIO TOM Ke (Pop-
MYJIBI Ha ITPOCTPAHCTBO S.

Mo:xHO IOKa3aTh, YTO He BCAKaA 00001eHHasA QyHKIUA u3 D'
mpojoJiKaeMa Ha S, B 9TOM CMBICJIe MOKHO CKasaTh, 4TO S’ co-
CTaBJISET CTPOryIo yacTb D'.

VIIPA’CRHEHHE 21. [lokas3aTh, 4To 0000IIeHHas QYHKIINA, TOPOKIAEHHAS
JIOKAJIbHO MHTErPUPYEeMOl (PyHKIUeH e*, He MPOAOJIKaeMa B DJIEMEHT IIPO-
cTpaHcTBa S'.

Beakas JokanbHO mHTerpupyeMmasa GpyHKOuA f(x), AId KOTO-
POl B HEKOTOPO¥ OKPECTHOCTH cO CIIPaBeAJINBA OIleHKA

|f(x)| <A |x|* (61.25)

(A u B — HeoTpuIAaTeJIbHBIE IIOCTOSHHEBIE)", B YACTHOCTH, 10001
MHOTOUYJIEH IIOPOKJaeT (PYHKIMOHAJ IpocTpaHcTBa D, IIPOIOJI-
JKaeMbIi B JMHENHBIN HenpepbIlBHBIN QPYHKIIMOHAI Ha S. OH ompe-
nensercsa (popMyJIoi
+o0
(£, 9)= [ f(x) §(x)dx, ¢ DS. (61.26)

HeticrBuTenbHO, u3 ycaoBuii (61.22) m (61.25) caemyer, uTo
f(x) ¢(x) — 0 mpu x — o°© GwIcTpee Jr0O0M crenenu 1/x u, ciaeno-
BaTeJbHO, nHTerpaJ (61.26) cyimecTByer.

* Takue QYHKIUN HA3HLIBAIOTCA QYHKUUAMU MeDLEeHHO20 POCTA, OTKYIa
U TepMUH «00001I1eHHbIe (QYHKIINU MeAJIEHHOTO POCTa» .
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3amMeTuM eIle, YTO BCsAKas abCOJNIOTHO MHTerpupyemas Ha
BCell UMCJI0BOM ocu (PYHKIUA f(xX) TaKske IIOPOKIAET IO (hopMyJie
(61.26) smuHelHBIN HempepbIBHBIN (QYHKIUOHAN Hanm S. [leiicTBu-
TEJILHO, TaK KaK Besakas Qyrxnus ¢ [1.S orpanudeHa, To B 9TOM CJIy-
yae cylecTBoBaHue nurerpaia (61.26) cienyer us HepaBeHCTBaA

400 +00
[ f) ¢()ldx < __sup [§(x)] [ [f(x)ldzx.
o —00<x<+00 BN
VIIPA’CRHEHHA. 22. [lokasaTb, uTo dyHKIIHMOoHA (61.26) THeeH u Hempe-
PBIBEH Ha mpocTpaHcTse S (KaK B ciyuae, Korga GyHKIUA [ MeIJIeHHOI0 poc-
Ta Ha OECKOHEUYHOCTH, TAK U B CJIyuae, KOTJAa OHA abCOJIIOTHO MHTErpupyemMa
Ha BCeU YMCJIOBOIi OCHU).
1
x +i0

23. lokasaTb, 4T0 0000IieHHAaA HYHKIUA 0 D' (cm. yopaskzenue 9)

POAOJI}KaeMa B 3JIEMEHT IIpocTpaHcTBa S'.

Muo:kecTBO S' o6pasyeT JUHEHHOe IIPOCTPAHCTBO CO CXOIMNMO-
CThIO, COTpAXKeHHoe ¢ S (cM. 1. 61.2).

Tax xKax mia goboit pyurnuu ¢ [ S 6ygem umers ¢' 0 S, To
I 0000IMeHHBIX (PYHKIMI mpocTpaHcTBa S', KaKk U OJsI 0000-
IeHHBIX QYHKIUHA u3 D', MOKHO OIpeNe/IUTh IPOU3BOAHYIO [’ 110

dopmyie
(f’, ¢) = _(f’ ¢')’ ¢ 0.s.

Taxum obpaszom, 1A Ja:000i 00001enHoi ¢pyuknun f [1.S' mpomns-
Boguas f' Bcerga cyitectyer u f' [1.S'. IIpu aTom Ha amemente ¢ [1 D
MIPOM3BOAHBIE 0000IIeHHON PYyHKIINY f, paccMaTpUBaeMble COOTBET-
CTBEHHO KaK IIPOM3BOAHLIE B IpocTpaHcTBax D' m S', coBmamaior.
Kak u B ciyuae mpoctpamcTBa D', B IpocTpaHCTBe S’ IIPOM3BOAHAA
OT TIpejiesia BCerya CyIecTBYeT 1 paBHa MPeAey TPOU3BOIHBIX.

Ilomarasa f*+ 1 = (fM), n=1, 2, ..., Kak u A3 0000IeHHBIX
byHKIIMI 13 mpocTpaHcTBa D', MOIydYuM

(™, 0) =D, ¢™), fOS, 008, n=1,2,....

61.6. Npeo6pasosaHne dypbe B NPOCTPAHCTBE S

Kamxmas pyuxmus ¢ 0 .S abcomrorHo naTerpupyema. BoJiee Toro,
ecau ¢ .S, To mpu ar0bom k = 1, 2, ... pyarnus x*¢(x) raxxe a6-
COJIIOTHO MHTErprUpyeMa Ha BCell YmcJioBo# ocu. llelicTBUTENBHO,
Tak Kak aua pyarnun ¢ (.S Beimoansercs yeaosue (61.23), To

|28 d(x)| < ¢y, o5

x2|x® d(x)| = [xF+20(x)| <)y 9, 00
LO9TOMY

+
|x® (x)| < c—k—"ﬁ;z—" (61.27)
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B mpasoit wactu (61.27) cTouT abCOJMIOTHO MHTErpUpyeMas Ha BCei
YMCJIIOBOM OCH (DYHKITMS; CJIeIOBATEJHHO, O TPU3HAKY CpPaBHEHUS
JJ15 HecOOCTBEHHEIX MHTErpaioB, pyHKnua x*) ¢(x) raksxe abComoT-
HO nHTerpupyema mnpu scex k=0, 1, 2, ... . Orcioma cjenyert, UTo I3
dyuxuit ¢ 0 S cymecrByer Kiaccuueckoe npeodpasopanue Pypoe

o = F[0] ﬁ ]: 0(x) e-wvdx, ¢ 0S8, (61.28)

a TaK:Ke oOpaTHOe mpeobpasoBanune Pypne

FU01= = | 6) e¥vdy, §0S.

Kiaaccuumocts mpeoOpasoBanusa Pypbe 34ech MOHMMAETCSI B TOM
CMBICJIE, YTO HANNCAHHBLIC MHTEIPAJILI ABJISIOTCA OOBIUHLIMU a0Cco-
JIIOTHO CXONAIMMUCS WHTErpajiaMu, a He WHTeTrpajlaMy B CMbICIE
ryiaBHOrO 3HaueHus (cM. 1. 56.3). IIpu aTom Ha S cripaBeIUBEI HOP-
MYJIbI 0OpAIIeHUA IJI IPSAMOro 1 00paTHOro rpeodbpasopanus Pypoe
(cM. . 56.5):

F[F'[¢]]1=0¢, F ' [F[¢]]=¢,¢ OS. (61.29)
OrMeTHM, YTO, HAIIPUMEpP, BTOPas U3 3TUX (GOPMYJ B MHTET-
paibHOU (hopMe IIPUHUMAET BU

1+ ;

F1[9]1=— e dy = ¢(x).

[91= = [ 0) ™y = ()

TEOPEMA 1. IIpeobpasosarnue Pypve u obpamroe npeobpaso-
sanue Dypve omobpaxiarwm 63aUMHO-00HO3HAYUHO, JUHEUHO U
HenpepvLeHO NPoCcmMpancmeo S Ha cebs.

AokasaTteAbcTBO. ITokaskem, uroecmm § (1S, Tou § O S.

IIpexxkme Bcero, us Toro, uTo IasA Kaxkmoi pyurxmuu ¢ (1 S opu
mo6om kB =0, 1, 2, ... pyaKnus x*¢(x) aBasgercd, Kak MOKa3aHO
BBIITIe, a0COJIOTHO MHTErPUPYEMO Ha BCell YMCJIOBOM OCH, CIeay-
eT, coryiacHo Teopeme 4 u3 1. 56.10, uTo mpeobpasoBaHUe Pyphe
¢ = F[¢] dbyrKIMEu § cylIecTByeT 1 MpeACTaBIAET cO60il 6eCKOHeY-
HO nupdepeHINPyeMYI0 PYHKIIUIO.

Onenum Tenepb pyrrnuio |y*d™ (y)|, rme n u m — mennle He-
oTpuIilaTeJabHbIe Yyucaa. IlpuMeHsada GOpMYJabl IJA TPOU3BOTHOM
npeobpasoBanusa Pyppe (cMm. 1. 56.10) u g1 mpeobpasoBaHUA
®dypbe npousBogHOH (cM. m. 56.8), moayuum

ly™ 6™ ()| = |y F™ [¢]] = [y F [x™ ¢]| =

+00

= [F 1" 9| = | 7= [ (m § () etovd <

—%o

<= T 1Gm ¢ oyl
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3amerum, uTo BeIpaskenue [(x™ ¢ (x)], B cury mpaBua gud-
depeHnIPoBats, IPEACTaBIACT COO0H JUHENHYI0 KOMOMHAIIMIO
BRIpasKeHul Buga xP ¢@ (x), rame p m ¢ — HeOTPHUIATEIbHBIE IEJIbIe
1, KakK 3To 0bLIO oTMedeHo Boimre, @ [1 S. IToaromy (cMm. (61.27))
dyumuu (1 + x2)xP ¢ (x) orpaHuYeHHl Ha BCell YMCJIOBOH ocH,
cJemoBaTeNbHO, orpanndeHa u pyarmus (1 + x2) [x™ ¢ (x)]™, T. e.

sup (1+ x2) [[(x™ ¢ (x)]™]| < +o0o0.

—oo<x<+
PaB,Z[eJII/IM W YMHOMHWM TeIlePb IIOJyUYHMBIII€eCA BBIIIIE IIOOBIHTEI-
pajJbHOE BBIDaKEeHUe Ha 1+ xz, Torga, IpmHuMasd BO BHUMaHUe,

oo X
9T0 [ 7= = T, IOMydnM
1 _d
" 0 () | < = sup (1 +%) | (=™ ¢ ()] [ Trat ™
_ E sup (1 + x2) | (x™ ¢ (x))™)|. (61.30)

TToCKOJIBKY CIpaBa CTOUT KOHeUHasA BeauumnHa, 7o § (.S,

HUrakx, npeobpasoBanue @ypbe oTodpakaer S B S, mpu 3TOM
9TO OTOOpasKeHre B3aMMHO-OSHO3HAYHO (cM. JeMMy 3 II. 56.5).

AHaJIOTUYHO NOKAa3bIBAeTCA U TO, UTO 0OpaTHOE OTOOpaKeHUe
®ypee F1 orobpaskaer S B S u IPUTOM B3aMMHO-OJHO3HAYHO.
Takum o6pasoM, oToOpakenua F u F-1 oToOpakaroT mpocTpaHCT-
Bo S Ha cebd, T. e. ABIAIOTCA OMEeKIUAMU. ITO cpasdy cjaedyeT u3
dopmys BzaumuocTu (61.29) nasa npsmoro m o6paTHOro mpeobpa-
30BaHUM Pypre.

IleticTBUTEIBHO, IIOKAXKeM, HampuMep, uTo F(S) coBmazaer co
BceM npoctparctsoM S. ITycrs Y OS, monosxkum ¢ = F-1 [Y]. Torza

F[$] = F[F ' [y]] = .
ITomo6uBIM 2Ke 00pa3oM JOKAa3bIBAETCA U TO, UTO
F1(8)=S.

JIuneiinmocTs mpeobpasoBanusa Pypbe oTMedasach paHbIie (CM.
gemmy 2 B 1. 56.5).
JokaskeM Temeph HEIIPEPLIBHOCTEL 0TOoOpakeHus F.

Crauasa moKajxkeM ero HeIIPpepbIBHOCTS B HyJ1e. Ilycts lim ¢, =
k - oo

=08 S. Torga us (61.30) cirexyer, uTo
¥ @) < [T sup (1 + ) [ 0,0, k=12, .
X
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Ho u3 (61.24) (mpu ¢(x) = 0) umeem
Jim_sup (1 + x?) I(x™d,, ()] = 0;
03TOMY 7
Jim_sup ly"®{™ (y)| =Oumpun=m=0 Jim $,=08S.
-0y _, 00

ITockoabKy mmpeobpasoBanme Pypbe ABIACTCA JUHEHHBIM OTO-
OpaskeHUeM JIMHEHMHOTO IPOCTPaHCTBa S B ce0si, HEIIPEPBIBHBIM B
HYyJIe, OHO HeIIPePLIBHO 1 BO BCEX TOUKAX 9TOTO IIPOCTPAHCTBA (CM.
agemmy 3 B 1. 61.2).

Taxum obpasom, mmpeodpasoBanne @ypre F HeIpepbIBHO OTO-
Opaskaet S Ha S.

CoBepIlieHHO aHAJOTUYHO [0KAa3bIBAETCS HEIPEpPhIBHOCTHL 00-
paTHOTO Ipeobpasosanusa @ypee F1.0

61.7. Npeo6pasoaHme Pypbe 0606 EeHHbIX PYHKLUN

IlpeaBapuTebHO JOKAXKEM OJHO MHTETPAJbHOE paBeHCTBO. IIlycTh
dyurnua f HempepbIBHA 1 aOCOJIOTHO MHTErpupyeMa Ha BCel uuc-
JoBoii ocu u yeTh ¢ [ S, Torma

T P(x)dx T f(y) evdy = T f(y)dy TO O(x) evdx.  (61.31)

Jto ciaenyer u3 TeopeMbl 7 1. 54.3. IleificTBUTEIbHO, ITOBTOPHBIM
WHTErpaJ, CTOAIIUI CIeBa, CYIIEeCTBYeT, TAaK KaK CYIeCTBYeT MH-
Terpa

116G | ) evdylde < T lo@ldx | |fw)dy.

Ecnu [a, b] — mpous3BOJBHEIN OTPE30K, TO GYHKIIUA f, B CHUIY ee
HeIpepLIBHOCTH, OTpaHKMUeHa Ha [a, b] : |f(y)| < M; mosromy

7@) d(x) e | < M [9(x)], a <y <.

+oo
Orcioza, B CHIIY CXOAMMOCTH HHTeTpata [ |6(y)|dx, crenyer paBHO-

+o0

MepHasa CXOIUMOCTD nHTerpasa f(y) [ ¢(x) e*¥dx ua orpeske [a, b].

Tanee, |¢(x)| < ¢q o, —° < x < +00 (cM. (61.28)); mosTomy |P(x)
+00

f(y) e < ¢y ol f(y)|, u Tak Kax uHTErpaN [ |7(y)|dy cxomutes,

TO MHTErpas
+00 )
0(x) [ f(y) e *vdy

PaAaBHOMEPHO CXOAUTCA Ha BCell ocH.

293



Hakowuer, naterpas

Tdx [ 166 f@) eoldy = [ o()ldx [ If@ldy

KOHEeYeH, II0ATOMY B pacCMaTPHMBAEMOM CJIydae BBITIOJHEHBI BCe
ycJoBuA TeopeMbl 7 1. 54.3 u, ciegoBaTeJbHO, MOXKHO IIepecTa-
BUTH NMOPANOK MHTerpupoBaHua. PaBenctso (61.31) qokasaHo.
Ecau dpyuknus F[f] mopokmaeT HeKOTOPBIN GyHKIIMOHA Ha S
(Hammpumep, yaOBJIeTBOpPsAeT ycaoBuio (61.25) niau abCOII0THO MH-
TerpupyemMa Ha Bceli YMCJIOBOH OCH), TO, YMHOKHB PaBEHCT-

BO (61.31) Ha L , TOJIYUUM

J2m
(FI71, ¢) = (f, FIoD, ¢ U S. (61.32)

Ity dhopMyay U IpUMeM 3a ompelesieHue mpeodpasoBanusa Pypne
00001IIeHHBIX (PDYHKIIUI 13 IpocTpaHcTsa S'.

Onpeaenenue 23. IIpeobpazosanuem Pypve 0000uleHHOU QYHK-
yuu f U S nasvieaemcesa gyuryuonan F[f], onpedensemvtii popmy-
z0il (61.32).

WUrak, paa aoboit 06001enHoi QyHKIUKU f U3 S’ ompeneaeHo
ee mpeobpasoBanue Pypwe F[f]: sHauenue pyHKIuoHaNa F[f] B
JI1000If TOUKe MPOCTPAHCTBA S paBHO 3HAUEHUIO pyHKIIMOHANA [ B
rouke F[$] O S. IIpeoGpaszoranne Pypbe 0000IIeHHON GYHKIIUN
OyzeM, Kak U B ciiyuyae OOBIUHBIX (DYHKI[MIT, 0003HAUATH TaKKe U

CHMBOJIOM [ .

NMpumep 1. Haiigem nmpeobpasoBanme @ypbe eJUHUIBLI, pac-
cMaTpuBaeMoil Kak ob6oOmienHada GyHknua. OueBummo, 1 [ S'.
Nmeem

d, ¢)=(, )= Z dy ﬁ j: D) v =

1 +o00o +o00 .
= /271 [_ d —iy(t — x) N =
J2m o [ Y [ d(x)e x|

=0

= 21 FL(F@), - = V2T 0(2)],_ g = ~2TT $(0) = /2T (3, ¢)
(MBI BOCITOJIB30BAJUCH 37iech jemmon 3 m. 56.5). Takum obpasom,

1=./2m3.

OrmeTuM, uto npeobpasoBanue Dypre F[P] dyurmuu ¢ O D,
BOOOIIle TOBOPA, He MPUHAAJIEKUT IPOCTPAHCTBY D, IMOCKOJBKY
F[¢] ue Bcerma asasierca puauTHOM pyHKIMeir. [TosTromy popmy-
aa (61.32) umeer cmbica He aasa Bcex f [ D'. Ms-3a aToro obero-
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SATeJbCTBA IIPU PACCMOTPeHnu IpeobpasoBauusa Pypre 0000IIEH-
HBIX (QYHKIHWH HAM UM TPUIILIOCH CY3UTHh KJAcCC OOOOIIEHHBIX
(byHKIUI, BBENEHHBIX pPAaHbIIE, OTPAHHYUBIINCL TOJBKO 0000-
IIeHHLIMY PYHKIIUSIMU MeJIeHHOI'0 POCTa.

IIpeobpasoBanue @ypbe F[f] o6obIIeHHON QyHKIUU [ OyaeMm
0003HAYATDb TAKIKE CUMBOJIOM

ﬁ T’ f(x) e-*vdx.

Takum o6pasoM, paBeHCTBO

+oo
—— [ f(x) evdix = FIf] (61.33)
J2m

B ciayuae, Korga f — o0oO0IieHHaa PYHKIUA, ABISIETCS OIpeseie-

HUEeM CUMBOJIa, CTOAIIETO B JIEBOI YAaCTH 9TOTO PaBEeHCTBA.

OmnpenenuB mpeoOpasoBaHue Pypbe O BceX 000OIITEHHBIX
dyuruii n3 S', Mbl, B YaCTHOCTH, OIPEJeININ U IPeodpasoBaHMe
dypbe s OOBIYHBIX (GYHKIMIA [, YIOBJIETBOPAMOIIUX YCJIOBUIO
(61.25), T.e. QpyHKIUI cyIlecTBEHHO 0oJjiee IMMPOKOTO KJacca,
YeM 5TO OBLIO CHeJaHO paHbIle (cMm. nm. 56.5 um 60.9%). 9ro aB-
JsieTcs ONHUM 13 BecbMa CYIIEeCTBeHHBIX OOCTOATENLCTB, OIpPAaB-
IBIBAIOIINX I1€JIecO00Pa3HOCTh BBEAEHUSA MOHATUA O0OOIIEHHBIX
byuRIIT].

ITokaskem, uTto mpeobOpasoBanme DPypbe 000OIIEHHBIX (PYHK-
Ui 06amaeT PSAIOM CBOMCTB, aHAJOTUYHLIX CBOMCTBAM KJIACCHU-
yeckoro npeobpasosanus Pypoe, T. e. mpeodbpasopanus Pypowe ao-
COJIIOTHO MHTETPUPYEMbIX (DYHKITUIH.

AEMMA 7. IIpeobpa3sosanue Pypve F[f] o0obwennoii ynruuu
f U S makxce agarsemcs o6o6wenHoil pyHKyueil kaacca S', m. e.
F[f] — auneilnvlit u Henpepbvl8HbLI GYHKUUOHAL HAO NPOCMPAH-
cmeom S.

AoOKa3aTeAbCcTBO. IIpoBepuM JUHENHOCTL TPEOOPA30OBAHUA
dypbe, T.e. MOKaXKeM, UTO, KaKoBa Obl HM Oblja 0000IIeHHA
dbyuxmusa f 0 S', gas xobbix yurmuit ¢ .S, P U S u g06b1x yu-
ceJi A ¥ | CIPaBeJINBO PABEHCTBO

(FI71, A + Ap) = METS], §) + WEFL], ).
HelicTBUTEIBHO,
(FI71, A + pd) = (f, FIAd + py]) =
= (f, AF[¢] + PF[Y]) = A(f, F[$]) + p (F, FIY]D) =
= A (FI71, 9) + W (FIf1, W).
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IIpoBepuM HeHpepLIBHOCTL mpeobpasoBauus Pypoe. IlycThb
fos,¢0S8,¢,08,n=1,2,..., nlimoo ¢, = ¢ u, ciegoBaTesbHO
(cM. Teopemy 1 1. 61.6), B cusry HeITPepPBIBHOCTY TPEOOPa30BaHUA
dypbe Ha mpocTpaHCTBE S,

Lim F[¢,]= F[¢].
Torxa, B cuIy HellpepbIBHOCTH (hYHKI[MOHAAA f HA S, OJyUYnM
lim (F[f], ¢,) = lim _(f, F[$,]) = (f, F[$]) = (F[/], $].

Wrax, mbl okasanu, uro ecau f S, rou F[f]0S'. O

EcrecTBeHHO ompefesserca u oOpaTHoe IIpeoOpasoBaHme
®ypoe F1[f] snemenTa f 0 S’ Kak pyHKIIMOHAJ OIpocTpaHcTsa S',
3aJlaBaeMbIii (hopmMyI0ii

FL O =, F oD, FOS.

Eciu f— abcoaoTHO HMHTErpupyemas HeIlIpepbIBHAS (PYHK-
I, 9TO PABEHCTBO BLIMOJHAETCA IJIA Hee B OOBIYHOM CMBICJIE.
9To mpoBepdAeTcA TaK JKe, KaK u B ciaydae opmyasl (61.31). Ilo
oIpejeieHnIO, IIojaraercs Taksxke (cp. (61.33))

%{ }: f(x) exvdx = F[f]. (61.34)

Kak u B cayuae npsamoro mnpeobpasoBauusa @ypbe F, moKas3bI-
BaeTcs, yro ecau f 1S, ron F1[f10S'.

TEOPEMA 2. IIpeobpaszosanue Pypve F u obpamuoe npeobpa-
s06anue Pypve F~! omobpaxcaom AuHeilHO, 83AUMHO-00HO3HAY-
HO U Henpepvl8HO npocmparcmao S’ Ha cebs; npu smom 0ns Ji-
6020 anemenma f 0 S’ cnpagednuswvl pasercmaa

F[F[f11=FIF'fI1=1. (61.35)
AoOKa3aTeAbCcTBO. [lokamkem cHavasa Gopmyasl (61.35).
Il mroboro samemenTa ¢ [ S umeem

(FLIFIfIL &) = (FIfL, F 0D = (f, FIF'[611= (, ).

Amnayoruuso

(FLF'IA1), 9) = (F'[f1, FI$D) = (f, F1[FI9ID) = (F, ).
IloxasxeMm Temepb, uTo IpeobpasoBanue Pypbe F oTobOparkaeT
mpocTpaHcTBO S’ Ha Bce nmpoctrpaucTso S' : F(S') = S'. IIyers g O S,
rorga ecau f = F1[g], To F[f] = F[F1[g]] = g, T. e. B 1106011 3.1€-
MeHT u3 S’ npu mpeobpazoBanuu Pypre F oTobpaskaeTcsa HEKOTO-
pbIit 9sieMeHT us S'.
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IToxasxxem, uto F B3auMHO-ogHo3HauHO. Ecou f; U S', f, US" n
FIf,] = FIf,], 10 u FUF[f,]] = FU[F[f,]], orkyna, & cury (61.35),
umeeM f; = f,.

ITorkaxxem, uTo oToOpakeHue F JUHEHHO, T.e. OJA JIOOBIX

06001mrennbrx pyuxmuii f [1.S', g 0 S' u a06b1X uncen A u | capa-
BeJINBO PABEHCTBO

F[Af + ugl = AF[f] + uF(g].
Yro6bl yOEIUTHLCS B CIPABEAJINBOCTH STOT'0 PABEHCTBA, IPOBEPUM
ero s Jiboro, Ho puKcupoBaHHoro saemenTta ¢ [1.S':

(FINf + pgl, 0) = (Af + pg, FIoD = A/, F[9D + (g, FIo]) =
= MEIf], 0) + WEFLg], ¢) = (AFI/]+ 1 FLg], ¢).
Haxoner, goxaskeMm, uTo F ABJIseTCA HEIPEPBIBHBIM 0TOOpA-
sxeHueM. [ei#icrBurensro, nycrs f U S, f, 0 S, n =1, 2, ...,
nlimoo f, = f u, cnegoBarensHO, A4 nroboro ¢ [1 S cnpasennuBo pa-

BEHCTBO nl{mm (7,9) = (f, ¢). Torma
A, F1F) 0) = lim, (7, FIOD =, FIOD = (P17, 0).

Ananornuno f0oKassIiBaeTcdA, uTo U F~! HempepsIBHO B3aMMHO-
ONHO3HaUHO oToOpakaer S' ma S'. O

A

Mpumep 2. Haitgem F[0] = §. Umeem
5 1 —ix =
(3, 9)=(3, ) =0 (0) = N I 0 (x) e =vdux|, _ o=

=L [ omdx=51,08.00s,
J2m O/n’ U
moatomy F[d] = 1/./2T u, cregosarensro, F1[1] = /2T d (3ame-
THM, 4TO 00paTHOe KjaccumdyecKoe mpeodpasosanue dypre F1[1],

Tak ke Kak u npamoe F[1], He cymiecTByioT). C TOMOIIbIO UHTET-
payoB (61.33) u (61.34) aT; hopMyJIBI MOKHO IEPEIINCAaTh B BUIE

T 8) eidx =1, 5= [ eiwdx = 8(y).

ITomo6uBIM ke 00pa3oM HaxXOAUTCA U 00paTHOe HmpeodpasoBa-
Hue Pypbe O-QyHKIIUN:

F8] = <= = FI3),

F[1]=F1[1]= J/2m 5.

oTcroza
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Ucnonb3ysda cmocod 3amucu, OCHOBAHHBIM Ha paBeHCTBAX
(61.33) u (61.34), aTu GopPMYJIBI MOKHO IIepeIrcaTh B BUE

%[ TO e dx = Ay), T o(x) e*vdx = 1.

Brrumcaum panee mpeobpasoBaHue Pypbe IIPOM3BOAHOM 0000-
IeHHON (QYHKIIMM ¥ TIPOM3BOAHYIO OT IIpeoOpasoBammsi Pyphne.
IIpenBapuTenbHO HAM IIPUAETCA BBECTU IIOHSITHE IIPOM3BENEHUS
00001menHo pyuxmuy f [ S’ Ha 00bIYHYI0 OeCKOHEUHO AuddhepeHIn-
pyemyio @yHKIu0 Y(x), 00IaKaI0IYI0 TEM CBOMCTBOM, YTO JJIA JIIO-
6oit ee mpousBoaHoit YW (x) cyrmecTBytor mocroaHubIe 3, > 0ua, > 0,

n=0,1, ..., Takue, UTO IJIs BCEX X CIIPABEIJINBO HEPABEHCTBO
W) <B(1+ |x))", n=0,1,2,...% (61.36)

3aMeTuM, UTO BCe MHOTOUWIEHEI YIOBJIETBOPSAIOT 3TOMY YCIOBUIO.

Eciu ¢pyurnma Y tuna (61.836) u ¢ 00 S, to Y O S. Ecau
byHKRIUA [ JOKAJIBHO CyMMUDPyeMa W YZOBJIETBOPSET YCJIOBUIO
(61.25), a pyurmua Y — ycaosuio (61.36), To Yf TakKe ymoBIeT-
BopseT ycJyoBuio (61.25) u

(F, W) = [ ) W) §(x)dx = (WY, §).

IIycTs ) ymoBieTBopset ycaoBuio (61.36), a f [ S'. Onpexe-
JUM Telepb QYHKIIMOHAJ HaA S, paBHLIA mpousBemenuio Yf, dop-

MYyJIoH
W7, 0)=(, wo), ¢0US.
Jlerko mposeputs, uto Pf [ S’ T. e. uro Yf ABIsAeTCA TUHEHHBIM

HeMPePLIBHBIM (hYHKIITMOHAJIOM, OPeIeIeHHBIM Ha IPOCTPAHCTBe S.

VIIPAJKRHEHHE 24. Ilycts @yuKnua Y = Y(x) yZOBIETBOPAET YCJIOBUIO
(61.36), a o6o6menHas dpyarnus f 1 S'. Mokasars, uro Yf [ S'.

JloKasxeM B 3aKJIIoueHre hopMYyJIbl
F[fM] = (ix)"F[f], (61.37)
i"FO[f] = Flx"f], fOS'. (61.38)

*B cuny osToro yciaosus (mpu n = 0), MOKHO paccMaTpuBaTh | (x) Kak
000011eHHYI0 (hyHKIIUIO TpocTpancTBa S’ (cm. (61.25).

**3aTpyHeHNUsA IIPU OIIpeeeHNN IPOU3BeleHnA 0600IeHHbIX (PYHKITMH
CBA3aHBI C TEM, UTO IIPOUW3BeJAEeHUE JUHENHBIX (DYHKIMOHAJIOB B OOBIYHOM
CMBICJIE KaK IpousBejeHMe (DYyHKIUI (T.e. KaKk Ipou3BeleHUE 3HAUYEHUI
COMHOJKUTEJIEH B KAXKIOU TOUKE) He ABJIAETCA JUHEHHBIM QYHKIINOHATIOM.
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HNmeem (cMm. mm. 56.10)
(FLF™], ¢) = (f™, F[$]) = (=1)" (f, F™[$]) =

= ()", 5 Flan 015 = i (LA, 2 ) = ()" FIfL, ), 6 O S.

dopmyna (61.37) nokasaHa.
Hoxaxxem (61.38) (cm. m. 56.8):

(FOLF], §) = (~1)" (FI71, ™) = (~1)" (7, FIO™]) =
— (-1 (f, (i) FIOD = 5 (" £, F [0 = F5: Flanfl, 5.0

NMpumep 3. Haiigem npeobpasoBanue Pyprve pyHKIum f(x) =
= x. 3ameTus, uto F(1) = 0./2T (cM. mpumep 1), moayuum

Flx]=F[x-1]1=iF'[1]=iJ/2T §.
VIIPA’JRHEHHE 25. Hatitu nnpeo6pasoBanue @ypbe MHOTOUJIEHA.

ITpu BEIUMCIeHUN IpeobpasoBaHuA Pyphe 0000IIeHHLIX (PYHK-
U MHOTAA YO00HO BEIOPATh IIOCIEeN0BATEILHOCTD OOBIYHEIX (DYHK-
uii, CTPEMSIIUXCS B IPOCTPaHCTBe S’ K 3aJaHHOU (0000IIEeHHOM)
dyHKIMY, HaliTu npeobpasoBarne Pypbe UIEHOB 9TOM IIOCIEI0BA-
TEJILHOCTY, a 3aTeM BBIUUCJIUTH UCKOMOe ITpeoOpasoBaHue Pypbe
3aJlaHHON (PYHKIIUM C IIOMOIIBIO IIPeJeJbHOIO Iepexojia, MCIIOJb-
3ys HEeIIPePLIBHOCTH IIpeoOpasoBanus Pypre. Tak, Hanpumep, Aad
TOr0 4TO0BI BEIUUCIUTE Ipeobpasopanure Pypre F[O] pyurnuu Xe-
Bucaiiza 6(x), malizem cHauasa mmpeobpasoBanme Pypbe QPyHKIUU
B(x) e (¢t > 0).

F[O(x) e tx] = ﬁ T’ -3t + W)y =
0

e—x(t+iy) |+ 1

i
= = =- . 61.39
N L I O
ITokaxxem Temepsn, uTo B S’
lim ©(x)e t*=06(x). (61.40)
t - +0

HeticTBuTeNbHO, Iad Kax ok dyuaximuu ¢ [1 .S u moboro uuciaa A
nMeeM

|(BCx), () — (B(x) 7', §(x))| =

T-et (|>(x)dx‘ <
0

< f (1 - et q)(x)dx‘ +
0

T-e ¢(x)dx‘. (61.41)
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Badurcupyem dpyurmuio ¢ [1.S u kakoe-a1ubo yncio € > 0. B cuny ab-
COJIIOTHOI MHTerpupyemMocTu GyHKIMU ¢, cyiiecTByeT unciao A > 0,

TaKoe, 4To
+00

[ oG)ldx < 3
ToTga 4

+f° (1 - e ) d(x)dx| < +f° |d(x)dx| < £. (61.42)

Bri6epem Teneps t, > 0 Tak, uro6sl npu 0 < ¢ < ¢, OBLTO cIpa-
BeJIJINBO HEPABEHCTBO
(1— e ] [p(x)dx < &
0
U, cJIeN0oBaTeJNLHO,
f A -e®™)d(x)dx| < (1 - e‘t*“):[‘1 |d(x)|dx < £,
0 0

. (61.43)

Torma mpu 0 < t <t,u3(59.41), (59.42) u (59.43) moxyunm

(8(x), d(x)) — (B(x) e, d(x)) | < § + & ==.

dopmya (61.40) noxazaHa.
B cuny HenmpeprIBHOCTH ITpeodpasoBaHuA Pyphne,

lim F[B(x) e t*]= F[B(x)]; (61.44)
t - +0

orcioga u us (61.39) umeem

1 . i
F[B(x)]=——= lim ——
BT="T7% M 7=
npuueM us (61.44) cienyer, UTO mpeaes, CTOAIINMA B IpaBoii uac-
TU paBeHCTBA, cyllecTByeT (B mpocTpaHcTBe S'), OH 0OBLIYHO 000-
i

3HaUYaeTCA 7=10 (cM. yopaskHeHue 9).
Taxkum obpaszomM,
1 i
F[B(x)]=—— —
81 =~ = 7=

VIIPA’JKHEHHUE 26. Haiitu nupeobpasoBanne Pypre dyHKIui x*Q(x),
k=1,2,....
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AOMOAHEHME

..................................................

§ 62

HekoTopble BOMPOCHI
MPUOAMYKEHHBIX BBIYUCAEHNIA

62.1. NMpumeHeHne dopmyAbl Tenaopa
AAS NPUOAUNIKEHHOTO BbIYNCAEHUS
3HOYEeHUN PYHKLMIA U UHTETPAAOB

Jnsa BeIUMCIEeHUS 3HAUeHUH QYHKIUI OYeHb YI00HO MOJIh30BATh-
ca popmyioit uau pamom Teitnopa. IlogcHuM 3TO HA TpUMepax.

1. Boruuciaenue 3HaueHua cunHyca. Popmysa Teiismopa aas
(GyHKIIMY sin x uMmeeT BUJ

. B x2k -
smx—kZ (—1)* (2k ) + r,(x),
rae

2n+1
r(x) = (—1)n(2xn—++1), sin @+ gy, 0<0<1

(MBI B3dJIM OCTATOUHBII ujieH B ¢opme Jlarpan:ka). IlosTromy

|x|2n +1

Ir,(x)] < R (62.1)

IIycts TpebyeTca HaiiTu sin 20° ¢ TounocTsio 70 1073, B pagu-

annon mepe 20° coorBercTByeT T/9, mMosTOMY BBIOEpPEM HOMEP 7
TaK, YTOOBI

I (/9)] < 703 (62.2)

Torga 3HaueHue MHorouseHa Teilysopa mopAgKa n B Touke X = T/9
U JacT umcKomoe upubOiamxenue sin 20°. B cumiay HepaBeHCTBa
(62.1), nna BeImoJIHeHUsT ycaoBus (62.2) mocTaTouHO, UYTOOBI BbI-
MMOJIHSJIOCh HEPABEHCTBO

1 DE D2n +1 - —1_
(2n+ 1)1 09 O 103"
HpI/I n= 1 9TO HEPABEHCTBO He BBIIIOJITHAETCA:

ﬁ
o~

(62.3)



HO YyXe IIpu n = 2 OHO BBITIOJIHSETCA

lgnd_ 1,1 1 _ 1
5! 0g O 120 25 3840 108 °

ITosTomy sin 20° ¢ TounocTsio fo 1073 HaxoxuTcd o opMyIe

*
sin20°= 1 - 2 ng . (62.4)
Bepsa sHadeHme TT u3 Tabuaul, ¢ TOUHOCTHIO fo 1074, moxgcraBnasa B
dbopmyny (62.4), mpousBena yKasaHHBIe TaM JeHCTBUS U OKPYT-
JISI Pe3yJbTAT C TOYHOCTHIO 0 1073, mosyunM MCKoMoe mpubu-
skeHme sin 20°. Umeem: sin 20° = 0,343,

IIpu BeIUMCIEHNY 3HAUEHUII CUHYCA MOYKHO BOCIIOJIb30BAThCHA
He (popMmyJioi, a paxom Teitsiopa, KOTOPBINA Ay AeHCTBUTEIHLHOTO
apryMeHTa ABJIAETCA 3HAKOUEPEAYIOIINMCA U II03TOMY AOIIYCKAET
IIPOCTYIO OIEHKY OCTATKa: OH He IPEBBIMIAeT IO abCOJIIOTHOI Be-
JuyrHe abCOJIIOTHONM BeJWUYMHBI II€PBOTO YJeHa ocTaTkKa (CM.
u. 30.9). 9to maer, ecTecCTBEHHO, TOT K€ Pe3dyJabTaT, UTO U BBIIIE,
TaK KaK NPUBOAUT K olleHKe (62.3), KOTOPYIO MBI IIOJYUYUIU U3
IPYTUX coo0pasKeHU.

2. Beiuucjenne 3HaYeHUIl HATypaJbHBIX JjgorapucgmoB. Psap
Tei#inopa pasa gorapudma

In(l+x)= 3 1+, —1<x<1, (62.5)
n=1

MOJKeT OBITH HEIIOCPEACTBEHHO MCIIOJB30BAH JIUIIE JJIA BBIUMCJTIE-
HUA JIorapudMOB Umces, He IPeBLIMAaIuX 18yx. OqHaKo us ps-
ma (62.5) MOXKHO IIOJIYUYUTDL APYTHe Pa3JIOKeHUA, IIO3BOJIAIOIIE
BBIYUCJIUTH JIOTAPUPMBI JIO0BIX umces. 3ameHAs B (62.5) x Ha —x
¥ BBIUUTAS MOJYyYUBIIUICcS pan us (62.5), moayuum

1+x
1-x

o'} 2n
In =2x Y # x| < 1. (62.6)
n=0

* 3Hak = o6o3HAUaeT MPUGIUKEHHOEe PDABEHCTBO C YKA3AHHOU CTEIIeHbIO
TOYHOCTH.
“*3aMeTHM, YTO B PACCMATPUBAEMOM CJIydde JIETKO YCTAHABIUBAETCH W

T 1 _

6oJree cCIbHOE HEPABEHCTBO 7'y E'S—) E <3 1073, a npu yxasaHHOM BBLIGOpe UMCIa

3HAKOB Tl OIIMOKA IIPU BBIYMCJIEHUU MpaBoil yacTtu dopmynas! (62.4) Bo Bes-
2 _

KOM cJiyuyae He OyZeT IPeBhIIIaTh 3° 1073, mosTOoMy cyMMapHAasa omubKa u 6y-

et He Gosbire 1073,
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1+x
Korgpa x mamenaerca or —1 go 1, To T— . IDUHHIMAeT BCe IIo-

1
JoxKuTeNbHbIe 3HaueHUsA. [loaTomy opmyrna (62.6) mokeT OBITH

WCIIOJIb30BaHA [JIA BbIUMCIEeHUA JorapudmMoB J00bIX umcena. Ec-
TECTBEHHO, BOBHMKAET BOIIPOC O TOM, CKOJIBKO HAJl0 B3ATH UJIEHOB
B psze (62.6), 4ToObI MOJYYHUTh JIOTAaPU(MM UYHCJIa C 3aJaHHON TOY-
HOCTBIO. [[JIs 9TOTO HAMO OIEHUTH OCTATOK psaaa (62.6). Mmeem

oo 52 2x2nt1 = o
2, TREL C 2nwl 2, %
2|x|2n+1
=m,|x|<l. (62.7)

IIpuMeHUM 3Ty OIEHKY JJIA BhIumcaeHns In 2 ¢ TourocTsio 1073,
Pemas ypaBHeHUE

()] = 2| x|

1+x
1-x 2,
"Haxonum x = 1/3. ITonaraa B (62.6) x = 1/3, Haxomgum
In2=2 ! (62.8)

3 nZO (2n +1)327°
Onenka (62.7) B aTOM ciryuae gaeT

~0LO 1 1 _ 1
nO03 00 ~(2n+1)32n+11-1/9  4(2n+1)32n-1°

Orciogma npu n = 3 UMeeM

ol O 1 __1 L
T3s030° 7.7-35  28-243 ~ 10%°

IlosTomy pAnsa BeIuucaeHus In 2 ¢ TounocTsio fo 1073 gocrarouno
B3ATH IIepBLIe TpH ujeHa pazna (62.8):

1
5+34
IIpu Gosee TPyOBIX BBIUMCIEHUAX SHAUEHUN (QYHKIUU C TIO-
moIbo opmyasl Teitopa

f(x) = f(xg) + ['(xg) (x — %) + ...

yacTo ObIBaeT AOCTATOYHO OI'PaHUYMNTHLCA JIUIIb €€ JNHEeNHOMH
JacCTbIO, T. €. IEPBBIMU ABYMA YI€HaAMN

f(x) = f(xo) + 1'(x0) (x = x0),

uHade roBopsd, 3aMeHUTHh IIpupalneHue pyHKnum ee auddepeH-

I[aJoM
Ay = f(x) — f(xg) = ['(xg) (x — x¢) = (%) Dx,
rae Ax = x — x,.

~ 20 1 O~
ln2~§D1+§+ D~0,693.

£
+ % (x — xp)" + r,(x)

303



dopmyna Teisopa m0o3BONAET TPUOIUIKEHHO BBIYUCIATH HU
3HAUYEeHUA OIIpeJleJIeHHbIX NHTerpajoB. PaccCMOTpUM OJUH IIPUMED
TaKOTO poja.

1 .
sin x
3. Beruncaenue ¢ tounoctsio 10 0,0001 naTerpana J’ — dx.
0

Hanuimem nisa mogbIlHTeTpaibHON (pyHKIUU popmyay Teitiao-
pa. II14a aToro Bocmoab3yeMcs n3BecTHOM HaM (popmysioit Teitmopa
o pyHKINY sin x (cm. (62.1)), Toraa moayuyum

_ - x2k -2 ra(x)
kzl ( 2k - 1)! x
IIO3TOMY
p 81nx L 1)1 L 2k -2 Lor,(x)
{ -2 (2k—1)vfx dx+£ + dx.
B cuny onenku (62.1),
(x) |rn( )| 1 ro, B 1
‘{ ‘ Ax S G { XX = ST En F )

ITockoabky mpu n = 3

1 -1 __1 _1
Cn+DI(2n+1) 717 35280 3

1074,

¢ Tounoctbio 1o 0,0001 nmeem

1 1
J’Slnxdx J’dx éf x2dx + — Ix4dx=1—1—18+izo,9961*.
0 0

120 600

OTMeTHM, YTO HA TPAKTUKE I TPUOINKEHHOTO BBIUYNCICHU ST
UHTErpaJIoB IpUMeHATH (hopmyny Teitaopa 00BIYHO OKA3LIBAETCHA
HeIleJiecoO0Pa3HBIM, IOCKOJLKY B Hee BXOZSAT IIPOM3BOAHLIE 3a-
TaHHOM (QYHKIIMU U UX BBIUMCJIEHUE IPUBOAUT K JOIMOJHUTEIHHO-
My HakomieHuio omubok. IlemecoobpasHee MpUMeHATH NPUOJIU-
JKeHHbIe (D)OPMYJIBI MHTETPUPOBAHUSA, B KOTOPHIE BXOJIAT TOJBKO
3HaueHuA camoil @yHKnuu. [logoO6HbIE METOABI MPUOIMIKEHHOTO
MHTErpupoBaHuA OyIyT paccMOTpeHHI B 11. 60.4.

3amMeuanue. [jad npoBeieHNs PAaKTUIECKUX BBHIUKUCICHUN
3HAYEHUH (HhYHKIUHA UV MHTETPAJIOB OT HUX C IIOMOIIILIO PA3JIOKe-

* Ilpu mepeBofie IIPOCTHIX APOoOel B JecATUYHEIe OLLIA CAesaHa OIInbKa,
1 _
He IPeBBIIIAoNad 5 * 1074, mosToMy cymMMapHas OIMMOKA IIPH BHIIOJHEHHOM

IpUOGIMKeHHOM BBIUNCIEHIHN PACCMATPUBAEMOr0 MHTEeTpasa AeficCTBUTeIHLHO
He npesrimaer 1074,
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HUU QYHKIINN B PAIOBI TOAATCA HAJIEKO He BCIKME Pas3JIoyKeHUs pac-
cMaTpuBaeMbIX (GOYHKIIUNA B PAAbI. MOKET CIOyUYUTHCS, YTO IIOJIY-
YEeHHBIN Pk OyIeT CXOAUTHCA CTOJb «MEIJIEHHO», UTO IpaKTUue-
CKH OH b0 coBceM OyaeT He IIPUIOAEH IJisi BHIUMCJICHUH, JIOO
moTpedyeT HeollpaBIaHHO 0OJBIIIOTO UX 00beMa (00pa3HO roBOpPs, B
ATOM CJyYae PAJ «IPAKTUUECKU PACXOJUTCA», XOTS U «TeopeTuyue-
CKH CXOOUTCA»). B TaKkol cHUTyallMM HAAO IIOMBITATHCA IIOJYYUTDH
KaKoIi-TO IPYTroi psil, KOTOPBIA OYAeT CXOAUTHCA JOCTATOUHO OBICT-
PO («YJIYUIIUTH CXOAUMOCTD Psfa», KAK OOBIYHO I'OBOPAT) U CyMMAa
KOTOPOr'o MO3BOJIUT HAWUTH 3HAUEHMWA pacCMaTpUBaeMoOil (DYHKITUU.
HMmMeHHO TaK U OBLIO CAEJIaHO BBIIIE IIPU PACCMOTPEHUY METOAA BbI-
yucjaeHusd Jorapudmon. Boiio Obl, HampuMep, HeIlleJecoo0pasHOo
BBIUMCJIATDH Jaske sHaueHnue ln (3/2) ¢ momoreio psaga (62.5), xora
PAI U cXoOuTCcA Ipu X = 1/2, a cjaeayeT AJIs 3TOT'0 BOCHOJIbL30BATHCA
pamom (62.6) mpu x = 1/5, TaKk Kak 3TOT PAL CXOAUTCA OLICTpee.

62.2. PeLueHne ypaBHEHUA

PaccmoTpum 3agauy peleHus ypaBHEeHU
f(x)=0. (62.9)

Ecau @yHknua f HempepbIBHA HA OTpe3Ke [a, b] 1 mpuHUMAaeT
Ha KOHIaX OTPe3Ka 3HAUeHUs Pa3HOro 3HaKa, TO METOX, KOTOPHIM
B 1I. 6.2 OblyIa JOKa3aHa TeopeMa O CYIIIeCTBOBAHUU B 9TOM CJIyUae
TOUKH X,, B KOTOPOIl (DyHKIUA oOpalrjaeTcs B HyJb, JaeT U IPH-
O/IMKeHHBIN MeTOJ, BBIUMCJIEHUA 3TOTO 3HAUEHHUS X\, T. €. KOPHA

ypaBHeHuA (62.9). II1d 9TOro AOCTATOYHO MOCJEIOBATEJILHO Ie-
JUTH OTPE3OK [a, b] momosam, BeIOMpaA KasKIbIA pas TOT OTPE3OK,
HA KOHIIAX KOTOporo GyHKIUS [ NPpUHUMAET 3HAUEHUS Pa3HOTO
3HaKa (eciu, KOHEYHO, He CIYUYUTCH, UYTO B OJHOM M3 IOJYyUUB-
IIUXCA KOHIIOB PYHKIUA f 00paTUTCA B HYJIb — B 9TOM CJIydae Hc-
KOMBII KOpeHb OyzeT yske HalifneH). Eciau Tpedyercs HaliT KOPEHb
ypaBHeHUs (62.9) ¢ TouHOCTHIO 10 3agaHHOro € > 0, TO mIOCJIE N TIIa-
OB TAKUX, UTO

b—a
<
2n &

KOHIIBI IIOJIYYMBIIIETOCA OTpesKa M OyAyT AaBaThb MCKOMOE IIpU-
OsmKeHre HEKOTOPOTo KOpHA ypaBHeHU (62.9) (omHO ¢ HegocTat-
KoM, apyroe ¢ m3bbiToMm). Takoii crmoco6 mpuOIUKEeHHOTO pelle-
HuA ypaBHeHuda (62.9), HocAmmili HasBaHUE «MeTOIa BUJIKUY,
MPUHIIUTTNAIBHO OYEeHb MPOCT, XOTS U JOCTATOUHO TPyAoeMoK. OH
0oJbIlIel YacThI0 MPUMEHSETCSA JUIDL AJA «TPy00il TPUKUIKU»
pesyJbTaTa, T. €. IJIs «TPy00TO» OIIpelesieHIA NHTepBaia, Ha Ko-
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TOPOM JIEKUT MCKOMBIA KOPEHb PACCMATPUBAEMOTO YPABHEHUS, a
3aTeM Ha 9TOM WHTEepPBAaJie JJis OThICKAHUS «0oJiee TOUHOTO» 3HA-
YeHUS KOPHSA HCIIOJb3YIOTCA APyrue, ObICTpee CXOaAINecsa MeTo-
IbI; OOBIYHO IIPUMEHAETCA HUKEONUCAHHBIN METOJ KacaTeJbHBIX
(«metoq HpiloToHa»). Kak mpaBuiio, 1o Takoil cxeMme JeHCTBYIOT
IpY TPOBeAEHUMN BBIUMCJIEHUN HA OBICTPOAENCTBYIOIUX BBIYKC-
JUTEeNBHBIX MammuHax. KoHeuHO, Takod IyTh IiesecooOpaseH U
IPU IPOBEEHNY BBIUMCJIEHUH «BPYYHYIO», B YACTHOCTH IIPU IIO-
MOIIY JIOTaPU(MPMUUECKON JUHENKY NI MUHUKOMIIBIOTEPA.

PaccMoTpuM MeTOABI pellieHns YPaBHEHUS: METOM XOPI U Me-
TOH KacaTeJbHBIX. Ilociemuuii m3 HUX XOPOIIIO 0000IIaeTcss 1 Ha
caydaiyl cucTeM ypaBHEHUH.

B manbueiiniem OyaeM Bcerza IIpealiojiaraTh, uTo GYHKIUS f
HenpepbIBHA Ha OTpe3Ke [a, b] u uMeeT HA 9TOM OTPE3Ke IEePBYIO U
BTOPYIO IIPOM3BOAHBIE", IpUYeM 00e¢ OHU 3HAKOIOCTOAHHEI (B 4a-
CTHOCTU, OTJIUYHBI OT HYJIfA).

Mgl 6yzemM mpezroJaraTh Tak:ke, 4YTo GYHKIUS [ IPUHUMAET
Ha KOHIIaX OTPe3Ka 3sHaUeHUA PA3HOTO0 3HaKa. B cuiry 3HaKoIIOCTO-
SAHCTBA IEPBOY NIPOU3BOAHOMN, (PYHKIUA CTPOTO MOHOTOHHA, IIO-
STOMY IIPHU CHeJIAaHHBIX IIPeAIOoJIoKeHuAX ypaBHeHUe (60.9) mmeer
B TOYHOCTH OJMH KOPeHb Ha nHTepBaJe (a, b).

1. MeTox xopa. DTOT METOHA COCTOUT B ciemymolineM. I'padpux
byHKIINY f 3aMeHsAeTCa ero XopAoii, T. €. OTPEe3KOM, COeTUHAIONTM
KOHIIeBbIe TOUKHM rpaduka pyurmnuu f: Touru (a, f(a)) u (b, f(b)).
Abcnucca x; TOUKHU IlepeceueHNA 9TOI XOpAbI ¢ ocklo Ox 1 paccMar-
puBaeTcs Kak IepBoe IIPUOJIMIKEHIe HMCKOMOro KopHsa (puc. 21).
Jlanee OGepercs TOT U3 OTPe3KOB [a, x;] u [x,, b], Ha KOHIIax KOTO-
poro @yHKIUMA f IpUHUMAaeT 3HAUEHUsT Pa3HOro 3Haka (maJee Oy-
ZeT MOKa3aHo, UTO IIPU CAeJaHHBIX IIpeANoJoxkeHuax f(x); # 0 u,
cJIeJoBaTeJIbHO, TAKO OTPE30K BCeTaa
CYIIIECTBYET), U K HEMY IPUMEHAETCHA
TOT JKe IIPUEM; MOJYyYaeTcsa BTOpOeE
npubJsnxeHne KOPHA X, U T. A. B pe-
3yJabTaTe o0OpasyeTcs MOCJieoBaTelb-
* HoOCTB X,, n =1, 2, ..., KOTOpas, Kak

aTO0 OyJeT IOKasaHO, IPU CHAeJaHHBIX
OTPpaHUYEHUAX HA QYHKIIUIO [ CXOIUT-
Puc. 21 cA K KOpHIO ypaBHeHUdA (62.9).

* Il MeToZa XOpZ JOCTATOYHO TPe00BaTh CYIIeCTBOBAHUA IIePBOIl M BTO-
poit IPOM3BOAHBIX JIUIIEL Ha UHTEpPBaJe (a, b). CymiecTBoBaHTEe TPOU3BOTHOM
B KOHIIaX OTpe3Ka [a, b] 6yZeT ncnoab30BaHO TOJHKO B METO/I€ KACATEIbHBIX.
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Jlerxko IOJYyYUTHL PEKYPPEHTHBLIE (POPMYJILI AJSA YKA3aHHBIX
uncen x,, n =1, 2, ... . YpaBHeHUe IpAMOIi, IPOXOAAIel Uepes
Kpalinre TOUKH rpadpura QyHKIunu f, uMeeT BUJ

y= f(b;:fl(a) (x — a) + f(a). (62.10)

O6o3HaUMM ero mpaBylo YacThb uepes [(x), T. e. 3aluileM ypaBHe-
Hue (62.10) B Buzge

y=Ux).
Hatinem abcnuccy x; TouKu IepeceueHus npamoi (62.10) ¢ ocbio
Ox, T. e. pemumM ypaBHeHnwue [(x) = 0; moayaum

__(b=a)f(a)
x;=a 0 - fla) (62.11)
Jlerko ybeauTbCs, 4TO
a<xy{<b (62.12)

(aTO, HATIpUMeEp, CIeAyeT U3 CTPOT0M MOHOTOHHOCTH U HEIIPePHIB-
HOCTH (hyHKIMU [(X) 1 TOro, 4TO Ha KOHIaX OTpe3Ka [a, b] oHa
OIpUHUMAaeT 3HaUeHus pasHoro sHaka: l(a) = f(a) u I(b) = f(b)).
AHaJornuHo HaX0AUM
(b = x,)f(x,)

xn+1=xn_m’ n=1,2,.... (62.13)

IToxaxxeM, UYTO IIOCTIENOBATEIBLHOCTH {X,} CTPEMHUTCA K KOPHIO
ypaBHeHua (62.9) monoronHo. Ilpemmosio:kuM [ OmIpemesieH-
HocTHu, uTo f'(x) > 0, f'(x) > 0, a < x < b (puc. 21). B satom ciy-
vae (pyHKIUS f CTPOr0O MOHOTOHHO BO3PACTAET W CTPOTO BBIMYK-
na Bumu3. CiaemoBaTesbHO, J00asi BHYTPEHHAS TOYKA XOPABI, CO-
eIUHAIINeH Kpalinue TOUuKM rpaduka GyHKIUU f, JEKUT HaA
COOTBETCTBYIOIIEl TOuKoi rpadpuka ¢pyukmuu f, T.e. I(x) > f(x),
a<x<b.

B uacTHOCTH, ecau X, — KOpPeHb ypaBHeHus (62.9): f(x,) = 0,
TO OTCIOZa caenyeT, uTo l(x,) > 0. Umeem (cm. (62.11) u (62.12)):
l(x)=0,a<x;<b.

F=0,77<0 F<0, >0

Puc. 22
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Taxkum o6pasom,
I(xq) <Uxp), (62.14)

HO JIMHeNHas PYHKIUA [(X) CTPOro MOHOTOHHO BO3PACTAET, TaK KaK
U(b) = 1(b) > f(a) = Ua),

moaromy us (62.14) cregyer x; < x,. 3aMeHss Tellepb OTPe30K [a, b]

orpeskoM [x;, b] u sameuas, uro f(x;) < 0, aHAJIOTMYHO JOKaXKEM,

4uTO Xy < Xy < X,. Jasiee M0 MHAYKIUY MOMYUUM X < Xg < ... < X, <

<...< x,

Taxum o6pasoM, Iocief0BaTENBHOCTD {X,}, OyAy4H MOHOTOH-
HOU U OrpaHWYEeHHOH, cxoxutrca. Ilycts nl{mw x, = c. Ilepexona K
mpeneny mpu n — ©© B paBeHcTBe (62.13), moayuum f(c) = 0, T. e.
IIOCJIEIOBATEJIBHOCTH {X,} CXOAUTCA K KOPHIO ypaBHeHHA (62.9).

Ecnu |f'(x)| > m >0, a < x < b, To HETPYHO MOJYUUTH OLEHKY
CKOPOCTH CXOAMMOCTH IIOCJIEJOBATEeIBLHOCTH {X,} Uepe3 3HAUEHUSA
camoit GpyHKIuK [ B TOuKax x,. [leficrBuTensHo,

f(x,) = f(x,) = f(x9) = '(€,) (x,, — o),

x,<,<x45 n=1,2,...;
oTCIOZIa

%, —

OcrajyibHBIE CIyYau, T. €. CIAydYau
f'(x)>0, f"(x)<0,
f'(x) <0, f"(x)>0,
f'(x) <0, f"(x)<0,
paccMaTpUBaOTCA aHAJOTUYHO paszobpanHomy (cM. puc. 22).
2. Metox kacareapHbix (Meton HeiotoHa). Bynem mpeamosa-
raTh, 4To GYHKIIUA [ yAOBIETBOPSIET T€M K€ YCIOBUIM, UTO U IIPU
paccMoTpeHNu MeToza Xopa. IIpoBeseM KacaTeqbHYIO K rpadury

byuKIUY f B OAHOIM M3 ero KOHIIEBLIX TOUEK, HAIIPUMeDP B TOUKE
(b, f(b)). Abcmucca x; TOUKH ee IepeceueHN ¢ ocklo Ox u cunuTaer-

csA TMepBBIM IIPUOJMIKEeHUeM KOpPHs ypaBHeHudA (62.9). IManee, ec-
au x; U (a, b) (a 910 Bcerga nMeeT MeCTO AJIA OJHON M3 KacaTesb-

HBIX B KOHIIEBBIX TOUYKAX rpauka, CM. HUXKE), TO U3 ABYX OTPE3-
koB [a, x;] u [x,, b] BBIOHMpaeTca TOT, Ha KOHIIaX KOTOPOTO

byHKINA [ IpUHUMAaeT 3HaUYeHUs Pa3HOTO 3HAKa (Jajee OyaeT mo-
KasaHo, 4To f(x,) # 0). 3aTeM IPOBOAUTCA KacaTeJbHad K rpaduKy
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bysxknuu f B Touke (xy, f(x;): Touka ee
IepeceueHuA ¢ ocbio Ox o003HaUaeTCA X,
ur. a. (puc. 23).

Jlerko moJay4YamOTCI pPEeKYPPEeHTHLIE
(bopMyJIBI I YKa3aHHBIX 4HCeN X,, N = a,
=1, 2, .... YpaBHeHUe KacaTeJbHOM, IIPO-
xonsreii uepes Toury (b, f(b)), umeeT BuL, Puc. 23

y=1'®) (x —b)+f(b).
O6o3HaumM ero mpaByio dacTh udepes L(x), T.e. 3amuIileM 3TO
ypaBHEHUE B BUIE
y = L(x).

Haiigem abcnmuccy x; TOUKHU IlepeceueHHs BTOI KacaTeJbHON C
ocwio Ox, T. e. pemuM ypaBHenue L(x) = 0; moayuum
_ 1)
f'(b) "

Touka x; MOXeT JexxaThb, BOOOIIle TOBOPs, BHe OoTpe3Ka [a, b], T. e.
BHe oOsacTu ompenenenusa pyuxnuu f. OgHaxko ecau f(b) ogHOTO
sHakac f", To x; U (x, b). PaccmoTpuM nogpo6HO, KaK U [J1d METO-
Ia xopj, caydaii, korga f' > 0, f" > 0 Ha [a, b]. B aTom cayuae
(pyHKIMS f CTPOr0o MOHOTOHHO BO3PACTAaET, CJIeI0BaTelIbHO, f(b) > 0;
Kpome Toro, @yHKIuA [ BRITyKJa BHU3 Ha (a, b), caemoBaTeIbHO,
L(x) < f(x), x #b (cm. m. 14.3).

Ecau f(xy) =0, a < x,<b, To L(x;) <0, 50 L(b) = f(b) > 0, CIe-
JoBaTeJbHO, X, < x; < b. IIpu atom f(x,;) > L(x,) = 0.

IIpumensasa Te ke paccyXJeHUA K OTPe3Ky [a, x;], momydum
TOUKY X, TAKYIO, UTO

x1=

_ o Tx) ey <
xz - xl f,(xl) ’ xO xz xl,
u, gajee,
f(x,)
xn+1=xn—Txn5, Xg<X,11<X%,. (62.15)

CremoBaTeIbHO, IIOCJIELOBATENBHOCTD {X,} MOHOTOHHA U OTPaHU-
YyeHa, a moTomy cxoaurtcs. IlycTs lirnOo x, = c. Ilepexona K mpefe-
n-
ay B (62.15), moanyuum f(c) = 0, T. e. mocjiegoBaTeIbHOCTD (62.15)
CXOIUTCA K KOpHIO ypaBHeHUA (62.9).
Korza |f'(x)| > m > 0, a < x < b, To TeM e cIIoco6OM, UTO U B
cJIyuae MeTOLa XOP[, HOJIyJaeM OIeHKY

|7(x,)|

m

lx, —c| < , n=1,2,....
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ITogo6uBIM Ke 00pa3oM pas3dUparTCA U OCTABIIMECA CJIydYau
pPasIUYHBIX KOMOWHAIIMI 3HAKOB MEPBOM M BTOPOU ITPOM3BOIHBIX
(puc. 24).

Hanum elfe ogHY OLIeHKY CKOPOCTH CXOAMMOCTU MeToZa Kaca-
TeJbHBIX, U3 KOTOPOI OyJeT XOPOII0 BUAHO JOCTOWHCTBO 3TOTO
metoga. Ilycts qua pyHKIuM f Ha paccMaTpUBaeMOM HHTepBaJie
BBITIOJIHAIOTCA HEPABEHCTBA

[F'(x)>m>0, |f'(x)) <M, a<x<b.
Pazmoxum QGyHKIUO f B OKPECTHOCTH TOUKH X, IO (opMmysie
Teitsopa, HATpUMeED, C OCTATOUYHBLIM UJIEHOM B (hopme Jlarpanxa

f(x) = f(x,) + f'(x,) (x —x,) + % "'(€) (x —x,)?,
rreé{ =x,+0(x—x,), 0 <0 <1. Ecau f(c) = 0, T0, noacTaBaag

X = ¢ B IIOCJIETHIOK (POpMYyJIy, IOJIYUUM

fx,) + 1'(x,) (e —2,) + 1 18 (e —x,)2 = 0.
Orcroza

_ _ f(xn) f”(E) _ 2
T P, 2Ry €7

niu, B cuiry opmyaisl (60.15),

P (3] 2
Tus17 €= (e, (67 %)
CienmoBaTeJsbHO,
M
|xn+1 - C| < ﬁ |xn - C|2,
OTKYZa

M
ﬁlxn+1—c|<E lx, —c|2,n=1,2,3,....

2m

IIpumeHAa mocaem0BaTEILHO 9TO HEPABEHCTBO, OyAEeM UMETH

M oM 0% < [OM 0%
am |xn—c|\|12—5|xn_1—c| < D%|xn_2—c|m <.
OM 1"
... < DZm’b clg .
|
a1 x2/b | nfp\xZ *
| | X0 : X, |
I [
[ | X f'<0,f"<0
I ) " ‘ 0 ’ [
I f'>0,7"<0 a4 Xy xz\‘;b [
| |
1/<0,1">0
Puc. 24
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Eciu BBIOpaTh mepBOHAYAJIbHOE IPUOIUKeHNe b TaK, YTOObI
def M

o |b —c| <1, To momyunm

q
2m . on
m 1
T. €. CKOPOCTb CXOAMMOCTH IPUOJMKEHHBIX PellleHui X, K KOPHIO
X = ¢ 3HAUUTEJHbHO MPEBLINIAET CKOPOCTh YOBIBAHUSA TeOMeTpuUe-
CKOIl mporpeccuu cO 3HaMeHaTeJeM II0 a0COJIIOTHOII BejlnuyunHE,

MEHBbIIIVNM €IVNHUIIbI.

|x, — ¢l <

NMpumep. IIpumerum meron HbioToHA naa MPUGIUIKEHHOTO
BBIUHCJIEHUS KOPHA k-# cTenmenu us uyucja a > 0, k — 1esoe moJio-
JKUTeJbHOE. B aTOM cayuae peub uAeT 0 MPpUOIMIKEHHOM PEIleHU N
ypaBHeHus x* —a = 0, . e. popmyay (62.15) ciemyer IpuMeHNTE
K pyrroun f(x) = x* — a.

NmeeM f'(x) = kx*~ 1, u moromy AJis mOCIe0BaTEILHBIX IPUOIHA-

] k
KeHHBIX 3HAUEHUIT X, KOpH:A /X uMeeM pekyppeHTHYIO OpMYITy
xk—a
Xpny1 =%, erli—l’

nJIn

Xpi1 = [(k—l)xn+ a J

xk -1
n
B cayuae £ = 2 MBI BCTpedanch ¢ 3Toii popmyioit B 1. 4.9.

62.3. UHTepnoAaums GyHKUUN

IIycTe Ha oTpeske [a, b] 3amana pyHKIUA f 1 TyCTh (PUKCHUPOBAHBI
n + 1 3HaveHuii aprymenra x;, i =1, 2, ..., n + 1:

a< 2, <xy<..<x,,,<b. (62.16)

OngHa M3 TPOCTEHIINX WHTEPIOJAIMOHHBIX 3a7a4 COCTOUT B
OTBICKAaHMU MHOTOuUJIeHa P(X) He BBIlle HEKOTOPOI JAHHOU CTEIIEHN
m, KOTOPBIY IIPU 3HAUYEHUAX aprymesTa x = x;, i=1,2, ..., n+1,
Ha3bIBAEMBIX Y3JAAMU UHMEPNoLAyUlL, MPUHUMAET Te Ke 3Haye-
HUSA, YTO U JaHHasaA QYHKIUA, T. €. HMEIOT MEeCTO PaBeHCTBA

flx)=P(x), i=1,2,...,n+1. (62.17)

Taxoit mHOTOUJIeH P(X) Ha3hbIBaeTCA UHMEPNOALUUOHHLM MHOZO-
YjleHOM, UHTEPIOJUPYIOINUM (GYHKIIUIO B JAaHHBIX y3JIaX HHTEpP-
MMOJISAIINY.

J s Toro 4TO0hI McCaef0BaATh BOIIPOC O CYIIIeCTBOBAHUY UHTEP-
HOJANMNOHHOT0 MHOTOUJIeHa P(X), YIOBJIETBOPSAIOIIETr0 YCIOBUAM
(62.17), zanmumrem ero ¢ HeompeAeJeHHLIMU K03(h(UITUEeHTAMN aj
j=0,1,...,m,

P(x)=ay,+a;x +ayx?+...+a,x™
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U miogicTaBuM ero B cucremy (62.17). ITonyuum cucremy us (n + 1)-ro

JIMHEHHOTO YPaBHEHUA C M + 1 HEU3BECTHBIMHU Gy, Ay, -.. 5 "

ag+axy+...+a,xf"
(62.18)
aytax,, ;t..+a,xm ;1 =1f(x, )

OmnpenenuTenb, COCTABJIIEHHBIA M3 KO3(M(MUIIMEHTOB 3TOU CHUC-
TeMBbI, CTOAIIUX B MEPBBIX £ CTPOUKAX U MEPBBIX k CTOJOIAX, k <
<min{m + 1, n + 1} (ducyo crpouyerk paBHO n + 1, yucao cTOIO-
moB m + 1), ABasierca ompeneauTeseM BaHpgepMoH-
I a“, U3BECTHBIM U3 Kypca aareGphl:

1xg, ..., xf"1
12y, ..., xk°1

Wy osx) = L2002 o (),
ceveveeneeen | ik
1xp,...,x5°1

31ech BTOT OmpeAesuTe] b HE PaBeH HYJII0, TaK KaK Bce y3-
JbI MHTEPIOJSAINY PasandHbl. [losaToMy panHr MaTpuIibl Koad-
dunmenToB cucteMsl (62.18) paBeH HAUMEHBIIIEMY U3 JBYX YMCEJI
m+1un+ 1. Ecau n > m, To cucrema (62.18), BoobGI1ie roBops,
He umMeeT pelieHuA. Ecau n < m, To peleHue cucteMmbl (62.18)
BCeTZia CYIIEeCTBYeT, IPUUYEM B CJIydYae I = m peIlleHUe eJUHCT-
BE€HHO, a Ipu n < m pelneHuii 6eckomeuno MHoro. Takum obpa-
30M, Kakue Ovl. HU 3adamb 3HaueHus 8 (n + 1)-m y3aax (62.16),
gcezda cywecmeyem u npumom eOUHCMEEHHbLIL MHOZOUJIEH cme-
neHu He 6bllle YeMm N, NPUHUMAWUL 8 IMUX Y3nax 3a0aHHble
3HAYeHUS.

JJ1a OThICKAHUSA WHTEPIIOJAIMOHHOTO MHOrouseHa P(x) MOK-
HO pemuTsb cuctemy (62.18). OgHaxo MOKHO HAlITH ero U JPyruM,
0oJiee KOPOTKUM ITyTeM. PaccMOTpUM MHOTOUJIEH

(x —2xp) oo (x = ) (X =2 q) e (X=X, 4 )
X = xq) e (00 =20 ) (o = X4 ) el (X )]
i=1,2,...,n+1.
OueBuznO, uro P/(X) — MHOrOUJIeH CTEeIIeHU N U UTO
P(x)=1, P(x)=0,
i=1,2,...,n+1,j=1,2,...,i-1,i+1,...,n+1. (62.19)

Pi(x)= (

* Baagepmong A. T. (1735—1796) — (dpaHIly3CKHUil MaTeMaTUK.
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ITosTOMY MCKOMBIHM MHTEPIOJANNOHHBIM MHOTOUJIEH MOXKET OBITh
3amucad B BUIeE

P(x) = :il f(x,) P(x). (62.20)

JleficTBUTEILHO, HAIIMCAHHOE BBLIPAJKEHUE SABJIAETCA MHOTOUJIE-
HOM CTeleHHt He BbIIe n U, B cuiy (62.19), ynoBieTBopseT ycJio-
Buam (62.17). MHTepIOJSINOHHBIA MHOI'OUJIEH, 3alUCAHHLINA B
Buze (62.20), Ha3bIBaeTCA UHMEPNOAAYUUOHHbIM MHOZOYJEHOM
Jlazpanica. iccmenyem Temepb Pa3HOCTH MEXKAY (GDYHKIMEN U WH-
TEPIOJAIUOHHLEIM MHOTOuIeHOM R(x) = f(x) — P(x), Ha3bIBaeMyIo
0CMamoyHbLM YjaeHom urmepnonayuu. Ilpeamonoxum, 4To GyHK-
nud f n + 1 pas guddepeniiupyema Ha orpeske [a, b]. Torga stum ke
cBo¥iCcTBOM 00s1a7aeT 1 ocTaToK R(x), mpuuem

R+ 1)(x)=fr+1)(x), a<x<b, (62.21)
Tak Kaxk P T 1)(x) = 0. ITonoxum
Wx)=(x—-x)(x—x5) .c. (x—x,, 1),
sadpukcupyem x [ [a, b] u paccMOTpUM BCIIOMOTaTEeIbHY0 (QYHKITUIO

o(#) = R(?) - %w(t), a<t<b.
Dyurnus §(t), oueBUAHO, TakKe n + 1 pas quddepeHiupyemMa Ha
orpeske [a, b], npuuem us (62.21) u Toro, uto W™+ (¢) = (n + 1)},
nMeeM

(n+1) = f(n+1) — 1M
¢ (2) = [t (t)—(n+ 1)'m(x) . (62.22)
Hanee, dynaknusa ¢(t) obpaiaerca B HyJIb B n + 2 TOUKAX X, Xq,

X9y ee » X, 1, IOITOMY, B CUILy TeopeMbl Posis, ee mpousBogHas 00-
paimaeTcs B HyJb IO KpaliHeil mepe B n + 1 TouKe oTpeska [a, b],
BTOpPAs MIPOU3BOJHAS — B 72 TOUKAX U T. A. I10 MHAYKIINY IOJTYyIUM,
uto (n + 1)-a nmpousBomuas GyHKIuK ¢ oOpalmaercsa IO KpaiHeil
Mepe OfWH pa3 B HyJb BHYTpU OTpe3Ka [a, b]. Ilycts ¢ 1)) = 0,
a <{<b, rorna us (62.22) mpu t = { mosyunum

R(x) = 255 D),

niu, mogpobHee,

(x = xy)(x = x5) ... (x = x, 4 q)
R(x)= CESI] L 1), a<x<b, a<{<b.
OTcroza ciaefyeT OIeHKa OCTATOYHOTO UeHa

|R(x)| <

1
< —_ — — — (n+1)
<G, ax | —xg) (2 - xp) e (2 -, )| sup £ DG
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3aMeTuM, UTO, BOOOIIle TOBOPS, JasKe AJSA aHAJIUTUUYECKUX HA
orpeske [a, b] GyHKIIUIZ OCTATOUHBIN YJIeH WHTEPIOJAIUUA He
CTPEMUTCA K HYJIIO Ha OTpe3Ke [a, b] mpu n — OO, T. e. UHTEPIOJIS-
I[MOHHBIE IOJUHOMBI HE CXOAATCS K caMoii pyaKiuu. ITocTpoenne
COOTBETCTBYIOIIIUX IPUMEPOB AOCTATOYHO T'POMO3IKO, ITO3TOMY
MBI He OyeM Ha 5TOM OCTAHABJINBATHCA.

62.4. KsappatypHbie GOPMYAbI

PaccmoTpum Teneps HEKOTOPHIE CIIOCOOBI IPUOIMIKEHHOTO UHTET -
pupoBaHUus GpyHKIUNA. POPMYIBI AJA IPUOJMIKEHHBIX 3HAUCHUN
WHTETPaJIOB HA3bIBAIOTCA K8AOPAMYPHbLMU (OPMYLAMU.

IIycTe Ha oTpeske [a, b] 3agana ¢pyurmus f. Pazo6beM 0Tpe3oK
[a, b] Ha n paBHBEIX yacTell Toukamu x,, k=1, 2, ..., n— 1:

b—a
a=xy<x;<..<x,_,<x,=0b; Xp = Xp-1=
k=1,2,...,n.

KBagparypusbie ¢hopMyJIbl, KOTOPbIE MBI PACCMOTPUM, OYIYT IIOJIY-
YaThCA IIOCPEACTBOM 3aMeHBI IPY MHTeIPUPOBAHUY QYHKIIUY [ Ha
KasKJoM OTpe3ke [x, _ ;, X,] HHTEePIOIANMOHHBIM MHOTI'OWICHOM
crermeHu n. Msl usyuum cayuau n = 0, 1, 2. CooTBercrByIOIINe
IpuOIMKeHHbIe 3HaUeHusA WHTerpaaa ot ¢yHKmuu [ 6ymeMm o6o-
s3HauaThk cuMmBoaoMm L (f), n =0, 1, 2. B nepsom cayudae (mpu n = 0)
COOTBETCTBYIOIAasl KBagpaTypHas ¢GopMmyJia Ha3bIBaeTCa (Popmy-
0L NPAMOY20JbHUKO8, BO BTOpOoM (Tipu n = 1) — ¢opmynoii mpa-
neuyuii, B TpeTbeM (n = 2) — napaboauyeckoii opmyaoil nim, da-
e, gopmynoit Cumncona™.

1. ®opmyna mPIMOYroJHUKOB. [[71A MHTepHoOaAnuu GQyHK-
nuu f Ha oTpeske [x, _ 4, x,], B =1, 2, ..., n, MHOrouJIeHOM Hy.JIe-

2

BOI CTEeHeHU JOCTATOUHO 3aJaTh JIUIIH OIWH y3eJs. Bo3bMeM B Ka-
JecTBe y3Jla CepeJJuHy oTpesKa [x, _, x.]:

_xk,1+xk
G=""5—

W ATepnoNAMOEHLIM MHOTOYJICHOM SABJIAETCA IOCTOAHHAA P, (x) =
= f(Ek)’ k= ]-a 29 ey .

IIpu TaKoil MHTEPIOJIANUYN MBI 3aMeHAeM JaHHYI0 QYHKIUIO f
«CcTymeHuaToin QyHKIUei», TouHee HAOOpPOM (PYHKIUiT, TOCTOAH-

*T. Cumicon (1710—1761) — auriuiicKuii MaTeMaTuK.
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HBIX Ha KaXKJIOM OTpe3Ke [x, _;, X, ] ¥ paBHBIX 3HAUEHUIO (PYHKIIUN
X
f B euTpe orpeska (puc. 25). BmecTo uHTErpaia | f(x)dx BO3B-

Xp-1
Xk

MeM HHTerpaJ I P, (x)dx , T. e. 3aMeHUM ILIONIaAb KPUBOIUHE-
Xp-1
HOM Tpameluu IJI0M[aIbl0 COOTBETCTBYIOIEro IPAMOYTOJbHIKA.
Hanumiem Temneps KBaapaTypHYIO GOPMYJIY IPAMOYTOJILHUKOB

Liil= 3 ;Pk(x)dx— > ;f(zk)dx— (62.23)

1wy 1wy

HuTakK,
+ xy x; + x2 x,_1+0b
o[f] = [f D fD E +...+ /'H_n 5 D:|.

2. (I)opMyJIa Tpanenuii. Ha Kasxgom orpeske [x, _ 1, x,], &
=1, 2, ..., n, BO3bMeM HHTepPIOJAIVOHHbIN MHOrouwIeH P, (x) mep-
BOHl CTelleHH, ONpefeNaeMblll y3JaMU WHTEPHOJALNHA X, _ ; U X,.
Ilonarasa y, = f(x), i=0, 1, ..., n, moxyuum (cm. (62.20))

Xy, x—xk_l

X —
Pk(x)=r Yp_1t v, k=1,2,...,n.

BT Xp-1

Takum o0pa3oM, MBI 3aMeHAEM TAHHYI0 (QYHKIINIO [ KYCOUHO-JIU-
Xy
HeliHOU (yHKIMEe. BMmecTo mHTerpaa I f(x)dx BO3BMEM MHTET-

Xp-1
Xk

pan [ P (x)dx, T. e. 3aMeHUM ILIOIIAAb KPUBOJIUHEIHOM TpaleIlinu
Xp-1

COOTBETCTBYIOIIIEH ILJIOIIaIbI0 OOBIKHOBEHHOM Tpatmeruu (puc. 26).
3ameuasi, UTO

Yro1tYr b-a

5 o k=1,2,...,n,

}k P (x)dx =

Xr-1

i i\
I I /
/ | | AN
| ! | \/‘(
I : I [ Yo| Y1| Y2| Ys| Ys
I | |
I I I [
a & x; & ¥ & ¥x3 § b ¥ a % X X3 b X
Puc. 25 Puc. 26
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MOJIYyYUM KBaAPATYPHYIO GOPMYJIY TPamemuii

b-a » Yr-171 Y
Li[f1= 3 xf Pyxdx =100 § BTl (62.24)
niIu o
+ f(b
Ly[f1= [f L) 4 ) + o) + o+ ).

3. ®opmyna Cummncona. Ha xaxgom orpeske [x, _, x,], B =
=1, 2, ..., n, BO3bMeM UHTepIOJIAIUOHHLII MHOrouleH P,(x) BTO-
pOIi CTeIleHH, OIpeesIAeMBbIi y3IaMI UHTEPIONALNA X), _ 1, &) =

_q+
= w u x,. Torga
B (x = &) (x — xy)
Pk(x)_(x k)(xk 1_x) f(xk—1)+
+ (x Xp - 1)(x — Xp 1)(35

& =2 1)(zk—x)f(£k)+(x e z)f( W
HemocpecTBeHHBIM BLIYNACIEHIEM y0eK1aeMCs, 4TO

r (x - Ek)(x - xk)

_1 _ _1b-a

X (xk—l _Ek)(xk_l —xk) dx = 6 (xk xk—l) 6 n
Xy (x_xk,l)(x—xk) d _g 3 _g b—a
x,_ (&r—xp— )& — xp) x_3(xk xk*l)_3 P
o (x - Xp — 1)(x k) _ B b-a
J (xk X 1)(x, — k)dx_g(xk_xkfl)_g P

TIO9TOMY

[ Pue)dx =" [ 8 fe, )+ 5 &)+ § fGx).

Temepb HETPYAHO HAINCATH KBaApaTypPHYIO (hopmyay CumIiicoHa:

L,[f]1= I P (x)dx =

Xp-1

a3 [% fley )+ 5 @)+ 5 )], (62.25)

nJjiain

Lf1="2

+ 2[f(xq) + .o + f(x,_ D]+

T A[fEI] + .. + )]
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62.5. MorpelHoCcTb KBAAPATYPHbIX GOPMYA™

Bo Bcex Tpex pacCMOTPEHHBIX HAMU CJyYasaXx KBaApaTypHbIe
dopmysl (cM. (62.23), (62.24), (62.25)) umeroT BUJ

L= 5 L, (62.26)

rae
b—a
n

’

L(f) =

Xp-1S &S X k=

3 PfEw). (62.27)
2,...,n, i=0,1,...,m,
a p; — HeKOTOopkIe Ynca.

B cayuae ¢opMyJIbl IPAMOYTOJIBHUKOB

xk,1+xk
m=0, py=1, &p=—"—"5—3:

B cayuae GOpMyJIbl TpaTeInuii

1
m=1, Po=P17 35> &ro = Xp—10 Sp1 = Xps

B cayuae ¢opmyabl CuMIicona

1 2
m:2, pozpzzé’ p1=§’
X, _11tx,
0= Xp_ 1> &1 =~ & =% k=1,2,...,n.

HYCTI) Tellepb 3aJaHbl Kakue-1ubo umcia D;, Ha3bIBAa€MBbI€ 68€Ca-

MU, 1 IycTh Ha orpeske [0, 1] samaHa Kakas-1ub0 cucTeMa TOUEK
¢,1i=0,1, .., m, HageIBaeMbIX y3aamu. IlycTs, Kak u paHslle,
oTpe3okK [a, b] paspenen Toukamu x,, k=0, 1, ..., n, Ha n paBHBIX
oTpesKoB [x, 4, x,], k=1, 2, ..., n, U IyCTh TOUKH §,; IOJYyIAIOTCA
13 y3JI0B &, Ipu TuHeITHOM oToOpakeHnn orpeska [0, 1] Ha oTpesok
[x,_4, x;], IPU KOTOPOM TOYKAa HYJIb IEPEXOJUT B TOUKY X, _, T. €.
mpu oTo6paxkeHnn X = (x, — x, _ )t + x,_1, 0<¢t< 1.

dopmyaa (62.26) B sTOM ciydae Ha3bIBAETCA KBaIpPaTypPHOI
(dopmyJroii, cooTBeTCTBYIOIIE! y3nam &, u Becam p;, i =0, 1, ..., m.

Bcakasa xBagpaTypuas ¢opmyaa (62.26) obiamgaer cBOMCTBOM
JUHEHHOCTH: IJIs JI0bIX IBYX (GYHKIUI f 1 g, onpe e IeHHbIX Ha
orpeske [a, b], 1 Hisa a0O6BIX ABYX umces A u |1, OUeBUIHO, CIpa-
BeJINBO PABEHCTBO

L(Af + pg) = AL(f) + PL(9).

“B 2TOM IyHKTe MBI cjlefyeM WHJesaM, PasBUTHLIM B MoHoTpadum:
Huxonvcrkuii C. M. KBagparypHble popmyabl. — M., 1974.
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Onpenenenne. Keadpamypras gopmyara L(f) = i L(f) nasviea-
k=1

emcs MOYHOU 0N MHO204ULeHO08 CMmeneHu r, ecau O0as Ja1000z20
MHozouseHna P(x) cmenenu He 8viuie uem r, 0 1106020 ompe3xa
[a, bl u 0na nwb6ozo wucna n (m. e. 0aa 1106020 pa3dueHUs ompes-
ka [a, b] Ha pasHbie ompe3ku) cnpasediuso paseHcmao

b

L(P(x)) = P(x)dx.

VIIPA’JRHEHHUE. [lokasaTb, 4TO AJSA TOTO YTOOBI KBaJgpaTypHas dopmyJia
L[f], cooTBeTcTBYyIIOIIAA y3JIaM Ei u Becam p;, i = 0, 1, ..., m, ObLIa TOUHOM
IJIS MHOTOUJIEHA CTEIeHHU I', He0OXOAMMO M JOCTATOUYHO, UTOOBI AJIA JIIOOOTO
MHorouieHa P(x) cTeneHU He BBINIE " OBLIO CIIPABEJINBO PABEHCTBO

1 m
P(x)dx = P(E).
{ (x)dx 120 PPE)

ITocKOBKY MHTEPIOIAIMOHHBIA MHOTOUJIEH TTOPAAKA 1" COBITIaA-
eT [IJIs MHOTOUJIeHAa CTEIIeH! 7' C CAMUM MHOT'OUJIEHOM, KBaapaTypHbie
GopmMysBI TPAMOYTOJHFHUKOB, Tpamenuii 1 CUMIICOHA TOYHBI COOT-
BETCTBEHHO JIJIsTI MHOT'OUJIEHOB HYJIEBOI, IIEPBOM 1 BTOPOM CTEIIEHM!.

Opguako, 60Jee TOro, KBagpaTypHas (popMyJa IPAMOYTOJIbHUKOB
TOYHA OJIS MHOTOUJIEHOB IIE€PBOI CcTeleHu, a popmysnia CuMIiicoHa —
LI MHOTOYJIEHOB TPeThel crereHu. JlokaxkeM aTo0. [leficTBUTENIBHO,
B cay4ae (hOpMyJaIbl IPAMOYTOJNLHUKOB (cM. (62.23) u (62.27))

X,_ 1+t Xx
LN =g~ =5 5 (x,~ x,_1)-

ITIpocToii moacueT KaeT, UTo AJIdA JII000H JuHeHOM hyHKIuY iy = Ax +
+ B cupaBeajinBO PABEHCTBO

l(Ax + B) = | (Ax + B)dx. (62.28)
ATo HarJIAIHO BUAHO 1 Ha puc. 27. Cymmupyda paBencTna (62.28)

mo k ot 1 1o n, moayuum
b

Ly(Ax + B) = | (Ax + B)dx,

a
YTO ¥ 03HAYAeT TOUYHOCTH KBaJApaTYPHOI dop-
MYJIbl TPSMOYTOJBHUKOB IJIA MHOTOUJIEHOB
TIePBOU CTEIeHU.
B cayuae popmysns Cummncona (cum. (62.25)
u (62.27))

L =2 G e ) +

2

2 X,_ 1+t Xx 1
+2 fEL— 0+ ¢ f(xk)} (62.29)
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JlocTaTOYHO MOKAa3aTh, UYTO B 9TOM CJydae IJis JII000T0 MHOTOYJIe-
Ha TpeTbeil cTenenu P(x)
X
L(P(x))= i P(x)dx, k=1,2,...,n. (62.30)
Xp-1
B camowm gese, ecoiz 9TH paBeHCTBa OyIyT HOKa3aHbI, TO, CYMMI-
pyda ux mo k ot 1 1o n, moayuum

b
Ly(P(x)) = [ P(x)dx,

T. €. uTo (popmysna CHMIICOHA TOYHA [/ MHOIOUYJIEHOB TPEThen
CTeIeHn.

IIycrs P(x) = Ax3 + Bx2 + Cx + D. Ilonoxxum Q(x) = Bx2+ Cx +
+ D, Torga P(x) = Ax3 + Q(x). IlosTomy

L(P(x)) = AL(x?) + [(Q(x)),

i P(x)dx=A i x3dx + [ Qx)dx,k=1,2,...,n. (62.31)
B cuny Toro uro ¢hopmyna CuMncoHa TouHA AJIA MHOTOUYJIEHOB BTO-
POl cTelleHn, UMeeM

L(Q(x)) = i Q(x)dx, k=1,2,...,n.
C Ipyroii CTOPOHBI, HEIIOCPEACTBEHHBIM BBIUKMCIEHUEM yOerK aeM-

csd, 4TO
X 4 _ 44
X XEp_1
I x3dx =

4 b
Xp-1

xp_ 2 iyt x, 3 X} Xj = X
3y _ _ E-1 | 2% -1 k[ Tk Tk Tk-1
L(x°) = (x, xk—1)|: 6 30 2 o+ 6} 4 )

IT0 U1 JOKa3bIiBaeT paBeHCTBO (62.30).

IlopAmox morpermrHOCTH KBaApaTyPHBIX (hOPMYJI OKa3bIBAETCH
CBSI3aH CO CTEIEeHbI0 MHOTOUWIEHOB, OTHOCUTEIbHO KOTOPEIX TOUHA
paccMaTpuBaeMas KBagparypHasa (hopMyJia.

TEOPEMA. IIycmb pynkuusa f r pas HenpepviéHo ouppeperHyu-

pyema Ha ompe3ske [a, b] u nycmv wucao M > 0 makxogo, umo
|fO(x)| < M, a<x<b.

Ecnu xeadpamypnas gopmyaa (62.26) mouna 0as MHOZ0YEHO8

cmenenur—1(r=1, 2, ...), mo cywecmsyem nocmoannasc,> 0,

He 3asucauias om QyHKUuu f, makas, L1mo

e,M(®-a)+1

nr

j’f(x)dx - L(f)| < (62.32)
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AokaszatTeAbcTBO. IIpegcraBum QyHKINIO [ Ha KaKIOM OT-
peske [x, _;, x,], cornacuHo ¢popmyne Teitnopa, B BUAE

f(x) = Pk(x) + rk(x)9 k = 17 2’
rue
-1 fO)(x;,_q)
k( ) - z ]!
— mHorouseH Teiinopa crenernu r — 1, u, ciefoBaTeNIbHO, 1y(X) —

OCTaTOUYHBIN uyieH (popmyJibl Teisopa, KOTOPBIZE MBI 3allUIlIEeM B
dopwme Jlarpam:xka:

Oy, 1+ 8,(x — x;, )]
r!

0<6,<1, k=1,2,...,n;

(x—x,_q)

ri(x) = (x—2x,_7), (62.33)

TOTIa

[ i@dx-L(0 = 5 [ f@dx- § 1)~

Xp-1

Xk

[ [ Pyx)dx - lk(Pk(x))] + kfl [ [ ryx)dx - lk(rk(x))} (62.34)

Xk-1 Xr-1
B CHJIy TOIO YTO maHHadA KBaApaTypHad q)OpMyJIa TOYHaA OJdA
MHOT'OYJIEHOB CTEIIEHU I" — 1, CIIpaBeaJinBO paBEHCTBO
X
[ Pyx)dx —L(P(x) =0, k=1,2,...,n"

Xk-1

IToaromy u3 (62.34) caexyer, 4TO

[ i@dx-L([< 5 [ In@laxt $ Lol (6289

Xp-1

Iaiee, us (62.33) umeem

Mpob—-—anf
|rk(x)|\ Bn H, k=1,2,...,n.

IIpumenas 3To HepaBeHCTBO, ITOJYUYUM

M(b M(b—a) +1

rinpr+1

J’k |ry()|dx < I dx =

Xp-1 Xp-1

* IlefACTBUTEILHO, DTO CIAEAYEeT U3 OIPE/eJeHUA TOUHOCTH KBaAPaTypPHON
(opMyJIBl OTHOCHUTEJHHO MHOTOUJIEHOB HAHHOM CTEINeHU, IPUBEJEHHOr0 Ha
c. 318, ecqiu B 3TOM OmIpeleseHUU B KayecTBe OTpe3Ka [a, b] B3ATHL OTPe30K
[x,_1, x,] 1 momOMKUTE N = 1.
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Iomarasip = [nax |p;l (c™m. (62.27)), umeem
i=0,1,...,m

b—a
n

n +1)(b—a) " 1pM
3 Ipil In&) < AR

|lk(rk(x))| <

IToacrasasas stu onenku B (60.35) u BBens obo3HaUeHTIE

_1+(m+1)p
r r! ’

MbI ¥ IOJIYyYUM HepaBeHCTBO (62.32). O

W3 popmyasr (62.32) caenyer, B YaCTHOCTHU, YTO IPU BBIUUCIIE-
HUU WHTETPAJOB C IMOMOINLIO KBaJApAaTYPHBIX (GopMysa mIpsaMo-
YTOJBHUKOB U Tpamenuii (OHU, KaK MBI 3Ha€M, TOUHBI IJI MHOTO-
YJIEHOB IIEePBOTO MOPAIKA, ¥ TOTOMY AJIA HUX MOKHO B3ATH I' = 2)
omubra umeer nopagok O(1/n2), a Ipu BEIYNCIEHAN WHTETPAJIOB
¢ momoIibio dpopmyabl CumicoHa (0HA TOYHA YoKe AJIST MHOTOUJIe-
HOB TPETHETO MOPAAKA U MOMKHO B3ATH ' = 4) omubKa COCTaBISIET
ysKe Bcero jumb Bequunay O(1/nt), n - oo,

OrMeTHuM, 4TO IPY NIPUBEAEHHOM IIOJICUETe IIOCTOSHHBIX C, MBI
He MOJYYWIW AJIA HUX MUHHMAJIbHBIX 3HAYEHUI. OTOr0 MOMKHO
IOCTUYb, YCOBEPIIIEHCTBOBAB METOILI UX IIOJICUETA.

3amaua 10. Moxazars, 4To A1A (HOPMYJIBI IPAMOYIOJIHHIKOB MOMKHO
B3ATh Cy = 1/24, nna Gopmyiel Tpanenuii ¢, = 1/12, a gna popmynsr Cumi-
coHa ¢, = 1/2880.

62.6. MpUBANXXEHHOE BbIYUCAEHUE NPOU3BOAHDIX

ITpubnnixeHnHoe BLEIUYKCICHNE IIPOU3BOIHBIX IIPOM3BOIUTCA HA OC-
HOBe (popMyJ, KOTOPBIMM OHM ompeneadioTcs. Hampumep, Imo-
CKOJIBKY
. x+h) - flx
o0 h
TaK Ha3bIBaeMO€ Pa3HOCTHOE OTHOIIIeHUEe

fe+ h) = [(x) (62.36)

IaeT IpUOJIMIKeHHOe 3HaueHUe IIpousBoaHoii. ITpu aToM aTa dop-

MyJia T03BOJISIET BBIUUCJIUTH ITPOU3BOAHYIO C JIO00O# CTEIeHbIo

TOYHOCTU 34 CUET BBIOOPA COOTBETCTBYIOINETO A — 3TO ClIeayeT U3
ompefiesieHUA Ipeaesa.

OLeHuM IOPALOK IPUOIMIKEHUA IIPOU3BOSHOM, BEIYNCIAEMOM

mo dopmye (62.36), orHocuresbHO h. [Ipeamosokum, 4To QPyHK-
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us f UMeeT B OKPECTHOCTH TOUKH X OTPAHNUYEHHYIO0 BTOPYIO IIPO-
usBoauyio. Torma mo popmyae Teiimopa

fc+h)=f() + () R+ % frx+om), 0<0<1;
oTCIOnA

Rt BT — pray 4§ e+ 0m), 0<B<1,

Het M= — pr(x) + O(R), h— 0.0
O4eBHUHO, UTO €CJIX B TOUKE X CYIeCTBYeT IIPOU3BOJHAS, TO

et - fx—h) _
Hmy 2h =7').

OxasbIiBaeTCs, UTO MPUOINIKEHHOE BhIUMCIeHNEe TPONU3BOTHOM
B TOUKe II0 IPUOJIMKEeHHON (hopMyie

[(x+h)—f(x—h)
2h

(62.37)

obecneunBaeT 60Jiee BBICOKUII TOPAIOK MaJIOCTH IIOTPEIITHOCTHU OT-
HocuresnbHO h. ITokakem ato. IlycTh GyHKIIUA [ ©MeeT B OKpecCT-
HOCTU TOYKM X TPETHhIO OTPAaHMYEHHYIO ITPOom3BoAHYI0. Torza 1o
dopmyae Teiimopa

fGx+h) = f(x) + F'(X)h+ 3 f"(Oh2 + & ["(x+B,h)h3, 0 <0, <1,
fx =Ry = () + ') h+ 5 ["()h2— 3 ["(x+B,h)h%, 0 < B, < 1.

BrrunTas BTOpoe paBeHCTBO 13 IIEPBOTO U e Ha 2k, MOIyIuM

flx+h)—flx—-h
2h

d = () + 217" + 8,h) + [(x + Byh)]h? =
~ 1'(x) + O(h®), h—0.

Taxum obpasoM, padHOCTHOe oTHoIIeHue (62.37) anIpoOKCUMUPY-
€T IPOM3BOAHYIO Ha MOPALOK Jyuliie, ueM (62.36).

Ina mpuOInKeHHOTO BBIUMCJIEHUS BTOPOII IIPOM3BOAHOI B
TOYKE X MOKHO IOCTYIHUTDL CJIEAYIOIIUM 06pasoM: MPUOIUKEHHO
BBIYHMCJIUTD IEPBYIO IPOU3BOAHYIO B TOUKAX X U X + h, HampuMmep,
o opmyam (62.36):

f(x+2h) — f(x+h) .
h ’

iy = LEERLZTE) e 4 gy =
TOrZa
[(x+h)—f'(x) _ f(x+2h) = 2f(x+h)+ f(x)
h h2 :
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PasHocTHOE OTHOIIIEHUME, CTOAIEee B IMPABOUA YACTH IOJYyUEHHOMH
GopmMysIBbl, U TPUHUMAETCA 3a NPUOJMKEHHOE 3HAYEHWE BTOPOU
IPOM3BOAHOU B TOUKE X.

B TtoMm ciyuae, Korga vy GYHKIIUK f B OKPECTHOCTH TOUKH X CY-
IIeCTBYET TPEThA OIpPaHWUYEHHAA IPOM3BONHAA, PACKJAALIBAS
YuCcaUTENb 1o popmyse Teitmopa, moayaum

f(x + 2h) — 2f(x + k) + f(x)
h2

— #"(x) + O(h), h— 0. (62.38)

AHajoruuHo caydYaio IMepBOH IIPOM3BOAHOM MOKHO ITOKAa3aTh
(B IIPEeAIIONOKEeHNN OIrPAaHNYEHHOCTHN quBepTOﬁ HpOHSBO,Z[HOfI B
OKPECTHOCTH TOUKHU X), UTO

f(x+h)—2f(x) +f(x—h
h2

) — f7(x) + O(h?), h—0, (62.39)

T. €. y IpubJIMKeHHOH popmyasl (62.39) msa BeIUKCIEHUA BTOPOI
TTPOM3BOAHON MOTPEITHOCTh Ha MOPAMOK JyUIlle, 4eM Y hOpMYJIb
(62.38).

ITomo6HBIM Ke 00pa3oM BBIUMCJIAIOTCS HPOU3BOAHBIE 0oJiee
BBICOKMX IOPAAKOB M YaCTHbIE IIPOM3BOAHBIE (MPYHKIIUN MHOTHUX
TmepeMeHHBIX.

§ 63

PasburneHmne MHOXXeCTBAO
HO KAOCChbl 9KBMBAAEHTHbIX 9AEMEHTOB

MHoro pas B 9TOM Kypce MbI CTAJTKNBAJINICE C IIOHATHEM DKBUBAJICHT-
HOCTH: SKBUBaJIEHTHbIE 0OECKOHEUHO MaJjble U OECKOHEUHO OOJIBITIHE
dyuarmuu (1. 8.3), sSKBUBAJIEHTHBIE 0TOOpaXKeHMs oTpe3Ka (1. 16.2) u
obmactu (m. 50.3), sKBUBAJIeHTHLIe (hyHIaMeHTaJIbHEIE IMOCJIeI0Ba-
TEJILHOCTY METPUUYECKUX IIPOCTPAaHCTB (. 57.5), 9KBUBaJIEHTHBIE
3JIeMeHThI Ipu (haKTopusaliuyu MHOKecTB (1. 59.4) u 1. 1. Bo Bcex
STUX CJAYyYAsIX OTHOIIIEHNE SKBUBAJIEHTHOCTY 00JIaJasI0 CJIeAYIOINMU
TpeMs CBOMCTBAMM: €CJIM DJIEMEHTHI PACCMATPHUBAEMOI'0 MHOYKECTBA
0003HAUYUTL OYKBAMHA X, Y, 2, ... , & 9KBUBAJIIEHTHBIE 9JIEMEHTHI X 1 Y
0003HAYUTE CUMBOJIOM X [y, TO:

19, KaxcOviii snemenm paccmampusaemozo MHONECMEaA IKEU-
sanenmen camomy cebe: x lx (pedPTeKCUBHOCTb).

20, Ecaux Oy, moy 0x(CUMMEeTPHUYHOCT b).

30 EcauxOyuyUdz,mox Jz(TpPaH3UTHUBHOCTb).
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Bcerga mpeamosiarajoch camMo co00il pasyMeIoIMMCS, YTO
MHOJKECTBO T€X MJU UHBIX JIEMEHTOB, B KOTOPOM BBEJE€HO IIOHA-
THe SKBUBAJEHTHOCTHU, 0bJIasaloriee CBOCTBOM pedIeKCUBHOCTH,
CUMMETPUYHOCTH M TPaH3UTUBHOCTH, PacClajaeTcs Ha Hemepece-
Kalolrecs: KJIACChI SKBUBAJICHTHBIX 3JI€MEHTOB. B meiicTBuTE -
HOCTHU TaK U ecTb. CHopMyarpyeM U JOKAIKEM 3TO YTBEPIKICHUE B
o0IeM ciayuJae.

IlycTs 3amamo MHOMXKeCTBO A = {x, U, 2, ...} © HEKOTOPOE IIOAM-
HOXKECTBO MHOXKECTBA ero YIIOPAZOUYeHHBIX IIap, obJiazarolee cie-
IYyIOIUMU CBOICTBaMHU: ecjiu napa (X, y) IPUHAIJIEKUT 3TOMY
MMOJAMHOYKECTBY, TO dJIEMEHTHI X U I Ha3bIBaIOTCS 9KBUBAJIEHTHBI-
Mu 1 nuiterca x [y, IpyU 9TOM BBIIOJHSIOTCA YCJIOBUA pedek-
CUBHOCTU, CUMMETPUYHOCTH UM TPAH3UTUBHOCTH. B sTOM ciryuae
TOBOPHUTCS, UYTO B MHOYKECTBe A 3a7aHO OTHOIIeHNE YKBUBAJIEHT-
HOCTH.

TEOPEMA. Ecau 6 Hexomopom MHOMcecmae 3a0aHO OMHOULe-
Hue 9KBUBAJLEeHMHOCMU, MO0 MO0 MHOHKECME0 ABAAEMCS CYMMOUL
C60UX NONAPHO He nepeceKanwuxcsi no0MHONICeCme IKEUBA-
JeHMHbLX Menc0y co60ll InLemMenmos.

AokazateabcTBO. Ilyets A = {x, y, X, ...} — MHOYKECTBO, B
KOTOPOM 33JlaHO OTHOIIIeHHe BKBMUBaJeHTHOCTH. 1A KasKmoro
snemeHTa x [J A uepes A, 0603HAUNM MHOKECTBO BCEX dJIeMEHTOB

MHOKecTBa A, DKBUBAJIEHTHBIX 9JieMeHTy X. [[Iokaskem, 4TO

A= U A (63.1)

x0A™ %
U YTO 3TO IIPEeACTaBJIEHIE MHOYKECTBAa A B BHUJE CYMMbI IIOJMHO-
}KecTB A, ABJIAETCA UCKOMBIM, T. €. UTO cjIaraemMsle A  IIOIapHO He
ImepeceKaroTCs.

IIpe:xae Bcero, B cuiy pedieKCMBHOCTH OTHOIIEHUS SKBUBA-
JIEHTHOCTH, AJs Kaxkgoro x [0 A umeem x [0 x u, ciemoBaTesbHO,
x UA,, T. e. KaX bl 53JleMeHT MHOKecTBa A IPUHANJIEKUT HEKO-
TOpoMY A, I03TOMY

Al U A. (63.2)

xdAa”~ %
C npyroii CTOPOHBI, KaX/Iblii dJIeMEeHT MHOKecTBa A, B CHIy ca-

MOM KOHCTPYKIINH, ABJIAETCA dJIeMeHTOM MHoskecTBa A. Ciegosa-
TenbHO, A, [1 A 1 moTomy

u A, DA. (63.3)

xUJA

W3 Bratouenwnii (63.2) u (63.3) BeITeKaeT paBeHCTBO (63.1).
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IokaxkeM Telepb, UTO JIOObIe ABa dJIeMEHTa KasKIOro U3 MHO-
’ecTB A, DKBUBAJIEHTHBI Mek 1y coboii. B camom neie, nycts y LJA ,
z A, ; aro o3HauaeT, uto y Ux u z Jx. B cuiry cuMMeTPUYHOCTH OT-
HOIIIEHU S 9KBUBAJIEHTHOCTH, OTCIOAA ceayer, uTo x [z, oTkyaa, co-
IJIaCHO TPaH3UTHUBHOCTH, y Uz.

IlokasxkeMm, HaKOHEII, UTO cJIaraeMble B IIPAaBOl YaCTH PAaBEHCT-
Ba (63.1) momapHo He nepecekaioTcA. IMeHHO, ITOKaMKeM, UTO A
JOOBIX ABYX BJIEMEHTOB X' U X' MHOKecTBa A, u A, 1100 coBIa-
IaioT, aubo He IepeceKarTcs. B camom meJse, IMyCcTh Y MHOMKECTBa
A, u A, HalifeTca XoTa Obl OfUH 00muii smement: y UA . NA .. u
mycTh 2 [JA,,. ITockonbKy OBLIO JOKA3aHO, YTO /1A KasKA0T0 MHOMXKe-
cTBa A, mr00ble IBa ero dJeMeHTa SKBUBAJIeHTHEI, To z Uy, y Ux" u,
cnemoBaTeNnbHO, 2 Ux", T.e. z U A .. DNeMeHT 2z ABIAICA IPOU3-
BOJILHBIM 2JIEMEHTOM U3 MHOKeCTBa A .., I03TOMY

A DA, (63.4)
aHaJOTUYHO
A, OA,. (63.5)

N3 (63.4) u (63.5) cienyer, uTo A, = A ..
Taxum o0pa3oM, eciu y MHOKeCTB A, n A, IMeeTCA XOTs OBI

OXVH OOIIMI 5JIEMEHT, TO OHU COBIAJAIOT; €CJIU JKe TAKOBOTO dJIe-

MeHTa HeT, TO 9TH MHOKeCTBa, OUeBUIHO, He IIepeceKaroTcs.
WUrak, npencraBienue (63.2) melicTBUTEJNBHO 00JaaeT BCEMU

chopMyIUPOBAHHBIMHU B TeOpeMe CBOMCTBaMU. [

§64
[peaeA Mo GUALTPY

B kypce aHanmn3a HAM BCTPETHUJINCH IBa MOHATUA IIpeeia: Ipee
(DYHKIMI, YACTHBIM CJIyYaeM KOTOPOI'0 SIBJIAETCS IIPeleJ IocJe-
IOoBaTeJNbHOCTEH, 1 Ipejes] MHTerpalbHbIX cyMM. OKasbiBaeTcHd,
YTO CYIIleCTByeT GoJiee 00Iiee MOHATHE IIpeaesia, HasbiBaeMoe Ipe-
IeoM 10 GUIbTPY, KOTOPOE COIEPKUT B cebe 00a yKasaHHbIE I10-
HATUS Ipeesa Kak yacTHele cayuan. CylecTBoBaHUE TAKOrO IO-
HATUS IOCTaBJISAeT, 0€3yCJIOBHO, SCTETUUYECKOE Y/IOBJIETBOPEHIE,
IIO9TOMY B HACTOAIIeM Iaparpade OymeT HaHO ero ompeeseHue.
OpHaKo IJIA U3YyYEeHU A MaTeMaTUUYECKOr0 aHAIN3a BBEJeHNE 9TOr'0
MMOHATUSA He JaeT, 0 CYIIeCTBY, HUKAKUX IPEeUMYIIeCTB, YeM U
00'BACHAETCS, YTO OHO IIOMEIIEHO B KOHIIE Kypca.
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64.1. TonoAormyeckue npoCTpaAHCTBA

Onpeaenenune 1. ITycmov X — Hexomopoe MHOMHCECMB0 U 6 HeM 3a-
dana cucmema Q = {G} nodmnoxrcecma, y0081emMEOPAIOULUX CJle-
Oyowum Yycrosusam:

10, ITepeceuenue KoneurHOil COBOKYNHOCTU MHONCECME CUCTE-
Myl Q npuHadaercum amoil cucmenme.

20, O6sedunerue n1000iL COBOKYNHOCTU MHOMCECME CUCTNEMbL
Q npunadaexncum amoii cucmeme.

30.X0Q,z0Q.

Toz0a muoxcecmeo X HaA3bIBAEMCS MONOLOZULECKUM NPO-
cmpancmeom, cucmema Q — ezo monoJozueil, a MHONICecmaa
cucmemvl Q — €20 oMKpPuLLMbLMU NOOMHONECMEAMU.

s nwboit mouxu x [ X kaxcdoe codepicauiee ee MHONCECME0
G 0 Q Hasbleaemcs ee oKpecmHOCMbIO.

Ecnu y n00vix 08yx mouex mononozuieckozo npocmpancm-
8a cyuiecmayrm Henepecexkawujuecs OKpPeCMHOCMU, MO Npo-
CMPAHCMB0 HA3bLBACMCA XAYCAOPPO8bLM™.

IIpumepom xaycnopdoBa TOIOJIOTUUECKOTO IPOCTPAHCTBA SIB-
JISIeTCsI BCAKOE METPUUECKOe IPOCTPAHCTBO, TaK KaK ero OTKPHI-
Thle MHOYKECTBa 00pa3yioT CHCTEMY, VIOBJIETBOPSIIONIYIO YCIOBHU-
am 19, 20, 39 onpesenennsa 1 (cm. m. 57.1). CyIiecTBYIOT U TaK Ha-
3pIBae€Mble HEMEeTPU3yeMbIe TOIIOJIOTMUECKHe IIPOCTPaHCTBa (CM.
00 9TOM B KH.: Antekcandpos II. C. BBemeHnue B TeOPUIO MHOMKECTB
u 001IyIo Tomosioruo. — M., 1977).

Herpyamo ybOemuTbesa, uTo ecau X — TOIOJOTHYECKOE IIPO-
cTpaHcTBO, Q = {G} — ero Tononorusa, ZUXuQ,={D0Z:3G0Q,
D =Z n G} (1. e. Q, cocTouT U3 epecevueHnil BCEBOZMOXKHBIX OT-
KPBITBIX MHOJKECTB TOIIOJIOTMUECKOTO IIpocTpaHcTBa X C €ro
MMOAMHOKECTBOM Z), TO Z ABJSETCA TOMOJOTUUYECKUM IIPOCTPAHCT-
BOM c TomoJsiorueit Q, = {D}.

Hnsa mo60it Touku x [1 X BcAKAas ee OKPECTHOCTH 3aBEIOMO He

SIBJISETCS IIYCTBHIM MHOXKECTBOM, TaK KaK OHA COAEPIKUT II0 Kpaii-
Hell Mepe OJWH dJIEMEHT — CaMy TOUKY X.
OnpeaeAeHne 2. Besakasa nodcucmema B cucmembt Q omKepvLmbLx
MHONCeCM8 MONOJ0ZUYeCK020 NPOCMPpAHCcmMEa Hasvieaemcs 06a-
300l MONOJoZUU 3MO020 NPOCMPAHCMEA, eCAU JAI060e Henycmoe
OMKpbLMOe MHO}Ncecmaeo npocmpancmea (m. e. Henycmoe MHO-
aHcecmeo u3 cucmembvt Q) aeasemcs 06sedunHenHuem HeKomopoil co-
80KYNHOCMU MHONCeC8 u3 ‘B.

* @, Xaycaopd (1868—1942) — HeMen KMl MATeMATHK.
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Tak, B METPUUYECKOM IIPOCTPAHCTBE 0a30¥ TOIIOJOTUM SIBJIAET-
cA MHOKeCTBO ‘B BCeX E€-OKPECTHOCTEl BCeX TOUeK 5TOr0 IIPO-
cTpaHcTBa. [[eficTBUTEIHLHO, KAKOBO ObI HU OBIJIO HEITYCTOE OTKPbI-
TOe MHOKecTBO (G MaHHOTO METPUYECKOT0 HPOCTPAHCTBA, IJIA
Kaxgoi ero Toukn x [ G cymiectByer Takoe € > 0, 4TO ee €-OK-
pectHOCTb comep:xutesa B G: U (x; €) [ G. BeibepeM u sapuKcupy-
eM ISt Kaxkaoi Touku x [l G ogHy 13 TaKUX OKPECTHOCTEH; Toraa
MHO:XecTBO G OUeBHIHO OyAEeT ABIATHCA UX 00 hbefUHEHNEeM:

G= Y U (x; €).

VIIPA’JKRHEHHUE 1. [lokasaTh, YTO B JIIOOOM METPUYECKOM IIPOCTPAHCTBE
MHOJKECTBO BCeX £-OKPECTHOCTEH ¢ paIllMOHAJBLHBIM € BCeX TOUEK JTOTO IIPO-
cTpamcTBa 06pasyeT ero 6a3y TOIIOJOTHH.

TomoJsiornio MOMKHO 3aJaBaTh C IIOMOIIBIO 0a3bl TOIIOJIOTUMH.
Nmenno: ecaum B = {A} — 6asa tomosorum Q mpocrpamcTBa X,
TO, COTJIACHO oIlpemesieHuio 2, Q ABIAETCS CUCTEMOH BCeX IIOJ-
MHOJKECTB IpocTpaHcTBa X, KaKI0€e 13 KOTOPBIX JINOO ABJISIETCSA
o0 beIMHEHEM HEKOTOPOIl COBOKYIITHOCTH MHOXMKecTB u3 ‘B, i1ubo
IIycTo.

Onpeaenenune 3. Cucmema B(x) okpecmrocmeii mowkKu x monoJio-
zuyeckozo npocmpancmaea X Hasvléaemcs JOKAAbHOIUL 6a30il mo-
noJsozuu 6 3Imoil mouke, ecau, Kaxkosea OvL HU OblLla OKpecm-
Hocmb V mouku x 8 npocmpancmae X, cyuiecmayem maxas ok-
pecmuocms U [ B(x), umo

vav.

OueBUHO, UTO COBOKYIIHOCTb BCEX OKPECTHOCTEM JaHHOMN TOU-
K1 obpasyeT ee JIOKaJbHYIO 6a3y TomoJsioruu. Ias ai060# Tou-
KM METPHYECKOI'0 IIPOCTPAHCTBA ee JIOKAJbHYI0 0as3y TOII0JIO-
ruy o0pasyIoT Takyke, HalIpuMep, BCe ee E-OKPECTHOCTU PaLuyCOB
e=1/n,n=1,2,....

O6bemHeHNEe JOKAJBHBIX 0a3 TOIIOJIOTHUH BO BCeX TOUKAaX 00-
pasyeT 0a3y TOIIOJIOTMU BCEr0O IIPOCTPAHCTBA, TaK KaK KayKIoe He-
IIyCTOE OTKPBITOE MHOKECTBO MOYKHO IIPEACTABUTEL KaK 00beqrHe-
HUe BXOJAINNX B HEr0 OKPECTHOCTEH ero Touek, I'le yYKasaHHBIe
OKPECTHOCTHU 0epyTCs U3 PacCMATPUBAEMbIX JIOKAJbHBIX 043 TOIIO-
goruu. TeM caMbBIM TOIIOJOTMIO BO MHOYKECTBE MOMKHO 3a7aBaTh,
onpezesasa JOKaJbHbIe 0a3bl TOIIOJOIMHN B KaXK0I U3 €ro TOUeK.

C IIOMOIIBI0 TOHATHUA OKPECTHOCTH IJISI TOIIOJOTUYECKUX IIPO-
CTPAHCTB JIOCJIOBHO, TaK »Ke KaK IJIsI MeTpuuecKux (cMm. mi. 57.1 u
35.2), BBOAATCA HMOHATHUA TOUEK IIPUKOCHOBEHMUS, IIPEAEJbHLIX U
M30JUPOBAHHBIX, & TAK)KE IIOHATHE 3aMKHYTOI0O MHOK€ECTBA.
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64.2. PuAbTpSI

B pansueiimem uepes P (X) Gymem o603HAUATH MHOMKECTBO BCEX
TIOAMHOKEeCTB MHOKecTBa X.

Onpeaenenune 4. ITycmv X — Henycmoe mHoxucecmso. MHuodxcecm-
60 § O B (X) rnasvieaemca puavmpom (uiuw, nodpobree, Quibm-
pom Ha mHoMcecmae X), ecau:

19, Tasa nwovix A' 0§ u A" O § cywecmseyem marxoe A 0 §,
ymo

AOANA".

20.08,§=0.

W3 csoiicts 10 u 20 BuiTekaeT, uTo mepecedeHue JH0O0I0 KOHEU-
HOI'0 YMCJIa MHOKECTB, IPUHAMJIEKAINUX PUIBTPY, HEIYCTO.

Mpumeps. 1. Ilycts X # &, X 1A, # &. Torga MHOKeCTBO
§={A: A, 0A 0B (X)} aprgerca punbTpoM Ha X. [leiCTBUTEIBHO,
oueBuAHO, 4T0 Ay U &, aecim A' OFu A" 0F, T0A'NA" OA4,
= &, T. e. 00a ycaosusa 10 u 2° onpenenenusa 4 BEIIOTHEHEL.

2. IIycrs x O X. Torma muokecTBO & = {A: x 0 A 0 B(X)} ecTh
duapTp Ha X. ITOT GUIABTD SABJISETCA YACTHBIM CIAyUaeM (QUIBT-
pa, PacCMOTPEHHOTO B IPEABIAYIIEM IpUMepe, KOTJa MHOXKECTBO
A, COCTOUT U3 OJHOIH TOUKH X.

3. Ilycts X = N — MHOXKECTBO HATYPaAJbHBIX UKMCEJ U
A ={m:mUON,m>n}, n=0,1,2,.... (64.1)

Torga MHOXKecTBO Bcex A, obpasyeT QUIbTP, o0o3HaUaeMbli F =
={A,} v HazBIBaEMBIH HAMYPALLHLLM GUILIMPOM.

ITposepum, uro Fy, — punerp. HeiicrBurensuo, N = A, U F,
u, clefoBaTenbHo, Fy # &, Bce A, # 0, aecium <n,T0A, NA, =
=A, OF,.

4. IIycts cHoBa X = N. CucreMa IIOAMHOKeECTB &y MHOXKECTBA
N, kKaJIoe U3 KOTODBIX fABJIAETCS LOIOJHEHNEeM K KOHEYHOMY
IOAMHOXKeCTBY MHOKecTBa N, Takke o6pasyer duabTp Ha N, Ha-
3bIBaeMbIll uavmpom Ppeuwre u comep:kaiuii B cebe HATypasb-
HBII QuaeTp F).

ITokaskeMm, uro &, meiicTBuTenbHO GuabTp. IIycrs A 0 &y, B 0
08y, W\A)U(N\ B)# @ unN — zmauboblilee U3 YHCEJ, BXO-
aAmux B MHOKecTBO (IV \ A) U (IV \ B). Takoe uucJiio cyIiecTByer,
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TaK KaK YKa3aHHOe MHOKECTBO, B CHJIY ONPe/ieJIeHUA &, COCTOUT
JINIITH 13 KOHEYHOTO MHOKecTBa uuces. Torna mEOKecTBO A, [ F)y
(cMm. (64.1)) comep:xkutca B A N B. Jlajnee, TOCKOJIbKY MHOKECTBO
HaTypaJbHbIX uncesl N cuerHo, a N \ A, rne A U &, no onpezeue-
HIIO0 MHOXKECTBa 8§, KOHe4HO, To A # . Hakonern, N 0 &, u, cie-
ZoBaTeIbHO, §, = &. Takum obpasom, §, — GUILTP.

5. IIyctes X — TomoJiorunueckoe mpoctparcTtso u x [ X. Jlo-
KasJbHas 6asa Tomosoruu B (x) obpasyer puabTp. eiicTBUTENb-
HO, IIPeXXJe BCero, OUYeBUIHO, UTO JJIA KaykIgoi okpectHoctu U [
O B(x) umeem x 1 U u mosromy U # @. Nanee, nis awoouix U [ B(x)
u V [ B(x) mepeceuenue U NV ABIAETCA OTKPBHITHIM MHOKECTBOM,
COZlepsKallIM TOYKY X, IIO3TOMY IO OIIPEIeJeHUI0 JIOKAJIbHOM
6asbl TOIOJIOTHU CYIIIECTBYeT Takas okpecTHocTh W [ B(x), uto
woaunv.

6. Ilycts X — TOIOJIOTHUECKOE IIPOCTPAHCTBO, X — IIpeneihb-
HadA Touka mpoctpaHcTBa X, B (x) — JoKanbHaA 6as3a TOIOJOTUU

o
B 9TOH Touke U B (X) — MHOMKECTBO BCEX «IPOKOJOTHIX OKPECT-

o
HOCTEM» 9TOM JIOKAJIBLHOM 0a3bl TOIIOJIOTHUH, T. €. B (x) cocTout us
MHOKECTB

U(x) S U@\ {x), Ux) OB (x).

o o o
Torga B (x) obpasyer punbTp. B camom nene, ecau U O B (x),
TO, MOCKOJBKY TOUKA X ABJAETCA IIPefeJbHOR IJIA IIPOCTPAHCTBA

o o
X, cymiecrByet Touka y [l U u, ciemoBaTenbHo, U = J. [lanee, nisd
o o o
ao6eix U OB (x) m V 0 B (x) umeeM, COIIACHO UX OIPEAEICHUIO,

U=U \ {x}, V= V\{x}, UOB(x), VOB (x). Ilepeceuenne U NV
SIBJIAETCA OKPECTHOCTBIO TOUYKU X, IIOITOMY CYIIECTBYET TaKasd

oxkpectHocth W B (x), uro W O U NV, u mostomy W = WA {x} O
0 lof N TO/ Urak, B (x) meficTBUTEIBLHO QUILTP.

7. MHuosxecTBO X Ha3BIBAETCA YNOPAOOUEHHbLM MHOHNECMBEOM
WV HANPA8JeHUeM, eCau AJiA JIOObIX JBYX €ro dJIEMEHTOB X U Y
oIpejie/IeHO TPAaH3UTHBHOE OTHOIIIEeHNe IMopAjKa. VHaue rosops,
u3 JIO0BIX ABYX €ro 3JIEMEHTOB X U Y OAWH M3 HUX «CJEIYeT» 3a
npyruM. Eciu aJ1eMeHT y cieqyeT 3a 9JIeMeHTOM X, TO IUIIYT X =3 ¥/.
IIpu sTomecnru x 3yuy 3z, Tox 32, x, Yy, 2 1 X.
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Bcakasa Hemycras cucrema | = {A,} HeIyCTBIX IIOJMHOKECTB

A,, o O U, HeKoTOpOro MHOKeCTBA X TaKasd, YTO [JIA JIOOBIX JBYX
A, 0, A, 0%, A, #A,, nmeer mecro 1ubo BKiItouenuve A, U A,
aubo A, U A,, ABngerca GpuiabTpoM. ITOT GUIBTP IIPECTABIAET
€000 yIopsaIoUYeHHOe MHOYKECTBO, €CJI B HEM 32 OTHOIIIEHUE II0-
panka A, 3 A, B3aTh BKIoueHne A, [1 A .
Onpeaenenune 5. Punvmp &, = {A} na mHoxmecmee X nasvieaemcs
dunvmpom, Komopwlii cunvhee guavmpa §, = {B} na mom e
MHONCecmee, ecau 0na 1100020 mHoxecmea B U &, cywecmeyem
makxoe A0 E,, umo A O B.

Onpeaenenue 6. Ecau guavmp &, cunvhee puavmpa §,, a §, cuss-
Hee &, mo Gpuavmpol &, u B, HA3LLEAIOMCA IKEUBALEHMHBLUU.

NMpumep 8. IIycts B(x) — ngoKaabHAA 6a3a TOIOJJIOTUU TOU-
KM X MEeTPHUYECKOTO MPOCTPAHCTBA, COCTOAIAA M3 BCEX ee E-OK-
pecTHOCTeil, a B (x) — ee JoKaIbHAA 6a3a TOIOJOTUU, COLEPIKA-
m1ad TOJbKO OKpPecTHOCTU paguyca € = 1/n, n =1, 2, ... . Duabr-
pel B(x) 1 B(x) 5KBUBATEHTHEI.

VIIPA’CRHEHHE 2. [lokasaTh, YTO (QMUILTPHI B IpUMepax 3 U 4 9KBUBAJIEHTHBI.

Onpeaenenune 7. Puavmp &, Hasvieaemces nodPuibmpom Guavm-
pa 8,, ecau kaxiOvlil dnemenm Quabmpa 8, A6ALeMCA U INeMeH-
mom guavmpa &y, m. e. ecau §; 0 &,.

OueBUAHO, YTO QUIBTD CUIbHEE BCAKOTO CBOEro noAduiabTpa.

Onpeaenenue 8. Kaocovlii nodguaemp @uavmpa, sxeuseasenm-
HbLll camomy uavmpy, Ha3bieéaemces ezo 0a30il.

Hanpumep, B mpumepe 8 ¢uiabtp B (x) aBasgerca 6as3oi
dunprpa B(x), a HarypanrbHbIl GuiabTp Fy — 6asoil puisTpa
®perre &, IOCTPOEHHOrO B puMepe 4.

WNuorga 6p1BaeT ya00HO paccMaTpUBaTh (QUIBTPHI, YIOBIETBO-
pAIOIINE ellle OZHOMY AOIOJHUTEJIHHOMY YCIOBUIO.

OnpeaeAeHune 9. Qunvmp & na mHomecmee X HA3bLBACCA NOJL-
HblM, eCaU U3 YCA08ULL

AO0%,BOBX)uADB

caedyem, umo
BO8®.
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B paccMoTpeHHBIX BbIIle npuMepax 1, 2 u 4 GUIABTPHI ABJIA-
auch moaHbiMu. Hampumep, B mpumepe 4 (puastp Pperiie) aTo
BBITEKAeT U3 Toro, 4To ecau A [0 &, u, ciesoBaTesbHO, €r0 LOIOJI-

HeHUWe B MHOKECTBe HATypaJbHBIX uucea N KOHEUHO, TO Ji0boe
TMOAMHOKECTBO HaTypaJbHBIX unces B, KoTopoe comep:Kut A, Tak-
JKe UMeeT KoHeuHoe norosnHenue B N, Tak Kak ecau A 0 B O N, To
N\ BUON\A.

DuILTPHI JKe, pacCMOTPEeHHbBIe B IIpuMepax 3, b u 6, y:ke He sIB-
JIAI0TCA MOJHBIMU. B mpumepe 3 HaTypaabHBIH Quiastp Fy He aB-

JIAeTCA IIOJIHBIM, IIOCKOJIBKY H€ BCAKO€ IIOJMHOMECTBO A MHOMXKe-
CTBa HaATypaJIbHBIX UMCeJI, comepiKalgee MHOMKECTBO BUga An (CM.

(64.1)), camo uMeeT TaKOI BUI, T. €. IPUHAJIEIKUT HATYPAJIbHOMY
bunabTpy F). ®UALTPHI, pACCMOTPEHHEIE B IpuMepax b u 6, He AB-

JIAIOTCA IIOJHBIMM, TaK KaK He BCAKOE MHOMKECTBO, COAepsKallee
OTKPBITOE€ MHOMECTBO, ABJIAETCA OGHS&TGJI]:HO CaMO OTKPBITBIM.

WHorga B MaTreMaTUYeCKON JUTEpAType MMOJHBLIA (PUILTP HAa-
3BIBAETCS IIPOCTO (PUILTPOM, a (PUIBTDP B CMBICIE OIpejeeHusa 4
6asucoM (uau 6a30it) PuUIbLTPa. ITO OIIPABAAHO TeM, UTO CIIPpaBe[-
JINBO CJIeAYIOIee YTBEPKIeHNe.

AEMMA 1. Beakuil ¢puavmp asasemcs 6a30il HeKOmMOpPOzZO NOJ-
H020 Puabmpa.
AokasaTteAbcTBO. IIyers & = {A} — puabLTP HA MHOKECTBe

X. Ompegmenum mHO:xkecTBo ®, Kax MHOMKECTBO BCeX TAKUX IIOJ-
MHOecTB B MHOKecTBa X, UTO Ka)KIO€ 13 HIUX NMeeT B KauecTBe

CBOET0 MOAMHOKECTBA HeKOTOPLIN sjaeMeHT puiabTpa 8. Kopoue,
B O ® Torga u TonpKo TOrAa, KOrga cyimecTByer Takoe A [1 &, uTo
A [0 B. TIlokaxem, uro ® apnsercs moJHBIM QUILTPOM, & QPUILTD
¥ — ero 6asoii.

Ecau B' 0 ®, B" 0 ®, to cymectsyror takne A' 0¥ u A" 0T,
uto A' 0 B', A" 00 B"”. TlocKonbKy & — (UIBLTDP, TO HAlJETCS Ta-
Koe A F,uroA A NA". Bamerus, uro A' N A" [0 B' N B", noay-
uum A 00 B' N B" u, ciemoBaTesbHO, cOrIacHo onpeznenenuio ®,
MHOkecTBO B' N B" aBnsgerca ero saemerTom: B' N B" O ®. Tem
caMBIM BBINOJIHAeTCA yeaoBue 10 onpenenenusa 4.

Ecau 651 @ 0 ®, To cHOBa, cornacuHo onpegeneruo ®, mamaocs
6n1 Taxoe A 0 &, uto A 0 &, HO TOra A = &, T. €. IyCTOE MHOMXECTBO
0KAa3aJI0Ch OBl 9JIEMEHTOM &, UTO IIPOTUBOPEUMIIO GBI TOMY, UTO & —
¢unpTp. Caenosarensrno, & [0 ®. Kpome Toro, Tak xak A 0 A, To
Kavxnoe MEOKecTBo A [ § asisaerca u saemerToM ®, T.e. 30 G, a
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MIOCKOJIbKY &, KaK BCAKNM (PUILTD, He mycT: § #* &, TO He IMyCTO U
muOoxKectBo ®: ® # @. Takum obpasom, & ymosneTsopser Bcem ye-
JIOBUSAM ompezeneHusd 4, T. e. apiasaercs puiabTpoM. Ero moaHora To-
sKe cpasy BEITEKaeT U3 ero ompesesneHud. B camom gene, ecau B 0 ®,
To cymectByeT Takoe A [0 &, uto A [0 B. ITosToMy AJIs1 KaxkAOro
MHOKecTBa B' Taxoro, uro B [0 B' I X, Tak:ke cIpaBeAInBO BKJIIO-
uenue A (] B', Koropoe u ozHauaeT, uto B' 1 ®.

Haxonern, § asaserca 6asoit monHoro guabrpa ®. HeiicTeu-
TeJIbHO, C ONHOI CTOPOHBI, KAk ObLIO HmOKasaHo, & L ®, T.e.

¢unsrp § asnaserca noxadpuabTpom B; a BeIIEe oTMeuasoch, UTO
BCAKUIN GUILTD cUJIbHee J000To cBoero moaduiabTpa. C apyroi

CTOpPOHBI, ompefenenue ¢uiabrpa ® xKax pas m osmauaer, UTO
¢unpTp & cunpaee puabrpa ®: Kaxoso 6ur Hu 610 B O ® cy-
mectByer Takoe A [0 &, uto A O B (cm. onpexnenenne 5). Uraxk,
¢unabrpel § u ® skBuBanenTHBI. O

AEMMA 2. ITycmv &, — ¢uavmp na mHOomecmee X, &, —
puaemp na muoxcecmee X, u

§ ' (c:c=AxB, ADS, BOF,): (64.2)

mozda 8 aensemca Quavmpom Ha npousgedenuu X, X X, MHO-
aeeme X, u X,.

®@unbTp &, OmpeAeseHHBbIA paBeHCTBOM (64.2), HasbIBaeTCA
npoussedenuem Guaompos §; u §,. Eciu § aBisercs mpoussese-

HueM GuibTpoB §, u §,, To numerca § = §F; X §,.
AokasateabcTso. Ilyers C; 0 & u C, 0 &, Torga, cornacHo
ompenesenuio (64.2), cymecrsytor Takue A; 18,, A, 0§, u B, 08,
B, 08,, uto C;, = A, x B}, a C, = A, x B,. Ilockosbky &, u §, —
buabTpsl, HaiixyTca takue A U &, u B0 §,, uro
AOA,NA,, BOB,NB,. (64.3)
B cuny Toro ke onpegmenenus (64.2), A x B 0 ¥, npuuem us
(64.3) ciexgyer, uTO
AxBO(A; x B))N (A, x By),
Tak Kak ecau (x, y) A x B, ro x [J A, y [0 B. CnemoBaTeabHO, B
cury (64.3), x UA, NA,, y UB; N B,, nosromy (x, y) UA, x B, u
(x,y) UA, xB,, T. e.

(x,y) 0 (Al x B1) n (Az x Bz)-
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Haxonen, kaxgoe C =A xB = g, AU &, B0 §,, Tak Kak, B
cUIy ompeneneHud Guiabtpa, A # I, B # &. 3 Toro, uTo i’sl #Ju
8, # @, cnexyer, uro u & = §,; x &, # &. Takum obpasom, & =&, x §,
YIOBJIETBOPSAET OlIpeaeeHInIo0 PuiabTpa. O
AEMMA 3. ITycmv X u Y — Hexomopvle MHOMcecmsa, [ : X —

—Y — omobpaxcenue X 8 Y u & = {A} — puavmp nHa mroxcecmse X.
Toz0a cosoxynHocmb 6cex 00pas308 f(A) mroxcecms us gpuabmpa

& asasemea d)u.ﬂbmpOM Ha mMHOMCecmae Y.

®unntp {f(4)}, A 0 &, HaswiBaeTca obpaszom Quivmpa & npu
omoopaxcerHuu f u obo3HauaeTcA yepes

@) ={fa)}, AOS. (64.4)

Mokaxxem, uto f(¥) AeHdCTBUTENBHO ABIAETCA (UILTPOM.
IIycrs f(4A) O £(%), f(B) O F(¥), A0 ¥, B O ¥. Torga cymjecTsyer
rakoit snemenT C ¢puabtpa &§: C 0 &, uto C 0 A N B. IIoCKOIABKY
f(C) O f(A N B) O f(A) N f(B), u o ompexenenuio cucreMsl (&)

umeeM f(C) O f(¥), nepsoe ycuaosue onpenenerus Gpuiabrpa (CM. om-
penesienure 4) BBITIOJHEHO. BTopoe ycoBue TaKiKe BBIIIOJHEHO, II0-

cKoIBKY f(¥) cocTouT TONBKO M3 daeMeHTOB Buga f(A), rae A O &.
CrnemoBarenbHO, f(A) * &, mocKoabKy A * &. Hakonel, us Toro,

uto § #* &, cnenyer, uro u f(¥) = . O

64.3. NMpeaeA duabTpa

Onpeaenenne 10. ITycmov X — monosozuieckoe npocmparcmeo,
xO0X,u & — guarvmp na X. Touka x Hasvieaemcs npedesom
Quavmpa § uau ezo npedenvroil moukoil, ecau guabmp § cuav-
Hee guavmpa B(x), a8aa0Wezocs N0KALLHOU 0a30i MONOL0ZUU
8 amoil mouke.

W3 onpeenenus npegena GUIbTpa caegyer, uro lim B (x) = x.
Ecau Touka X ABJIAETCA TpPeneaoM QUiIbTpa §, TO MUIITyT

x=1lim §.
Mpumepsbl. 1. Eciau mHOXKecTBO X COCTOUT U3 OJHOM TOUKM

X = a, TO y Hero uMeeTcs JUIILL OAUH (PUILTP &, COCTOAIIMNI U3 OJI-
HOTOYEUYHOT'O0 MHOKECTBA {a}, ABIAIOIIEroCd 1 JOKAJIbLHOM 0a30i
TOIIOJIOTHH B TOUKE X = @, €CJIA MHOeCTBO X PACCMATPUBATH KaK
ONHOTOYEYHOE TOIIOJOTHYECKOe IIPOCTAHCTBO. II03TOMY B 3TOM

cayudae lim & = a.
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2. IIycts X = N — MHOKECTBO HATYpPaJbHBIX YKCEJ, PACCMAaT-
puBaemoe, KaKk 00BIYHO, C IUCKPETHOM TOMOJIOTHEN: KasKaasd TOUKa
n [ N cuuTaeTcs OTKPBITHIM MHOYKECTBOM (MHAYe TOBOPS, KaKaas
TOYKA SABJISETCSA W30JUPOBAHHON TOYKOM); TOrAa HATypPaJbHBINA
¢unprp Fy (cM. mpumep 3 B 11. 64.2) He uMeeT npegena B N.

HeiicTBUTEIbHO, HUKAKOE uncyo 1 [1 N He ABIAETCA IPeLeioM
¢unesrpa Fy, u6o y moboro unciua n, I N cyliecTByeT JOKaIbHAA
6a3a TOIIOJIOTHHU, COCTOAIIAA TOJBKO U3 3TOr0 UHCJIA Ny, U He Cy-
mectByer A [J F)y, comep:xalierocsa B OJHOTOUEUHOM MHOXKeCTBe
{n,}, mockoubKy m060e A [J F\ comep:KuT 66CKOHEYHO MHOTO dJIe-
meHTOB. Takum obpasom, puasTp F, He cuIbHee JOKaJbHOII 0235l
TOIIOJIOTHH J00oro unciaa ny U N.

3. IIyers X = N U {400}, T. e. MHO2KecTBO X IIOJy4eHO H06aB-
JIeHeM K MHOJKECTBY HATypaJbHbIX umcel N «0eCKOHEeUHO yia-
JIEHHOU TOUKW» +00, mpuueM JoKaJabHasA 6asa Tomoaoruu B (+0)
COCTOUT U3 BCEBO3MOYKHBIX MHOKecTB A, (cM. (64.1)), a 1oKaIb-

Hule 6assl B(n), n I N, mo-npexkHeMy 13 OgHOI TouKku 1. Basa To-
mojoruu B X OIpenessieTcsa Kak oObeqUHEHMEe JIOKAJLHBIX 0as
BCEX ero TOYeK.

B mpocrpancree N U {+0°} maTypanbHbIil Quiastp F, mmeer
cBouM mpenesioM +o°, IleficTBUTENBbHO, AJA JIIOO0M OKPECTHOCTU
A, 0B (+°°) B kauecTBe snemenTa A [ Fy, Takoro, uro A 1A, (cMm.
onpegenernue 10), Mo:xHO B3ATh caMo A, Tak Kak A, [ F .

3amaua 11. Joxasars, uTo AJIA TOTO YTOOHI JTIOGOM (PHUIBTP TOIOJJOTH-

YEeCKOT0 MMPOCTPAHCTBA UMeJ He 6oJiee OMHOIO IIpefesia, Heo0X0AUMO U JOCTa-
TOYHO, YTOOBI IIPOCTPAHCTBO OBIIO XayCIOoP(OBBIM.

TEOPEMA 1. [Jna mozo umobb. moika X A6AAAACL Npedesom

puavmpa & monosozuueckozo npocmpancmea X, Heobxodumo,
umobb. ama MoykKa ABMAANLACL npedenom Kaxdoik 0a3vl. 3mozo
duavmpa, u 0ocmamouHo, Y¥modvl. OHA ABAANLACL Nnpedejom Nno
Kpaiineil mepe 00HOIL ez0 6a3bL.

AOKA3ATEeAbCTBO HEOBX0OAUMOCTMW. Ilyers moaGUILTP
8, ABiAerca 6asoii puiabrpa § npocrpaHcTBa X u

x=1im &,
T. €. PUILTP § CUJIbHEe JOKAJbHOM 6a3bl Tomosoruu B (x) B TOUKe
x. 9TO o3HAuUaeT, UTO AJA J000i1 okpectHocTu U [0 B(x) cyriect-
Byer Takoe A 0 &, uro A 0 U. IlockonbKy &, ABIAeTca 6asoii

dunsTpa &, To Aa yrasanuoro A [ § Haiinerca raxkoe B [ &, uto
B 00 A u, ciegosarensro, B O U, 1. e. noaduabtp &, TaKKe CHUIb-
Hee JIOKaJIbHO# 0asbl Tonostoruu B(x), u moromy x = lim &,,.
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AOKQ3ATEABCTBO AOCTATOYHOCTW. Ilyers moaduiabTp
8, GuasTpa § aABiAAercA ero 6asoii u x = lim &, T. e. §, cunbHee
JIOKAJIBbHOUN 6as3bl TomoJsioruu B(x), Torza cam (PUILTP TeM 0ojee
cunbHee B(x), 160 KayKIbINA dJIeMEHT MOA(PUILTPA SBJIAETCA U
siemMenToM (puiabTpa. CiregosaTenbHo, x = lim §. O

64.4. NMpeaeA oTobpaXeHus No GUAbLTPY

O6b11ee TOHATYE IpeJieiia JaeTcA CIeSYIONUM OIIpeieIeHUeM.
Onpeaenenne 11. Ilycmv X — Hexkomopoe MHO}cecme0, Y — mo-
noJsozuueckoe npocmpancmeo, f: X —> Y — omoobpasxienue X 6 Y,
& — guavmp na X.

Toury b Y nasviearom npedenom omobpaxcenus f no gpuaovms-
py & u nuwym

limg f(x) = b,
ecau puavmp f(¥) umeem ceoum npedenom 8 npocmpancmee Y
mouky b.
Taxkum obpaszom,
det
limg f(x) = lim £(3). (64.5)

NMpumepsbl. 1. Ilycte X = N — MHOKECTBO HATYpPaJbHBIX
ynceJ, Y — TOIOJIOIMYeCKOe MpocTpaHcTso, f: N =Y, y, e f(n),
n N, u nycrs F, — HaTypanbHBIH QUILTD, IOCTPOEHHLIH B IPH-
mepe 3 B1I. 64.2, 1. e. Fy;, cocrout n3 maoxects (64.1). Torga npe-
nen orobpaskeHus f mo puiabTpy F) coBnagaer ¢ 0OBIYHBEIM IIpee-
JIOM TociefoBaTenbHOCTH {y,} B Y. JlefiCTBUTENBHO, yCJIOBHE
lim Fy f(n) = b paBHOCUIBHO, cornacHo (64.5), ycaosuio lim f(Fy) =
= b, rge f(Fy) = {f(4,)}, f(4,) = {y,, : m > n}. PaBencTBo npeznena
dunwrpa f(F)y) Touke b o3HaUaeT, 4TO AJA 110603 okpecTHOCTH U [
[0 B(b), rae B(b) — aoranbHAA 6a3a TOIOJIOTUU B TOUKE b, CYII[ECT-
ByeT cozep:karuiica B U asieMeHT f(Ano) dunptpa f(Fy) : f(AnO) au.
ITockoyBbKY IPU 1 > 1, BBIIOJIHAETCA BKJIIOUEHNE Il DAnO, a cyeno-
BaTeJIbHO, U BKIIOUeHue y, = f(n) [ f(AnO), TO IIDH 1 > 1, UMEeT MecC-
To BKytouenue y, [ U. Iro u ognayaer, uro lim y,=b.

2. IIycts X = N x N, F, — HaTypaJabHbII QuibTp, § = F, X
x Fy (cm. (64.2)), Y — Tomosornueckoe IpoCcTPaHCTBO, [ : N X N —

def .
—-Y,y,, ~ f(m, n), m ON, n U N; rorga npezgex limg f(m, n)
COBIIAlaeT ¢ OOLIUHBIM IIpeJesiaM IBOMHOM IIOCJIeLOBATEILHOCTH
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{y,,,): TOUKA b HaspIBaeTCA IIpeeoOM ( li§n Y, TOCTENOBa-
m,n) -

TeJIBHOCTH {Y,,.}, ecau mis jaoboii okpectHocT U Touku b cy-
LIECTBYIOT TaKUe My U N, YTO IIPU M > Ny U N > N BBIIIOJIHIETCA
BKarouenue y, . [ U. Takum obpasom,

limg f(m, n) = ml%n)oo Ymn+

3. Eciu cucrema & = {4,}, A, 0 X, o U B, aBiderca Haupas-
geuneM (cM. mpumep 7 B 1. 64.2), a Y — MeTpuuecKoe IPOCTPaH-
CTBO, TO CyIIleCTBOBaHHe Ipejena limg f(x) = b orobpaskeHus
f : X — Y osHauaer, 4TO AJsd Ji060ro € > 0 cylecTByeT Takoe MHO-
sxectBo A, [ &, uro pua Bcex x [J A, BBHIIOJHAETCA HEPABEHCTBO
p(f(x), b) <e.

B sTom ciyuae mpezes limg f(x) HasbIBAIOT TaKKe npedesom
no HANpPasaeHuIo.

4. Tlyers E — usmepumoe mo JKopaany muo:kecTBo B R™, T —
Kakoe-1u6o ero pasbuenue: T ={E}/ =%, 0E,i=1,2, ..,k
IIycrs snemenTaMu MHOXKecTBa X ABIAITCA BCEBO3MOMKHBIE MHO-

JKecTBa BULA
X ={1,&, ..., E,}. (64.6)

Hna mob6oro N > 0 o6o3HAUYUM Uepes An TIOAMHOKEeCTBO MHO-
sKectBa X, COCTOsAIee M3 BCEX TaKUX JJIEMEHTOB X, y KOTO-
PBIX MEJNKOCTH |T| BXOAAIMX B HUX pasOueHuii T MeHbIIe N, T. e.
Tl <n.

Cucrema & = {An} ABasaeTcsa ¢puabTpoMm Ha X. BoJsee Toro, cuc-
TeMa IIpeAcTaBJAeT co00li HaIlpaBJieHWe, eCJii B Hell 3a OTHOIIIe-
HUe ImopsagKa An1 =3 Ar]2 B3SThb BKJIIOUEHUE An1 O An2°

Besikas meiictBurenbHas pyHKug f : E — R mopoixgaeT oTo-
opaxenue ¢ : X — R no Gpopmye

def &k
¢f(x) = i=zl f(El) HE]" X = {T, Ely cee sy Ek}

Taxum obpasom, ¢f(x) ABJIAEeTCSA 3HAUYEHUEM COOTBETCTBYIOIIe
WHTerpaJbHOMi cyMMbl Pumana GpyHKIUY f.

[Ipenen orobpaskenus ¢, : X — R mo puabtpy § = {An} COBIAa-
JlaeT ¢ OOBIUHBIM NPEAEJOM MHTETPAJbHBIX cyMM Pumana GyHK-

nuu f IpU YCIOBUHU, UTO MEJIKOCTH PacCMAaTPUBaeMbIX Pa30MeHUH

CTPEMATCA K HYJIIO
k

limg ¢x) = lim 5 (&) B

i=

O‘IeBI/I,Z[HO, YTO 3TOT IIpenmesI ABJIAEeTCA IIpeaejoM I10 HallpaBJIEHUIO.
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5. Ilyets Y u Z — TomoJjiornyecKkue IpocTpaHcTa, X [ Z,
f:X—Y,alZ 8§, — rakoil puibTp Ha TOMOJOTUIECKOM IIPO-
cTpaHcTBe Z, 4To lim & = a (1. e. puabTp &, CHIbHEE HEKOTOPOI
JIOKaJIbHOM 0a3bl Tomosioruu B(a) B IpocTpaHCTBE Z B TOUKE ).

Ecnu z = @ — TOYKa MIPUKOCHOBEHUA MHOXXKecTBa X U (QUJIBTD
& cocTOUT U3 BCEBO3MOYKHBIX II€PECEUCHUN MHOMKECTB, BXOAAINX
B uabTp §, ¢ MHOMKECTBOM X :

§={4:34,08,A=4,0X},

To mpezen limg f(x) HasbIBaeTca npedenom omobpaxcenus f no
punompy § 6 mouke a.

Ecmu a O X u limg f(x) = f(a), To oToOpaskeHne Ha3bIBaeTCA
HeNpepbIBHBIM 1I0 GUILTPY [ B ToukKe X = a. Ecau Touka x = a
MHO:KecTBa X ABJIAETCA €TI0 U30JIMPOBAHHON TOUKOM, TO B KaUecT-
Be GUIBTPOB &, 1 § MOKHO B3ATH OJHOTOUEUHOE MHOMKECTBa {a}:

8, =8 = {a}. B sToM cayuae puasTp f(F) TaKKe COCTOUT U3 OXHO-
ToueyHoro MHoxxectBa {f(a)}. IlosTomy (cm. nmpumep 1 B 1m. 64.3)
limg f(x) = limf(%) = f(a), n 3HauuUT, oTOOpPAKEeHUE [ HEIPEPHIBHO
B TOUKE X = Q.

Ecnu f — orobpaxkeHue mogMHOKecTBa X HEKOTOPOT'O €BKJIU-
JIoBa IIpocTpaHcTBa Z = R™ B eBKJUAOBO IIPOCTPAHCTBO Y = R™,
a — TOYKAa MPUKOCHOBEHUA MHOMKecTBa X 1 QUIbTp § cocToUT U3
IepeceyeHns BCEBO3MOXKHBIX OKPECTHOCTEHl HEeKOTOPOH JIOKAJb-
HOIT 6a3bI TOIIOJIOTHUH TOUKH @ B ITpocTpaHcTBe R” ¢ MHOKecTBOM X,
TO omnpezesieHne limg f(x) paBHOCHIIBHO OIIpeieIeHUIO IIpeiesa OTo-
OpaskeHus, chopmyaupoBanaomy B § 36. Ilpu stom, ecau a U X (u,
cJIefoBaTeJIbHO, TOUKA A, OYAYYM TOUYKOIH MPUKOCHOBEHUS MHOMKE-
crBa X, ABJIAETCA €ro INpeJeldbHOI TOUKOMH), To mpezes limg f(x)
SABJIAETCS IIPeNeJIoM IO (QUILTPY, COCTOSIEMY M3 IIepeceueHm’Hi
BCEBO3MOKHBIX OKPECTHOCTeIl TOUKHM a B IpocTpaHcTBe R™ ¢ MHO-
xectBoM X. Ecnu xxe a U X, 1o limg f(x) = Jli{na f(x) = f(a), T.e.
oTobpakeHnue f ABJIsETCA HEIIPEPHIBHBEIM B TOUKE X = @ O (DUJIBT-
py 8.

Ecau X m Y — moaMHOKeCTBa COOTBETCTBEHHO METPUUYECKUX
npoctpanctB X' u Y', a 0 X', b [ Y', To cyIiecTBOBaHUe Ipejaeaa
Jlizna f(x) = b, o3HauaeT cymiecTBoBanue mIpeaesa GyHKIIUN IO Ha-

MIPABJICHUIO § COCTOSAINEMY U3 IepeceueHnii MHOKecTBa X CO BCe-
BO3MOXKHBIMU O-OKPECTHOCTAMM TOUKU X = a (cM. mpumep 3). ITo
PaBHOCUJILHO TOMY, UTO IJIS BCAKOro € > 0 cymiectByer Takoe 0 > 0,
uro g Bcex Touek X [1 X N U (a; O) BBIMOJIHSIOTCS HepPaBeHCTBA

P (f(x), b) <e.
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3aMeTuM, UTO PaHbIIe CUMBOJ X — a, X [ E He umeJs 1jsa HAC
CaMOCTOSATEJIBbHOI'0 CMbICJa: OBLIO OIIPeNeJIeHo JIUIINb Bee 0003HA-
deHme I&Ir% . f(x) B memom. Temeps, B KOHIe Kypca, MbI BULUM,

’

YTO CUMBOJ X — a, X [1 E, MOXHO paccMaTpuBaTh Kak 00O3HaUe-

o
Hue punbrpa (Hampumep, puasrpa B(a) uau punsrpa B(a)), 1o
KOTOpoMYy GepeTcs Ipeesl OToOpaKeHnd.

Wrak, neificTBUTEeIbHO BCE BCTPETUBIIINECS HAM paHbIlle MOHA-
THUA TIpefesa ABISIOTCA YaCTHBIM CIYyUYaeM IIpefiesia OTOOpaKeHuA
o puasTpy.

Ina oroOpaskeHUH B IIOJHOE MeTPHUUYecKoe IPOCTPAHCTBO, B
YACTHOCTHU AJA BeeX (PYHKIUM, IPUHUMAIOIINX YNCJIOBLIe 3HAUe-
HUS, UMEEeTCSI KPUTEPUI CYIIeCTBOBAHUA Mpefesa Mo (QUIbTPY,
bopmMyIUpyeMbIi B TEpMHUHAX camMoro (puiabTpa, 6e3 MCI0JIb30BAa-
HUA 3HAUEHHsS CaMoOro IIpeleja, T.e. KPUTepUil, 0000IaioImnii
pasHoobOpasubie Kputepunu Koliu, BcTpeuaBIinecsa HAM pPaHbIIIe.

OnpeaeneHne 12. Puavmp 6 mempuieckom npocmparcmee Ha3vl-
saemcs puavmpom Kowu, ecau oH codepiucum cKoab Yyzo0HO ma-
avle no duamempy MHOHWECMEA.

TEOPEMA 2. JJna mozo umo6sbt omobpasxcerue f : X — Y npous-
80bH020 MHOMNecmaea X 8 NOJHOe Mempuieckoe NPoCcmMpaHcmeo
Y umeno npeden no nexomopomy guavmpy § muoxncecmsa X, He-
00x0dumo u Oocmamourno, umobvr oopas f(§) puavmpa & npu
omobpadxcenuu f 6via puavmpom Kowu 6 npocmparncmee Y.

AOKA3ATEALCTBO. HE0B6X0OAMMOCTb. Eciu cyiecTByer
npegen limg f(x) = b, TO, cornacHo onpenenenuio 10, n1a m060i
g-okpectaoctu U(b, €) Touku b [1 Y cyljecTByeT TaKoe MHOMKECTBO

A0S, uro f(4) O U (b, €) u, ciegosarenbHo, diam f(A) < 2¢. 9ro u
osHauaeT, uTo GuabTp f(F) COAEPKUT CKOJIb YrOZHO MAJbIe II0
IuaMeTpy MHOMKECTBa, T. e. ABJaAeTca puabTpoM Koru.
AocTtaTo4yHoCThb. Ilyers ¢puaeTp f(¥) ABagerca QpuIbLTPOM
Komu. Beibepem kakoe-mu6o mMHO:xectBo A; [0 § Tak, uToOHI
diam f(A,) < 1, a sarem mHOxxecTBO B; [ & Tak, uto6s! diam f(B;) <
< 1/2. Corsacuo ompeeJeHn0 PUILTPA, CYIIIECTBYET TaKOe MHO-
sxectBO AA, U &, uto A, U A, u A, U B,, cienoBaresnbHo, diam A, <
<1/2.

Eciun BeiOpansl MHOKecTBa A, [J § Tak, uro diam f(4,) < 1/k,

k=1,2,..,n,1
A, 0A,0...04,
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To Haiimerca MHO)xectBo B, [ &, mma xoroporo diam f(B,) <

a saTeM U Takoe MHO:KecTBO A, , ; 0 &, uTo

An+1 |:|‘4n"4n+1 DBrz’

<
n+1’

cJIe0BATEJIbHO,
1

diam ]c(14n+ 1) < PR

IIpomoJs:kas 9TOT MPOIlECC, MOJYUYUM IIOCTIeN0BaTEeIbHOCTD Ta-
Kux MHOkecTB A, 0 &, n =1, 2, ..., 4T0 4714 Hee OYyAYT BHIIIOJ-
HATBHCA CJIeAYIONINE YCIOBUA:

1)fA,)=9,n=1,2,..;

2)fA)OfAy)DO...O0fA)0...;

3) nl{mm diam f(4,) = 0.

9TO 03HAuUaeT, YTO IOCJIeL0BATeIbHOCTh MHOMECTB f(4,), n =

=1, 2, ..., METPUYECKOT'O IIPOCTPAHCTBA Y SABJSAETCS IOCJIeJ0BAa-
TeJbHOCThIO Kotiu.

B cusry moHOTHI IpocTpaHCTBa Y, COTJIACHO CJIEICTBUIO TEOPE-
mbl 1 1. 57.2, cymrectByer Touka b [l Y, ABIAMOIIAACA TOUKOM
IPUKOCHOBEHUA s BCeX MHOecTB f(A,). BeibepeM npousBosb-

HO € > 0. B cuny BBINOJHEHUA yCJIOBHUA 3, CYIeCTBYeT TaKoe I,
YTO UMEET MECTO HePaBeHCTBO
. £
diam f(AnO) <3- (64.7)

Tak Kak TouKa b ABIAETCA TOUKON MIPUKOCHOBEHUA MHOMKECT-
Ba f(AnO), TO HalieTca Takas Touka y [ f(Ano), uTO

P,y <. (64.8)

W3 nepasencTB (64.7) u (64.8) caenyeT, 4TO OJisd JI000M TOUKHI
z U f(AnO) BBIIOJIHAETCS HePaBEHCTBO

< : € € L& _
(2, B) < Plz, ) + Py, b) <, diam f(A, )+ § < £+ % e

ITo 03HAUAET, UTO f(AnO) O U, ).
Takum o6pa3oM, B 060 OKPECTHOCTH TOUKU b MMeeTcs dJie-
meHuT ¢puanTpa f(F), T. €., coraacHo onpeaenaenusam 10 m 11,
limg f(x) = 6.0
B zakjarouenne oTMETHM, UTO Ha Mpenesbl 110 (UIbTPY 0ToOpa-
JKEeHUII B UMCJIOBbIE MHOYKECTBA OUEBUAHBLIM 00pa3oM 00OOIIAIOTC
CBOJCTBA KJIACCUUYECKNX KOHEUHBIX IIPeaesoB (GpyHKIMI, HaIpuMep

BO3MOXKHOCTE IIPeIeIbHOTO Iepexoa B HepaBeHCTBaX, M CBOMCTBA,
CBs3aHHBIE C apu(PMETHUECKIMY CBOMCTBAMY HaJ (QYHKITUIMI.

339



NPEAMETHO-UMEHHOW YKA3ATEAb

AGcomoTHO MHTerpupyeMas (PyHK-
musa 7

— cxXomAIuiicsa naTerpaa 7

Axcuomsbl paccrosHusa 85

— ®Dpemre 273

Asnrebpanueckas cyMMa IIOJMHO-
SKECTB JIMHEMHBIX MPOCTPAHCTB
136

Apuyena 9. 125

Basza Tomosoruu mpoctrpaunctea 326

— ¢unbrpa 330

Basuc nmpocrpancrra 131, 161, 238

Banax C. 102

Banmaxoso mpocTtparcTBO 157

BeckoHeuHOMepHOe JIMHEHHOE IIPO-
crpadcTBo 139

Beccenv @. 46

Bununeiinoe orobpaskeHue (6uiiu-
HeliHaa opma) 140, 170

Byuakosckuii B. J. 192

Bandepmond A. T. 312

BexTop 130

Bec 317

Bioxenue mpoctpancTs 224

Boavmeppa B. 104

Brosime orpaHmyeHHOE MHOKECTBO
MeTPHUYeCcKOoro mpoctpadctea 111

I'amo P. 178

TI'éavdep O. JI. 31, 33, 192

T'unvbepm [. 87

T'mnbbepToB Kupnuu 113

T'unwsbeproBo mpoctpancTeo 87, 197,
213

T'maBHOe 3HaueHMNe MHTErpasa 71

T'omeomopdusm 123

I'pam H. 218

2Tt-niepuoguyueckasi abCOJIIOTHO WH-
Terpupyemasa QyHKiua 17

HeiicTBuTEeILHOE JIMHETHOE IIPO-
crpaHcTBo 128

IlenbTa-mocaenoBaTeJIbHOCTE 272,
282

Henbra-pyurnua 268, 280, 281

HuameTrp moaMHOXKecTBa 95

Hunu Y. 21

Hupuxane JI. 15

Hupax I1. 268

Huddepennuan 'ato 179

— orobpaskenusa 176

— ®peme 176

OuddepernupyemMoe B TOUKE OTO-
opasxkenue 176

— — — 10 3aJaHHOMY HaIpaBJe-
HUI0 oToOpaskenue 178

Ennanunas pyuxmus 285
EcrecTBenHoe BioskeHue 211
— orobpakenue 206
€-oxpectHOCTH 90

e-ceth 111

3aMKHyTasg OPTOrOHAJILHAS CHUCTEMa
238

3aMbIKaHNe MHOKecTBa 90

HN3omerpuunoe coorBeTcTBUE 88

HN3omerpuunsie npocTpancTsa 88

HNszomopdusm 139, 152, 173, 196

HN3somopduoe oTrobparkenue 139, 152,
158, 173, 196, 205

HNzomopduble JUHEHHBIE IIPOCTPAH-
crBa 139, 173

HNurerpan Hupuxie 15

— Dypse 62

— — B KOMILJIEKCHOI opme 72

HNurerpanpHoe ypaBHeHue BosbTeppa
104

HNurerpansr Jlannaca 76

HWHTepnonamuoHubiii MHOrOuwIeH 311

— — Jlarpam:ka 313

KBagparuunaa dopma 140

KBagparypuasa ¢popmysia 314

— —, TOYHAA AJIA MHOTOYJIEHOB JaH-
HoOI1 cTeneHu 318

Knacc sxBuBaserTHocTu 107, 198

KomnakT B MeTpuuecKOM IIPOCTPAH-
ctBe 110

KoMmmiekcHoOe JimHENHHOe MPOCTPAaH-
cTBo 129

Koneunoe moxpsiTue 117

340



KoneunomepHoe JInHeIiHOe ITPOCTPaH-
ctBO 131
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— obosiouka MHOKecTBa 131

JIuHeiiHO 3aBUCHUMAsA CHCTEMa BeK-
TopoB 130

— He3aBUCHMAas CHCTEMa BEeKTOPOB
131

JIuneiinoe oTobpaskenne 137

npocTpaHcTBo 128

— C MOYTH CKAJSIPHBIM IPOMU3BE-

neuueMm 187

— CO CKaJSPHBIM IIPOM3BEIEHU-

em 187

— — cxoauMocCThio 273

JIuneitnocts guddepenmuana 177

— KBagpaTypHO# dhopmysl 317

— npeobpasoBaHus Pypwe 75, 296

JIlunetinsiii oneparop 137

— (yerouonan 254, 274

Junwuy P. 32

JlokanpHaa 0a3a TOMOJIOTHUM IIPO-
crpancTBa 327

Jloka/ibHO MHTerpupyeMas (QYHKIIIA
279

Meron «Buaku» 305

— KacaTeJbHBIX (MeTon HpbioTomHa)
308

— xopx 306

Metpuxa 85

— IOpPOKIeHHAasA 3aJaHHON HOPMOM
mpoctpaHcTBa 154

341

MeTpuueckoe IPOCTPAHCTBO 85

MuHMMAJIbHOE CBOICTBO CYMM
Dypre 46

Muorounen Jlexxauapa 135, 219

— Yeowrména 135

MuosxecTBO 3aMKHYTOE 90

— oTrkpbiToe 90

MynbTunuseiinoe orobpakenue 141

Haunyuiee mpubinikeHne djIeMeH-
Ta ¢ IOMOIIbIO JIMHEHHBIX KOM-
ounanuii 213

Hampasimeunue 329

Harypansusbiil Guastp 328

HemogBukHaA Touka OTOOpasKeHUSA
101

HemnpepsiBHOE oTOOpaskeHne B TOU-
Ke 97, 276

— — IPOCTPAHCTBA B IPOCTPAHCTBO
98, 152, 277

HemnpepwiBubIil hyHKIIMOHAT 274

HepagenctBo Beccens 46

— Komu—ByHsakosckoro 192

— Komm—IIBapiia 188, 189

— TpeyroabHuKa 85, 141, 148

n-mepHoe mpoctpanctso 131, 132

n-mMepHBIH BeKTOD 132

Hopma 141

— OunuueitHoro oro6paskenus 170

— TOPOXKJIEHHAA CKAJIAPHBIM IIPO-
usBeneHuemM 189

HopmupoBanuoe JwmHeHOE
crpaHcTBO 141

Hocurens pyurmuu 10

HyneBoit dyuknuonan 275

— syemeHT 129, 199

mpo-

0O6o0mennasa Gyuxiua 279

— — MeaJeHHOro pocta 289

O6pa3 ¢puiabTpa 333

O6paTtuoe mpeoOpasoBanue Pypoe 74

OGpailieHrie B HYJb O0OOOIIEHHOI
dyHKIIMU Ha MHTEepBaJse 283

OrpaHuueHHOe OUJIMHEHHOE OTOOpA-
KeHue 170

— MHOKecTBO 95

— o moJiyHOpMe (II0 HOpMe) MHO-
sKecTBO 151

OrpanuueHHBIN omepaTop 165

OKpeCTHOCTh TOUYKU TOIIOJIOTHUYECKO-
ro mpocTtpaHcTBa 326



Onepanus OTOKIECTBICHUSA dJIEMEH-
ToB 108, 153, 196, 198, 211

Omnpepenurensd Bangepmouga 312

— I'pama 218

Oproronanusanus 222

OproroHaJbHAsA MPOEKIUS dJIEeMEH-
Ta B moamnpoctpaucTso 250

— cucreMa 3JeMeHToB 5, 217

OproroHajbHOe MOIIOJHEHUEe MHO-
sKectBa 249

OpToroHajbubIe dJaeMeHTbl 217

OpTOHOPMUpPOBAaHHAS CHUCTEMa 3JIe-
MeHTOB 218

OcTaTOUHBINT UJeH WHTEePHOJIAINN
313

OTKpPBITOE MOJMHOKECTBO TOIIOJIO-
THUYeCKOT0 IpocTpaHcTBa 329

OrHomrenue sxBuBajieHTHOCTH 106

OTpe3oK B JUHEHHOM HOPMUPOBAH-
HOM mpocTpaHcTBe 177

IHapcesanv M. 47

ITepuoguueckoe mpogoKeHe QYHK-
muu 8

ITukap 1I. 5. 102

Inanwepeav M. 263

IImoTHOE MHOXKECTBO B IIPOCTPAHCT-
Be 106, 159

ITorpemHuocTs KBagpaTypHBIX (GoOp-
mya 317

ITogmpoctpaucrro 88, 90, 130, 248

ITogdunsTp 330

IToxpriTie MmHOXKecTBa 117

ITonHaa cucrema QyHKIIUII B CMBICTIE
paBHOMEpHOro mpubamxeHus 43

cpegHero KBaJgpaTud-
HOro npubamxenud 44

— — BJIEMEHTOB HpocTpaHcTBa 159,
244, 236

ITostHOE sMHEIIHOE HOPMUPOBAHHOE
mpocTpaHcTBO 157

— MeTpHUYecKoe IPOoCTpaHcTBo 92

IMonuwr#t puasTp 330

ITonmoskurenbHass  OmpeeeHHOCTH
CKaJIAPHOro mpoussegeHusa 186

— MOJTyOIPEIeIEHHOCTb IIOYTH CKa-
JSIPHOTO mpousBeneHus 187

ITonyaopma 141

—, IOPOJKAEHHAA IIOUYTH CKAaJAD-
HBIM TIpousBeneHmeM 189
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TTosryHOPMUPOBAHHOE JIMHEHHOE IIPO-
cTpaucTBo 141

ITomosimenre MpoOCTpaHCTBA
157, 198

ITocnemoBatensuocTs Ko 91, 95

ITocTosimHAas 0600IeHHAA (HYHKIIUSI
279

IToutu ckansipHOe mpousBegenue 187

ITpaBunbpHOE pazdbuenue 6

ITpenruns6eproBo mpocTpaucTBo 197

ITpemen orobpaskenus 97

— — 1o HampaBJieHU0 336

— — — (uapTpy 335

— TOCJIeI0BATENILHOCTA TOUEK MeT-
puUecKoro npocrpascrsa 89

— ¢uabTpa 333

IIpegxkoMmaxkTHOe MHOXKeCTBO 124

ITpeoOpasoBanue @ypne 73, 264, 265

— — o0o6ienuoi GyHrIun 294

— — cBepTKU 83

IIpusnax dunan 21

ITpuHIIMO HemoABMKHOIM ToOuKU Iln-
rKapa—bBanaxa 102

— JIoKajnu3anuu 19

— cokuMarIux oroopakenuit 101

ITpomomxenue pynkiuonama 276

IIpoeknus BekTopa Ha nmpsamyo 189

IIpoussenenne JMHEAHBIX IPO-
crparcTB 140, 168

— ¢uabTpoB 332

— 9JIeMeHTa JIMHEeHHOro IITPOCTPAaH-
cTBa Ha yucjyo 129

IIpoussoguasa I'ato 177

— n-ro mopAnka 183

— o6o061enHo pyuxmun 284

— 10 HampasJyeHuo 178

ITpeo6pasoBanue Pypbe pyHKIIUT 83

— Dpemre 176

IIpocrasa rapmouuka 24

IIpocTpaucTBO 00OOIEHHBIX (PYHK-
nuii 281

— — — MeJJIeHHOTO pocTta 289

— OCHOBHBIX QyHKIUi D 278

— — — 8 287

— €O CXOAUMOCTBIO 272

Cm. maxixe YKasaTelb OCHOBHBIX
0003HAUEHU T

ITpoTuBOMmOIOKHBIE 31eMeHThI 129

IIpsamasa cymma mogmpoctpaHcTB 137

106,



PaBeHCTBO 0000IIeHHBIX (OYHKI[MI
283

— ITapceBansa 47

— ITapceBana—CrekoBa 236

PaBHoMepHO HempepwIBHOE oTOOpa-
sxeHue 98

— OrpaHUYEHHOE CeMeMCTBO (PyHK-
ouiz 125

— CXOIAIAACA IIOCJIeOBATEILHOCTD
oTobpaskeHmii 98

PaBHOCTeIeHHO HeIpephsIBHOE Cce-
meilicTBO QyHKIMN 125

Pagnmosxenne norapudma B CTEIEHHOM
PAL B KOMILIEKCHOM obyactu 58

— BJIeMeHTa IPOCTPAHCTBA 110 0asu-
cy 131, 161

PazHOCTb 9/1eMEHTOB JIMHEITHOTO IIPO-
crpancTea 129

Paccroanue 85

—, IOPOJKJeHHOEe B3aJaHHBIM CKa-
JIAPHBIM IIpousBeneHueM 189

Perynsapuasa Touxka 20

Puman B. 147

Panx B nuHeliHOM HOPMHPOBAaHHOM
npoctpanctTse 160

— Jletit6baumna 27

— 00001IeHHBIX QyHKIUI 287

— Dypee 7, 56

— — B KOMILJIEKCHO# (hopme 57

— — na HeueTHOU (pymKmuu 24, 56

— — — ueTHOI QyHKIUU 24, 56

Cseprka pyaKIui 80

CBABHOE METPUUYECKOE IIPOCTPAHCTBO
124

CemnapabenbHoe IIpocTpaHcTBO 117,
160

Coxumaroiriee orobpaskernue 101

Cunbublil guddepennuan 179

CumBos Kponekepa 132

CummeTpuuHasa OuanHeHHaA popMa
183

Cumncon T. 314

Cransipuoe mpoussegenue 186, 187

Cnabasa mpousBoauasa 179

Cnaborit guddepennuan 179

Cobones C. JI. 272

ComnpssKeHHOe IIpOCTpaHcTBO 255,
275

Coxouruit FO. B. 283

343

CpeJHee KBapaTUUHOE OTKJIOHEHUE
43

Cmexanoe B. A. 236

Crynenuarasa ¢pyexnus 11

Cymma paga 161, 194, 287

— Deiiepa 35

— @Dypee 8§, 15

— 9JIEMEHTOB JIMHEHHOr0 IIPOCTPAH-
crBa 128

CxofsAmasicsa mo noaysHopme (Mo Hop-
Me) IIOCJIeOBATEIbHOCTD 9JIEMEH-
TOB mpocTpaHcTBa 150

— IIOCJIEZIOBATEJIBHOCTh OTOOparke-

U 98

— — TOYEK METPUYECKOr0 IIPOCTPAH-
crBa 89

— — (pyaKIIMOHANOB 275

— — (QYHKIOUA  OCHOBHOIO  IIPO-

cTrpaHcTBa 278, 288
CxXoAMMOCTE B CMBICJIE P-CPEIHETO
150

— — — CcpefHero KBaJApPaTHYHOI'O
150

Cxopsamuiica uaTerpaa 6

— pan 161

CueTHoe moxkpbiTue 117

Teopema Apuena 125

— O 3aMKHYTBIX U IOJIHBIX CHUCTe-
max 238

— — KOMIIOSUIIVY JMHENHBIX Orpa-
HUYEHHBIX omepaTopoB 167

— — — HeNpPepbIBHBIX OTOOpPaXKeHUH
MeTpruuecKux mpoctpaHcTB 100

— — KOHEUYHBIX IPUPAIIEHUSIX OTO-
OpaskeHUIl JUHEHHBIX HOPMUPO-
BaHHBIX IIpocTpaHcTB 182

— — JIUHEWHBIX oIlepaTopax B HOP-
MUPOBAHHOM IpocTpaHCTBe 166

— — — (QYHKIHOHAJaX TUJIb0epTO-
BBIX IIPOCTPAHCTB 255

— — HeEIIOABUKHOM TOUYKe CoKHMAI0-
mux oroopakenuit 102

— — TONOJIHEHWY JIMHEHHOr'0 HOD-
MUPOBAHHOTO IIpocTpaHcTBa 157

— — — — TpOCTpPaHCTBa CO CKa-
JSIPHBIM ITpousBeneHueM 198

— — — MEeTPUYECKOTr'0 IIPOCTPAHCT-
Ba 106

— — — IIpoCTpPaHCTBa CLp 212, 215



— — MOpsAAKe MIPUOIMIKEeHUS WH-
TerpajoB C TOMOINBIO KBajapa-
TYpHBIX opmya 319

— — mocaemoBaTeabHOCTH — Koirmu
MMOJIMHOKECTB TIOJHOTO MeTPU-
YecKOoro Impoctpauctsa 96

— — nowieHHOM guddepeHnupoBa-
HUM TPUTOHOMETPUUECKOTO DPs-
Ia Pypre 48

— — — WHTETPUPOBAHUU TPUTOHO-
MeTpuueckoro psaga ®ypoe 53

— — mpenesie  OTOOpaskeHHWs IO
GunbTpy 338

— — — ¢duastpa 334

— — npejcTaBiaeHNU (DYHKIUU WH-
Terpaigom Pypbe 67

— — mpeobpasoBanuu Pypbe B IIPO-
crpauctee S 291

—————— S' 296

— — pasJIoKEeHWW MHOYKecTBa Ha
MMOAMHOYKECTBA, COCTOAIINE U3
SKBUBAJIEHTHBIX 3JIEMEHTOB 324

— — — IPOCTPAHCTBA B IPAMYIO
CYMMY €ro OPTOTOHAJBHBIX IIOJ-
mpocTpaHCcTB 253

— — CYII[eCTBOBAHUYU OPTOHOPMUPO-
BaHHBIX 0asucoB 239

— — CXOAMMOCTHU TPUTOHOMETPUUE-
cKoro psama Pypbe B TaHHOU
Touke 21, 33

— 00 ums3omMopduaMe T'UJILOEPTOBBIX
mpocTpaHCcTB 239

— — oprorouagusanuu 222

— — 9KBUBAJEHTHOCTH HOPMUPO-
BAHHBIX KOHEUYHOMEPHBIX JIHU-
HeWHBIX mpocTpaucTs 144

— ILnaumrepens 263, 266

— Pumana o xoadduimenTax pamga
@Dypbe abCOJIOTHO UHTETpUpYe-
Mot pyHKIuu 10

— Deiiepa 37

Teopembr BeiiepiiTpacca o mpubJiu-
JKeHUY HeIPepPBIBHBIX (DYHKITHH
TPUTOHOMETPUUECKUMU U ajireo-
pawyeckuMu MHorouwieHamu 40

— 0 exgmHCTBEHHOCTU DPsifoB Pypne
38, 230, 238, 247

— — KOMIAKTaX B METPUUYECKOM
npoctpanctse 110, 122

— — JIMHEHAHBIX OIPAaHUYEHHBIX OIIe-
paropax 167, 168

— — MHUHUMAJbHOM CBOMCTBE CyMM
dypre 46, 232

— — HENpPepBLIBHBIX OTOOPaKEHUAX
MeTPUYEeCKUX MpocTpaHcTB 122,
124

— — IIOJIHOTE€ TPUTOHOMETPUUECKUX
U ajnrebpanvuecKuX MHOTOUJIEHOB
B IIPOCTPAHCTBAX HEIIPEPBIBHBIX
dyurmuit 43, 44

— — mpeobOpa3oBanusax Pypbe abco-
JIIOTHO WHTErPUPYeMbIX (QYHK-
it 77—84

— — IPOUWBBOAHBIX OTOODAYKEHUH B
JIMHENHBIX HOPMHUPOBAHHBIX IIPO-
crpauctBax 177

— — DPABHOMEPHO CXOAAIIUXCS TPHU-
TOHOMETPUYECKUX paAxax Pypbe
8, 50

pasiaokeHUn (PYHKIIUHN B pang ®Pypbe
8, 21, 33, 47, 48, 50, 244, 248

— — cxoxguMocTu pAnoB Pypwe 21,
33, 234—237

— ywucye Jlebera 122

— 00 OrpaHMYEHHBIX OUJIMHENHBIX
orobpakenusax 170, 173

— — OPTOTOHAJBHBIX IMTPOEKIIUIX

— Ilnaumepens 263, 266

Tomosiornueckoe mpocTpancTBo 326

Tomosorusa mpocrpancTsa 326

Touka BHyTpeHHsaA 90

— rpanuuHad 90

— usoaupoBanHad 90

— mpegenbHaa 90

— mpuKocHoBeHHaA 90

— mpocTtpaHcTBa 85, 130

T-nepuonuueckas GyHKIusa 9

Tpuronomerpuueckas cucreMa GHyHK-
it 4, 43, 44, 219

Tpuronomerpuueckuit mHOrouwieH 40

— pan 4

— — Dypwe 7

¥Yzen 315

— uHTepnoasanuu 311
YoopsamoueHHOE MHOMKECTBO 329
Ycnosue I'énpaepa 31, 32

— Jlunmuna 32



daxropusanua 198

daxTop-npocrpancTso 199

Deilep JI. 35

DuabTp 328

—, OoJiee CUJIBbHBIN IO CPABHEHUIO C
maausiM 330

— Komu 338

— ®Dpemre 328

duHuTHAA CTyHeHUYaTas QyHKIUA
11, 206, 207

— pyurousa 11, 209

dopmysna obparieHus 73

— IPAMOYTOJNBHUKOB 314

— Cumicona 314

— Teitnopa gasa orobOpakeHUil Jiu-
HEeMHBIX HOPMHPOBAHHBIX IIPO-
crpaHcTB 184

— Tpanenuit 314

— Dypbe 67

Dopmynasr Coxonkoro 283

®pewe M. 176, 273

dyHramMeHTaNbHASA  OTHOCUTEJIBHO
HOPMBI II0CJIELOBATEIBHOCTD TO-
YyeK mpocTpaHcTBa 155

— IIOCJIeIOBATENBHOCTh TOUEK MeT-
puyeckoro npocrpancTsa 91

dyaxnuonan 137, 254

PDyHKIIMOHAJIBLHOE ITPOCTPaHCTBO 213

dyaknua Jupaxa 268

— kJjacca I'énpgepa 34

— MeIJieHHOTO pocTta 289

—, YAOBJIETBOPAIOIIASA KJIACCUUECKO-
My ycaoBuio I'énbpaepa 32

—, — ycaosuto I'énnaepa 32

—, — — — cJeBa, cupasa 31, 32

— Xesucaiiga 270

Dypve III. 7

XapaxrrepuctuuecKas (QyHKIIUA MHO-
sxectBa 11

Xaycdopp ®. 326

XaycmopdoBO TOIOJIOrHYECKOe IIPO-
cTpaHcTBO 326

Xesucaiio O. 270, 285

YactuuHaa cymma paga 161, 194,
287

Yeovrwés I1. JI. 135

Yucao Jlebera 122

Hlsapy JI. 180

IKBUBaJIEHTHBIE HOPMBI 143

— IIOCJIEZIOBATEJBHOCTA 9JIEMEHTOB
MeTpHuUecKoro mpocrpauctsa 106

— (uabTper 330

— (PYHKIIMH C MHTETPUPYEMBIM KBaI-
parom 205

— snemeHThI 154, 193, 198

Anpo Nupuxne 15
— Deiiepa 35
— oTobpaskeHusa 138
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YKA3ATEAb OCHOBHbIX OBO3HAYEHI

a o]
f(x) O —29 + Y a,cosnx+b,sin nx — QpyHKIUH f(x) comocras-
n

asgercsa ee pan Pypbe
supp f — Hocuresb QYHKIIUU

X(x), Xg(x¥) — xapaxkrepucTuieckKas QyHKIUSA MHOKecTBa E

V. p. — TJIaBHO€ 3Ha4YeHue

F[f], f — npeobpasoBanue Pypbe QyHKIIUHT |

F1 [f] — ob6paTHOe npeobpasosarne Pypve GyHKIUHA |
b=, (¢+P)(x) — cBeprra QyHKUMIE ¢ 1 Y

6} — cumsoa Kporekepa

P, (x) — mHOrousnexs! Jlexxanapa

T, (x) — mHOTOUNEeHEl YeObImEBa

p(x, y) — paccTosaHUE MEXAY TOUKAMU X U I METPHUUECKOTO IIPO-
CTpaHCcTBa

|5 ] > * O X — nmoxynopma, HOpmMa

X + Y — anredopanueckas cymMma IMOAMHOKecTB X 1 Y JIMHEHHOro
IIPOCTPAHCTBA

X 0Y — npamada cymMMa JUHEHHBIX IIpocTpaucTB X u Y

X %X Y — mnpousBejieHVME JUHENHBIX (HOPMHUPOBAHHBIX) IIPO-
ctpaHcTB X n Y

ker f — saapo orobpaskeHus f

Ax, A(x), A — JuHEHHbII oIepaTop

x | y — syeMeHTHI X U y OPTOTOHAJLHEI

x 1L Y — snement x 0 X oprorouasen mogmpoctpanctsy Y [0 X
Y1 — oprororanpHOE AOMOJHEHHE MHOMeCTBa Y

X € Y — BioKeHHe IpocTpaHcTBa X B IPOCTPAHCTBO Y

X J Y — nuHeiiHbIEe TIPOCTPAHCTBA cO cxoammocThio X n Y, X 1Y,
00J1a1al0OT TeM CBOMCTBOM, UTO BCAKAS IIOCJIENOBATEJIHbHOCTD
x, UX (n=1, 2, ...), cxogamasdaca B X K dJIeMeHTy X, CXO-
IUTCAK XU BY
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Df(x), (Df)(x) — mpousBoguasa Ppeiiie

D,f(x), (D,f)(x) — npoussoguasa I'aTo no HanpasIeHUIo A
D, f(x)), D,, f(x)(h) — cnaberit 1uddepeHnIAT

(X, Y) — MHOMECTBO JUHENHBLIX OIEPATOPOB, OTOOPAKAIOIIUX
JUHEeNHOe IpPocTpaHcTBO X B JIUHEWHOE IIPOCTPAHCTBO Y

L(X, Y) — MHOXXeCTBO OTpaHWUYEHHBIX JINHEMHBIX OIIEPaTOPOB,
oToOpakaroIux JUHEeNHoe nHpocTpaHcTBo X B JIMHEHHOe IIPOo-
CTPaHCTBO Y

ZL(xy, ... , X,) — NUHEWHAA 000J0UYKA BJIEMEHTOB Xq, ... , X,

2 (X, Y; Z) — nunHeliHOe HOPMUPOBAaHHOE IIPOCTPAHCTBO OI'PAHU-
YeHHBIX OMJINMHEeHHBIX oToOpaxenuii f: X XY — Z

£ (X, Xy, ..., X3 Y) — nuHeliHO® HODMUPOBaHHOE IIPOCTPAH-
CTBO OTPAHHUYEHHBIX MYJIbTUJINHEHHBLIX O0TOOPaKeHUHA
X xXyx...xX —Y

C" — n-mMepHOE KOMILIEKCHOE apu(MeTHyecKoe MPOCTPAHCTBO

l, — runp6epToOBO IIPOCTPAHCTBO IIOCIeL0BaTelIbHOCTeM
(X1, Xg5 een s X5 o20),
S xZ<+oo

n'=1

l

- 1 < p < +00 — 6aHaX0BO IPOCTPAHCTBO MOCJeq0BaTeIbHOCTEH

(X1, Xg5 een s X5 +20),

> xh <+, x,>0

n'=1

Pr _— jnuHEeWHOe IIPOCTPAHCTBO, COCTOAINEe M3 MHOMKECTBA BCexX
MHOTI'O4YJIEHOB, CTE€IIeHb KOTOPHBIX HEe IIPeBbhIIIaeT 71, JOIIOJIHEeH-
HOI'O HyJIEBBIM MHOI'OYJIEHOM

F(E) — nuHeliHOe MTPOCTPAHCTBO PYHKIIUHA, 3aJaHHBIX HA MHOMKe-
ctBe E

B(E) — mpocTpaHCTBO (hYHKIIMI, OTpaHMYEeHHBIX HA MHOXKecTBe E

C(X) — mpocTpaHCTBO (GYHKIIUH, OTPAHWUYEHHBIX W HEIPEepPhIB-
HBIX HA METPUYECKOM IIpocTpaHcTBe X

C [a, b] — mpocTpaHCTBO (DYHKIINIT, HEIIPEPLIBHLIX Ha OTpesKe [a, b]

RLP — TPOCTPAHCTBO (PYHKIMIT C MHTETrPUPYEMOU p-il CTEeIeHbIO
moxyss, 1 < p < +o0o,
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CL, — TOpOCTPaHCTBO HENPEePHIBHBIX (PYHKIMN ¢ HOPMOW Ipo-
crpancTBa RL,, 1 < p < +o0

Igp — TIPOCTPAHCTBO, IoJyuaroiieecsa us RL_ero ¢aKTopusalm-

el o MHOMecTBy (DyHKIWii ¢ HyseBoll moxyHopmoit |f| gy »
p

1 < p < +00 3KBUBAJIEHTHBIX QYHKIIUH

P

L — 1e6eroBo mpoOCTPAHCTBO, IOJIYYAIOIIeecs MMOMOJHEHNEeM IIPO-
CTPAHCTBA Aj

P

D — 1IpocTpaHCTBO OCHOBHBLIX 0eCKOHEUHO Au(MPEpPeHIIuPYyeMbIX
(buHUTHBIX QYHRIIUH

S — IIPOCTPAHCTBO OCHOBHBLIX 0GECKOHEUHO Au(pdepeHIInpyeMbIX
(byHKIINI, KOTOPbIe BMECTEe CO CBOMMM IIPOM3BOAHLIMHU CTpe-
MATCS K HYJIO IPU X — O°© OpIcTpee Jt000i crenmenu 1/x

D' — mpocTpaHCTBO 0000IIEHHBIX DYHKIUIT HaJ IPOCTPAHCTBOM
D ocHOBHBIX (DYHKIUIT

S' — mpocTpaHCTBO 0000INEHHBIX (PYHKIMIT HAJ IIPOCTPAHCTBOM
S OCHOBHBIX QYHKIIUH

(f, x) — sHauenme GQyHKIHOHANA [ B TOUKEe X

B — 0Gasa TOIIOJIOTHU

B(x) — noKasbHAS 0a3a TOMOJIOTUU B TOUKE X

P(X) — MHOKECTBO BCeX IMOIMHOKECTB MHOKecTBa X
§ — puabTp

limg — mpegen puabTpa

limg f(x) — npegen orobpaxkenus [ mo GUIbLTPY &
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